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This paper investigates relatively integral stability in terms of two measures for two differential systems with “maxima” by employing
Lyapunov functions, Razumikhin method, and comparison principle. An example is given to illustrate our result.

1. Introduction

Recently, the interest in differential equations with “max-
ima” has increased exponentially. Such equations adequately
model real world problems whose present state depends sig-
nificantly on its maximum value on a past time interval. For
example, many problems in the control theory correspond
to the maximal deviation of the regulated quantity. Some
qualitative properties of the solutions of ordinary differential
equations with “maxima” can be found in [1-4] and references
therein.

Integral stability for ordinary differential equations was
introduced by Vrkoc [5]. The concept of integral stability
occurs in connection with the stability under persistent
perturbations when the perturbations are small enough
everywhere except on a small interval. Recent developments
in this field have been focused on various types of differential
equations. In [6, 7], the integral stability and integral ¢,-
stability properties of ordinary differential equations were
discussed, respectively. Later, Hristova [8] discussed the
integral stability in terms of two measures for impulsive
differential equations with “supremum. Moreover the same
author in [9] discussed the integral stability in terms of
two measures for impulsive functional differential equations.
However, the integral stability in terms of two measures for
two differential systems has not been obtained until now.

In this paper, we discuss the relatively integral stability
in terms of two measures for two differential systems with

“maxima.” Using Lyapunov functions, Razumikhin method,
and comparison principle, sufficient conditions for uniform-
relatively integral stability in terms of two measures are
obtained.

2. Preliminaries
Firstly, we give the following sets for convenience:
HK = {a(t) e C[R,,R,] | a(t) isstrictly increasing,
a(0) = 0};
€H ={a(t) e C[RLR|IVteRa(tbu) e H}; (1)
I={heC[R, xR"R,]|(tx) € R, xR",
infh (¢, x) = 0}.

Let p, t, and r > 0 be constants, h, € I. Define the
following sets:

S(hp)={(t.x,y) e R, xR"xR" | h(t,x — y) < p};

§°(h. p)
Q(t,hp)={(x,y) e R"xR" | h(t,x) < p,

{(t,x,y) e R, x R"xR" | h(t,x - y) = p};
(2)

h(s,y)<pselt-rt]}.
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We consider the following two differential systems with
“maxima’:

x =F, <t,x(t), max x(s)), t>t,

se(t-r,t]
x(t+ty)=¢, (), tel[-r0],
3)
y' = F, (t,y(t), max y(s)> , t>tg,
se[t—r,t]
y(t+t0)=¢)2(t)> tG[—T‘,O],
and the perturbed systems
x = F, <t,x(t), max x(s))
selt-r,t]
+ G, (t,x(t), max x(s)), t >t
se(t-r,t]
x(t+ty)=¢, (), tel[-r0],
(4)

y' =F, (t,y(t), max y(s)>
s€[t-r,t]

+G, <t,y(t) ,sg}g}t]y (s)) , t=t,

y(t+t)) =g (), te[-r0],
where x,y € R, F|,F,,G,,G, € C[R, x R" x R",R"],
F,(,0,0) = F,(£,0,0) = G,(£,0,0) = G,(£,0,0) = 0 with
R, = [0,00), r > 0 is a given fixed number, t, € R,,
and ¢;,¢, € C([-r,0],R"); R" denote the n-dimensional
Euclidean space with any convenient norm || - |

We denote by x(t;t,,¢,), y(t;ty,¢,) the solutions of
systems (3) satisfying the initial conditions x(¢ + t;) = ¢,(t),
y(t+t,) = ¢,(t). Assume that solutions x(t; ¢y, ¢, ), ¥(t; to, b,)
are defined on [t, — r,00) for any initial functions ¢,,¢, €
C([-r,0], R").

In further investigations, we need the following compar-
ison scalar ordinary differential equations:

u' = f (L), ®)
u'=g(tu), (6)

and its perturbed scalar ordinary differential equation
W =gtw+q(), ()

whereu,w € R, f,ge R, xR —» R,andgqe R, — R.
The following definitions will be needed in the sequel.

