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We study some new generalized difference strongly summable n-normed sequence spaces using ideal convergence and an Orlicz
function in connection with de la Vallée Poussin mean. We give some relations related to these sequence spaces also.

1. Introduction

Let €., ¢, and ¢, be the Banach space of bounded, convergent,
and null sequences x = (x;), respectively, with the usual
norm || x| = sup,|x,,|.

A sequence x € £ is said to be almost convergent if all
of its Banach limits coincide.

Let ¢ denote the space of all almost convergent sequences.

Lorentz in [1] proved that

C= {x €ly :limt, , (x) exists uniformly in n} , @

where

X, ¥ X oot X

tyn (%) = min (2)

m+1

The following space of strongly almost convergent sequence
was introduced by Maddox in [2]:

[c] = {x € L :limt,,, (Ix — Lel)
(3)

exists uniformly in n for some L} ,

wheree = (1, 1,...).

Let 0 be a one-to-one mapping from the set of positive
integers into itself such that o™(n) = o" '(o(n), m =
1,2,3,..., where 0™ (n) denotes the mth iterative of the
mapping o in 7.

A continuous linear functional ¢ on €., is said to be an
invariant mean or a o-mean, if and only if it satisfies the
following conditions:

(1) ¢(x) = 0, when the sequence x = (x,,) is such that
x,, = 0 for all n;
(2) ¢(e) =1, wheree = (1,1,...);
(3) P(x5(n)) = P(x), for all x € €.
For a certain kind of mapping o, we get that every invariant

mean ¢ extends the functional limit on the space ¢, such that
¢(x) = lim x for all x € c. Consequently, we get that c ¢ V,

where V_ is the set of bounded sequences with equal o-means.
Schaefer in [3] proved that

V, = {x €l : lillcn tim (X) = L uniformly in m for some

L=o—limx},

(4)
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where
x+xo.(m) R o xo.k(m)
t.,. (x)= R t,,, =0. 5
e o =0 0
Thus we say that a bounded sequence x = (x;) is o-

convergent, if and only if x € V, such that *(n) # n for
alln >0,k > 1.

Note that similarly as the concept of almost convergence
leads naturally to the concept of strong almost convergence,
the o-convergence leads naturally to the concept of strong o-
convergence.

A sequence x = (x;) is said to be strongly o-convergent
(Mursaleen [4]), if there exists a number € such that

L&
§; |xai(m) - €| — 0, as k — oo uniformly in m. (6)

We write [V,] to denote the set of all strong o-convergent
sequences and when (6) holds, we write [V, ] —lim x = £.
Taking o(m) = m + 1, we obtain [V;] = [c]. Then
the strong o-convergence generalizes the concept of strong
almost convergence.
We also note that

[V,] cV, ct. 7)

The notion of ideal convergence was first introduced by
Kostyrko et al. [5] as a generalization of statistical conver-
gence which was later studied by many other authors.

An Orlicz function is a function M : [0,00) — [0, 00),
which is continuous, nondecreasing, and convex with M(0) =
0, M(x) > 0, for x > 0, and M(x) — 00,as x — ©0.

Lindenstrauss and Tzafriri [6] used the idea of Orlicz
function to construct the sequence space:

[ee]
by = {(xk) Ew: ZM<M> < 00, for some p > 0]».
k=1 P
(8)
The space £, with the norm
I|x||=inf{p>0:ZM<M>s1} )
k=1 P

becomes a Banach space which is called an Orlicz sequence
space.

Kizmaz [7] studied the difference sequence spaces €, (A),
c(A), and ¢,(A) of crisp sets. The notion is defined as follows:

Z(A) ={x=(x;): (Axy) € Z}, (10)

for Z = €, c and ¢, where Ax = (Ax;) = (X — x3,;), for all
keN.
The above spaces are Banach spaces, normed by

Ixlly = || + sup |Axy] . a1

Later the idea of Kizmaz [7] was applied to introduce different
types of difference sequence spaces and study their different
properties by many others later on.
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The generalized difference notion is defined as follows.
Form>1landn>1,

Z(&,) = {x = (xi)  (A%x) € Z},

m

for Z =¢.,,c and g,
(12)

This generalized difference has the following binomial repre-
sentation:

Atnxk = Z(_l)r <’:> Xietrm- (13)
r=0

The concept of 2-normed space was initially introduced by
Gahler [8], in the mid of 1960s, while that of n-normed
spaces can be found in Misiak [9]. Since then, many other
authors have used this concept and obtained various results.
Recently, several various activities have been initiated to study
summability, sequence spaces, and related topics in these
spaces. The notion of ideal convergence in 2-normed spaces
was initially introduced by Gurdal [10]. Later on, it was
extended to n-normed spaces by Gurdal and Sahiner in [11].