Definition 1. Letting hy, h € T, then

(i) hy is finer than h if there exits a § > 0 and a function
a € €K such that

hy (t,x) <& implies h(t,x) <a(t hy(t,x)); (8)
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(i) hy is uniformly finer than / if there existsa § > 0 and
a function a € % such that

hy (t,x) <& implies h(t,x) < a(hy (£, x)). 9)
Definition 2. The function V (¢, x, y) belongs to class V), if
V(t,x,y) € C[OAxR"x R",R,], Q) C R,,and V(t,x, y) is
Lipschitz with respect to x and y.

Letting V(t,x,y) € V,, we define a derivative of the

function V(t,x, y) along the trajectory of systems (3) as
follows:

D)V (t, ¢, (t), ¢, (1))

= lim supl {V (t +6 ¢ (t)
€

e—0

+€F, <t, ¢, (t), max ¢, (t + s)) ,
se[-r,0]

¢, (t) + €F, (t, o, (1) ,Sén[_z%]% (t+ s)>>
—Vﬁﬁax%mﬁ
(10)

and a derivative of the function V(t, x, y) along the trajectory
of systems (4) as follows:

D)V (t:¢1 (£), ¢, (1))

= lim supl {V (t +e ¢ (t)
€

€—0

we(f (00 o e0)
+G (f, $1(6), max ¢ (£ + s))) ,
60 +¢(B (60, max ¢t +9))
{10, g pi+9) )

—V@@ax%a»}
(1)

Definition 3. Letting V' € V, and hy, h € T, then V is said to
be

(i) relatively h-positive definite if there existsay > 0 and
a function a € F such that

h(t,x-y) <8 impliesa(h(t,x-y))<V(t,x,y);
(12)

(ii) relatively h,-decrescent if there existsa A > 0 and a
function b € & such that

hy(t,x—y) <A implies V (¢, x,y) <b(hy (t.x - y));

(13)
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(iii) weak-relatively h,-decrescent if there existsa A > 0
and a function b € €% such that

hy(t,x—y) <A implies V (t,x,y) <b(t, hy(t,x - y)).
(14)

One will introduce relatively integral stability in terms of
two measures for differential systems (3).

Definition 4. Letting hy, h € T, differential systems (3) are said
to be uniform-relatively integrally stable in terms of measures
(hy, h), if for & > 0 and any t, > 0, there exists 8 = f(a) € F
such that, for any initial functions ¢,, ¢, € C([-r,0], R") and
any perturbations G,, G, € C(R, xR"xR", R"), the inequality

h(t,x = y) <B t2tg (15)
holds, provided that
sén[_ar)g]ho (tO +S, (/51 - ¢2) <a, (16)
to+T

J sup IG, (s, %, %) = G, (s, 3, 30)| ds < a,

fo (x=y,x,=y,)€Q(s,h,B)
T >0,
(17)

where x, (t; ), ¢,), y,(t;ty, ¢,) are the solutions of the initial
value problem for perturbed differential systems with “max-
ima” (4).

3. Main Results

In further investigations, we need the following comparison
result.

Lemma 5. Let the following conditions hold:

(H,)) F|,F, € C([t,,T] x R" x R",R"), where t,,T € R,,
ty < T;

(H)) V: [t,, T)XxR"xR" — R,,V €V, and

(i) for any number t € [t,,T] and any function
v, v, € C([t — r,t],R") such that V(t,y, (),

v, (1)) > V(t+s,y,(t+5), y,(t+5)) fors € [-r,0)
the inequality

DV (ty, (8,9, (1) < g (£ V (L, (1), 9, (1)) (18)
holds, where g € C([t,,T] x R,,R,), g(t,0) = 0;

(Hj) x(t;t5, ¢y), y(t;ty, ¢,) are the solutions of the initial
value problem for differential systems with “maxima”
3)

(Hy) u™(t) = u™ (t; ty, uy) is the maximal solution of (6) with
initial condition u” (t,) = u,, which is defined for t €
[to, T1.