2. Definitions and Preliminaries

Letn € N and X be a real vector space. A real valued function
on X" satisfies the following four properties:

M Iz 255 .. 52,)l,, = 0if and only if 2, 2,,..., 2, are
linearly dependent;

(2) I(z15 255 - - - »2,)|l,, is invariant under permutation;

(3) ”(Zl’ ZZ’ e zn—l’ OCZn)”n = |06|||Zl, Zz> e Zn"n’ fOI‘ all
o €R;

4) Wz, 29 -5 2 x + P, < 21520500052, 0, +
”(zp 295+ 5Z 1> y)||,,

is called an n-norm on X and the pair (X, |-,-[,,) is called an

n-normed space.

Let X be a nonempty set. Then a family of sets I < 2*
(power sets of X) is said to be an ideal if I is additive that is
A,Bel = AUB ¢ Iand hereditary thatis Ae , BC A=
Bel.

A sequence (x;) in a normed space (X, [|,,--- |,,) is said
to be I-convergent to x, € X with respect to n-norm, if for
each € > 0, the set

E(e) = {k € N : ||x¢ — X0, 215235 .., 2,4 ||, > & for every

21,2 -+>2,1 € X} belongs to I.
(14)
The generalized de la Vallée Poussin mean is defined by
1
t, (x) = . P (15)

nkel,

whereI, =[n-A,+ L,n]forn=1,2....
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Then a sequence x = (x;) is said to be (V, 1)-summable
to a number L, if t,(x) — Lasn — 00, and we write

1
VAl = x:hrrln/\—Z|xk|=0 ,

nkel,

[V,A] = {x: x — e € [V, ], for some ¢ € C}, (16)

1
[Vidlg = 1% sup— Z |xi| < 00

" nker,

for the sets of sequences that are, respectively, strongly
summable to zero, strongly summable, and strongly bounded
by de la Vallée Poussin method.

Maddox introduced and studied the special case, where
A, =n,forn=1,2,3,..; thesets [V, A],, [V, A], and [V, A],
reduce to the sets wy, w, and w,,.

In this paper, we define some new sequence spaces in
n-normed spaces by using Orlicz function with notion of
generalized de la Vallee Poussin mean, generalized difference
sequences, and ideals. We will also introduce and examine
certain new sequence spaces using the above tools as also the
n-norm.

3. Main Results

Let I be an admissible ideal of N, let M be an Orlicz function,
and let (X, |-,---|l,) be a n-normed space. Further, let s =
(s;) be a bounded sequence of positive real numbers. By
S(n — X), we denote the space of all sequences defined over
(Xs ”: T "n)

In this paper, we have introduced the following sequence
spaces:

(Voo Ao 8%, M)l
= {x :Ve>0
X 4n e N :
Tk

1 ”quxak(m),zl,zz,...,zn_l :
—YiMm
Ank;” < P
>ep €elt,

for some p > 0 and each z € X,

([Ver 1 8% 5] 1)

x:Ve>0

X 4n € N :

q
"Apxak(m) -L,z,25,...,2,; “n

A

nkel,

p

for some p > 0,L € X and each z € X,

I
00

(Voo Ao a T, M) 01,

=4x:dK >0,

21,25, .-

> Zp-1

mm Ankel,

>Kpely,

for some p > 0 and each z € X.

s.t. supiz M<||A3>x0"(m)’

P

In particular, if we take r;, = 1, for all k, we have

>

I
([VU,A,A?D,M]O, ||.,.._||n>
=4x:Ve>0
X 4n € N :
i Z M ||A37x0k(m)>zl,zz,...,Zn_l
A"keln P
> ¢, uniformly inm ¢ €I

for some p,Vz,2,,...,2,; € X,

)

Tk
n)

/

17)



(Ve 1 8% M) 0o,

:<|x:Vs>0
><<|n€N:

for some p > 0,L € X and each z € X,

(Voo Aot Mo+,

=<|x:EiK>O
ALX ks 215 Zas - > Zpe
xsupiZM“P 7072 a1
n’mA“keIn P

(18)

Similarly, when o(m) = m+1, then ([V, A AL M, T]é, -1,

I I
(Voo A, A% My e T -+ ), and (Vs A, A% M7 -+ 1)
are reduced to

(749, M) 11,

= {x:Vs>0
X <|neN:
Tk
1 ||A3>xk+m,zpzz>-"’zn—1”n>
_ M
AL
28} GI}>

for some p > 0 and each z € X,

Abstract and Applied Analysis

(A%, M, -1,

:{x:Vs>0
><<|n€N:

Tk
1 "Ai,x,ﬁm —L,zl,zz,...,zn_lun
Ank;n{M< p

for some p > 0,L € X and each z € X,

([Vor 8%, My 7] lle-1,)

I
00

:{x:EIK>O,

1 z M ”A%kamzpzz"“’ZrH”n §
.t T
* S’B’E)Lnkeln P
> k} € I} >

for some p > 0,and each z € X.