Then the inequality maxg_,oV(t, + $¢,(s),$,(s)) <
u, implies the validity of the inequality V(t,x(t;ty, ¢;),
Yt $,)) <u”(6), t € [tg, T1.

Proof. Letu, € R, and ¢, ¢, € C([-7,0], R") be such that

max V (to+ 50, (), () < uy. (19)

s€[-r,0

Let v,(t) be the maximal solution of the initial value problem

' 1 1
=g(t - ty) = —. 20
u =g( u)+n u(ty) Uy + (20)
Let m(t) € C([to - T, T]>R+)
y(tstg, $5))-
Because of the fact that u*(£; ¢, 1) = lim
enough to prove that for any » the inequality

som(t) = Vit x(ttg,¢y),

v, (1), it is

n— o0

mt)<v,(t), te[tyT] (21)

holds. Then the inequality m(t,) < v,(t,) holds.

Assume that inequality (21) is not true; then there exists
apoint# € (¢, T] : m(n) > v,(n). Let t* = sup{t € [t,,T] :
m(s) < v,(s),s € [ty, 1)} According to the assumptiont™ < T,
we have

m(t) = v, (£7),
[

m(t) <v,(t), te]tyt"), (22)

m@)=v,(t), tel[tt"+9),

where § > 0 is a small enough number. From inequality (22)
it follows that

m' (t) > v; =gt v, (")) + % =gt m("))+ %
(23)

From g(t,u) + 1/n > 0on [t* —r,t"] N [t,, T], it follows that
the function v,(¢) is nondecreasing on [t* —r,t*] N [t,, T].

Therefore m(t*) > m(s) fors € [t* —r,t").

According to condition (i) of Lemma 5 and definition of
function m(t), we get m'(t*) < g(t*,m(t*)) < g(t*,m(t*)) +
1/n that contradicts (23).

Therefore inequality (21) holds and the conclusion of
Lemma 5 follows. O

In the following results, we will obtain sufficient condi-
tions for uniform-relatively integral stability in terms of two
measures.

Theorem 6. Let the following conditions hold:
(A)) hy, h €T, hy is uniformly finer than h;

(A,) there exists V| € V,, it is relatively h,-decrescent and
(i) for any number t > 0 and functions y,,y, €
C([t - r,t],R") such that V|(t,y,(®),y,(1)) >

Vit + s,y (t +5),y,(t + 5)) for s € [-r,0) and
(&, y, (1), v, (1)) € S(h, p), the inequality

DyVy (69, (1), 9, (D) < (V) (B (8),9, (1)) (24)

holds, where f € C(R, X R,R), p > Oisa
constant;



(As) for any number y > 0, there exists Vz(”) €V, such that

(ii) b(h(t, x — y)) < V¥(t,x, ) < alhy(t,x — y)),
where a,b € # and lim,, _, . ,b(u) = 00;

(iil) for any number t > 0 and functions y,,y, €
C([-7,0],R") such that (t,y,(t),y,(t)) €
S(h, p) N S€(hy, 1) and

Vi (b (0,1, (0) + V37 (6 (8,9, (1)
SVi(t+sy, (t+9),y,(t+5)) (25)
TV (4 sy, (£ 49,y (E+9)
for s € [~r,0), the inequality
DV, (61 (8),95 (1) + D) Vy (6,1 (), 95 (1)) o6
<g (Vi (s (0,9, ) + V3" (4, (0,9, (1))
holds, where g € C(R, x R, R), g(t,0) = 0;

(A,) the zero solution of differential equation (5) is equi-
stable;

(As) the zero solution of differential equation (6) is uniform-
integrally stable.

Then differential systems with “maxima” (3) are uniform-
relatively integrally stable in terms of measures (hy, h).

Proof. Since V;(t, x, y) is relatively h,-decrescent, there exist
p1 € (0,p) and y; € FK such that hy(t,x — y) < p,, the
inequality

Vi (tx,y) < ys (hy (£, x — p)) (27)

holds.
Since Ay is uniformly finer than h, there exist p, € (0, p;)
and y, € Z : y,(p,) < p; such that hy(t, x — y) < p, implies

h(t,x—y) <y (hy(tx—-y)). (28)

Let « > 0 be a number such that « < p,. According
to condition (A;), there exist VZ(“)(t, x, y) with Lipschitz
constant M,. Let M, be Lipschitz constant of the function
Vit x, ).

Denote (M, + M,)a = «,. Without loss of generality, we
assume «; < b(p).

From condition (A,), it follows that there exists a §; =
0, (ty, &) > 0 such that the inequality |u,| < &, implies that

(04
u (1)) < 71 t >ty (29)

where u(t) is a solution of (5) with the initial condition
u(ty) = uy.

Since y; € K, there existsa §, = §,(6;) > 0,6, < p; such
that, for |u| < §,, the inequality

v; (u) <6 (30)
holds.
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From condition (A;), it follows that there exist 5, =
Bi(a;) € F and b(p) > B; = «; such that, for every solution
w(t) of perturbed equation (7) with the initial condition
w(ty) = w,, the inequality

|l ()] < By

holds, provided that |wy| < «; and for every T > 0 :
to+T
17 1g(o)lds < a.

to

Since b € K, lim,_, . b(s) = oo, and y,(a) < y,(p,) <
p; < p, we choose B =B(B,) >0,p> >« > y,(x) such
that

t>t,, (31)

b(B) = By (32)
Since a,y, € F and B > y,(«), we can find §; =
03(ay, B) > 0, < 85 < min(J,, py) such that the inequalities

a(d;) < %> v, (85) < B (33)

hold.

Now let the initial function ¢,,¢, € C([-r,0],R") and
perturbation G, (¢, x, ¥), G,(t, x, y) of the right-hand side of
differential systems (4) be such that

max h () + s, ¢, (s) = ¢, (5)) < a, (34)

se[-r,0]
and for every T > 0

to+T
J sup
) (x=y,x1=1,)€Q(s,h, )

IG1 (s,%,%,) = G, (s, 3, 35)|| ds < .
(35)

We will prove that
h(tx () -y, ®) < B,

From (28) and the choice of f3, it follows that hy(t, +
S, ¢1(s) —¢,(s)) < & < py implies that h(t, +s, ¢, (s) — p,(s)) <
Y, (hy(ty + 5,0, (s) — ,(5))) < yu(ax) < B; that is,

h(ty+s.¢ (s)— ¢, (s) < B,

Suppose inequality (37) is not true. Therefore, there exists
apointt” > t, such that

h(t'x, (£7) =y, (7)) = B,
h(t,x, (t) -y, (1) < B, (38)

tefty—rt).

t>t,. (36)

s € [-r,0]. (37)

From inequality (38) and 3 < p, it follows the validity of
the inclusions

(t:x, (), 3, @) € S(h.p),

(% O30, max (5©-7,0)) e 00hp),
9)

where t € [t,,t"].
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Assume that hy(t", x,(t*) — »,(t")) < &;; then from
the choice of 8, and inequality (28) it follows h(t*, x, (") —

1,@) < yu(hy@", x,(£7) — »,("))) < w,(8;) < B, which
contradicts (38). Therefore

ho (£, %, () = 3, (7)) > 85,
By (tg + 5,91 (5) — ¢, (5)) < ¢ < 65,

and there exists a point t; € (to,t") such that §; =

ho(t;, xl (t;)—)/z(tg)) and (t) xl(t)3 }’z(t)) € S(h, ﬁ)ﬂsc(h()) 83)
fort € [t;,t"). Since B < p and §; > «, it follows that

(t,x, @),y () €S(hB) NS (hy,«),

Let r,(¢) be the maximal solution of differential equation
(5) with the initial condition r,(t,) = u, where u,
maxge_,o1V1(ty + 5, ¢, (tg +5), §, (£, + 5)). From condition (i)
of Theorem 6 and according to Lemma 5, we obtain

Vi(tx, (), 3, (1) <7, (1),

(40)
s € [-r0],

tety,t"]. (41)

teltet’]. (42
From inequality (30), we obtain
uy =V (£ (§), ¢, ()
<y (ho (&1 () - ¢, (D)) (43)
<ys (@) <y;(8,) <8y,

where & € [t, —1,t,].
From inequalities (29), (42), and (43), we have

Vi (tx (8,5, (D) <1y (1) < %, tetet’]  (44)
or

* * * a
max V; (tg +s,x; (t; +5), y, (tg +5)) < =. (45)
se[-r,0] 2

From inequality (33) and condition (ii) of Theorem 6, it
follows that

Vz(a) (tg + 5,2, (tg +5), 3, (tg +5))

o (46)
<al(hy(ty+sx (tg +s) =y, (t5 +5))) < ?1
Consider V € V,, defined by
V(txy) =V, (txy) + V¥ (t,x,y). (47)
From inequalities (45) and (46) it follows that
max V; (ty +s,x, (tg +5), 9, (tg +5)) < ay. (48)

s€[-,0]
Lett € [ty,t"] and vy, y, € C([-r,0], R") be such that
(ty1(0),y,(0) € S(h, ) N S (hy, ),
(‘//1 (0) = v, (0), nax (1 () - v (5))) € Q(t,hp),
(49)

and V(t,9,(0), y,(0)) > V(t + s, ¥,(s), ¥,(5)), s € [-7,0).

Using Lipschitz conditions for V;, V% and condition (iii)
of Theorem 6, we obtain

DV (9, (), 9, (1)
=Dy Vi (v, (8), 9, (1))
+ Dy Vi (89, (8), 9, (1)
<g(LV (Y (10,9, (1)) + (M, + M)

"Gl (t’ x’xl) -G, (t’ Y J’z)”

(50)

X sup
(x=y,x,-1,)€Q(t,h,B)

=gtV Ly, (), 9, (1)) +q(t).

Consider differential equation (7) where the perturbation
on the right-hand side is given by

q(t) = (M, + M,)

X sup ”G1 (t,x,x1) = G, (t, s )’2)” )

(x=y,x1—y,)€Q(t,h,8)
tety,t].
(51)
Let r*(¢) be the maximal solution of (7) with the initial

condition r*(t;) = wy, where w; = max ¢, oV (tg+s, x, (£ +
s), y5(ty +5)). According to Lemma 5, the inequality

V(tx, (), 3, @) <r* (1),

holds, where E ¢ [t;, c0) is the interval of existence of 7 (¢).
Choose a point T* > t* such that

te BNty t"] (52)

*

0

J: q(s)ds+%(T*—t*)q(t*)<(x1. (53)

Now define the continuous function g*(t) : [t;,00) — R
by

q(t), tety,t"],

* t*

7 0-12 e, (54)
0, t>T".

From the choice of the perturbation G, (¢, x, ), G,(t, x, ¥)
it follows that for every T' > 0 the inequality

to+T
j q" (s)ds < (M, + M,),

0

to+T
J sup
o (x=yx1—y,)€Q(s,h,8)

"Gl (s%,%,) =G, (s, y, y2)|| ds < a;
(55)

holds.

Let r,(t) be the maximal solution of (7) with the initial
condition r,(t;) = w;, where the perturbation of the right-
hand side is defined above function g* (¢). Note that r,(t) =
ri(t,ty,wy)s t € [ty,t").



From inequality (48) it follows that |w;| < «, and
therefore inequality (31) holds; that is,

r (8) < By,

From inequalities (52) and (56), the choice of the point ¢,
and condition (iii), we obtain

b(B) =Py >r (t7)=r"(t")
>V (5% (t7), 9, (1))

t>tg. (56)

> VI (1,2, ()3 (1) (57)
>b(h(t" %, (1) - 7, ()
-b(p).

The obtained contradiction proves the validity of inequal-
ity (37) for t > t,,.

Inequality (37) proves uniform-relatively integral stability
in terms of measures (h,, ) of the considered differential
systems with “maxima.” O

The following example is an application of Theorem 6.

Example 1. Consider the two differential systems with “max-

ima

! t—t, 1
x =-x—-xe °+ - max x(s),
2 se[t-r,t]

x(t+t0)=¢l(t))

t>t,,

t €[-r0],
. (58)
I t—to

= — + — R
y =-ye 5 hax y (s)

y(t+t0):¢2(t)7

and the perturbed systems

t>t,

t € [-r0]

/ _ 1
x' = —x—-xe + = max x(s)
2 selt-r,t]

1 _
+ = max x(s)e
2 se(t-r,t)

x(t+10) =y (0),

t>t,

t e[-r0],
X (59)
! -ty
= — + —
y ye 3 nax y (s)

1 -t
+ — max s)e ,
2 se[t—r,t]y ( )

y(t+ty) =¢, (1),

t>t,,
te[-r0].

Let V,(t,x,¥) = x* + %, Vz(“)(t, x,y) = x> +2y% and

ho(t,x = ) = V2(llxll + Iy, h(t, x = y) = 22 + ).

Using the inequality \/x? + y? < [ x| + [|y|, it is easy to check
the validity of the conditions (A;) and (ii) of Theorem 6 for
a(u) = u?, b(u) = (1/2)u*.
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Letting v, v, € C([t — r,t],R") be such that wf(t) >
Vit +s), ya(t) > yit +s),s € [-1,0), t = t, then
Vit u (8, vy (8) > Vit + s,y (t +5), y,(t + 5)) and

Doy Vy (8, (1), 9, (1))
=2y, Oy () + 2y, O v, ()

- 1
=2y, (1) {—1//1 ) -y, ()™ + 3 Jax v, (s)
s€[t—r,t]

+ 1 max v, (s) e_t}

2 selt-r,t]

(60)

t—t, 1
+ 2y, (t) {—1//2 e ™+ 25353,%]% (s)

+ ! max v, (s) e_t}

2 se[t-r,t]
< (—2eHO +1+ eit) (wf (t) + ‘V; (t))

<e' (v +y5 ().

Letting f(t,u) = e ‘u, then D5y Vi (6, (), 9, (1) <
FEVIE (), vy (1))).

Considering the comparison scalar differential system

u =e'u, uy =u(ty), (61)

the solution is u = u,e° Yot t,, and we can prove that
the solution is equistable; that is, the conditions (A,) and (A,)
of Theorem 6 hold.

Fors € [-1,0), t > t, the inequality

DsgyVy (6, ()9, () + D(ss)Vz(M) (9, ()9, (1))

=4y, (O 9, (1) + 6y, () (1)

=4y, (1) {—% ) -y, e+ % max v, (s)}

se[t-r,t]

(62)
+ 6y, (1) {—% e+ % max y, (s)}

se[t—r,t]
< (-2¢ +1) (295 (1) + 395 (1))

<0
holds. From (62), the inequality

DisgyVi (691 (0,95, () + Disgy Vi (6w, (8), v, (1))

< g (LV (s 0,9, 0) + Vi (Lyy (0,9, (1))
(63)

holds, where 1’ = g(t,u) = 0 and its perturbed differential
equation w' = 0 + wye *. We can prove that the differential
equation g(t,u) = 0 is uniform-integrally stable. So the
conditions (A;) and (A;) of Theorem 6 hold.

According to Theorem 6, differential systems with “max-
ima” (58) are uniform-relatively integrally stable in terms of
two measures (h, h).
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