(19)

In particular, if we put 7, = r, for all k, then we have the spaces

(7,089 M7 ] -0 ) = (754,80, M 1 1L

(A8 M0, ) = ([ 8%, M) )

(7oAt M)l 0,) = ([Vo 8%, Ml l) -
(20)

Further when A, = n, forn = 1,2,..., the sets ([V,1,A%,
MI%, 11+, 1,) and ([V, A, A%, M1 |1 - ) are reduced to (G

M, ALY Il 1) and ([6M, AD) 1+, 1,), respec-
tively.
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Now, if we consider M (x) = x, then we can easily obtain
g
(Vo do T, r] 1 1)

=4x:Ve>0

X q4ne N :

S ([ <oz 5,

nkel,

> g, uniformly in m¢ e I ¢,

([Vor b 8% ]l

=4x:VYe>0
xi1neN
T (s -2z )
>ep €ely,

for L € X and each z € X,

(Voo do A%, r] 01, )

=4x:3dK >0,

s.t. supL Z ("A?pxgk(m)’zv SRR ’Zn—1||n)rk

wm fn kel,

>K¢p el

(21)

I .
Ifx € (Ve A A% My r] -+ ), with {(1/A,,) Yeer (MR,
X ok () —L,zl,zz,...,zn_llln/p)}”‘ > ¢ € Tasn — o0
uniformly in m, then we write x, — L € ([V,A, A?D, M,

150 )

The following well-known inequality will be used later.

If0 <7, <supr, = H and C = max(1,2"™"), then
|ay + b < C{la]™ + [Be]"} (22)

forall k and g, b, € C.

Lemma 1. Let ;. > 0 and s, > 0. Then ¢y(s) C ¢,(r), if and
only if limy,_, o, inf(r/s;) > 0, where ¢y(r) = {x : |x;|* —
0ask — oo}

Note that no other relation between (r;.) and (s;,) is needed
in Lemma 1.

Theorem 2. Let limy _, . inf r, > 0. Then, x;,, — L implies
xg = Le (VAL Mrl -1, Let limy o1y = 7 >
0.Ifx;, —» Le([VyA, A%,,M, r]I, I---1l,), then L is unique.

Proof. Let x;, — L.
By the definition of Orlicz function, we have, foralle > 0,

2|
>“n-1||,

lirrln/‘i ZM

nkel,

“A?on.k(m) -L,z,2,,...
P

(23)

>ep €l

Since lim; _, o, inf 7, > 0, it follows that

||A3,x0k(m) ~L,z,,25...,2,,

Tk
p )

(24)

lirrln%Z M<

nkel,

>ep €1

And consequently, x, — L € [V, A, A?rv M,r]".
Let lim; _, 7 = r > 0. Suppose that x, — L, €
1 I
[V, A, A‘;,M,r] , X o rLZ € [V,A A‘;,M,r] , and
(ILy =Ly 215255052, 0,)  =a > 0.
Now, from (22) and the definition of Orlicz, we have

Lo e =B 202220l "
nkel, p
< C M ||A3,xak(m) — L1215 s 2 ) e
" A 25
A"keln P (25)
n EM "A%xo"(m) _LZ’ZI’ZZ"'wZn—l”n b
A’n p b



6
since
neN:
iZM “quxanm)—Ll»zlyzb---’zn—lﬂn A
Ankeln P
>ep €1,
(26)
neN:
“Aqx -L,,z,z z &
iZM pXok(m) 2R R 21,
A”keln P
>epr €1
Hence,
1’1€N:%ZM(HLI_LZ’ZI,ZZ"”,zn1”")”(28 .
p

nkel,
(27)

Further, M(|L, - L,,2;,2,, - ..
k — 00, and therefore

1 ILy = Ly 2152555 2| )T" (g)’
lim — Y M 2 =M - ).
A Zﬂ ( P P

(28)

2yl /p)* — Mla/p) as

From (27) and (28), it follows that M(a/p) = 0 and by the
definition of an Orlicz function, we have a = 0.

Hence, L, = L, and this completes the proof. O
Theorem 3. (i) Let 0 < inf.ry < 1y < 1. Then,

I

Voo b A%, M, 7] € [V, 4,0%, MY (29)
(ii) Let 0 < ;. < sup,ty < co. Then,
1 I
q q
(Voo A A% M [V, A, AT M, 1] (30)

Theorem 4. Let X(V, A, A?p_l) stand for ([V, A, Atgl, M, r]é,
s s (Vs Mo A% M T - ), 0 IV, A%, M,
r]Ioo, l+---1,) and m > 1. Then the inclusion X(V_, A,
A‘?l) c X(V,, A, A‘i,) is strict. In general, X(V_, A, Aip) C
X(V,, A, A'Z,)for alli = 1,2,3,...,p — 1 and the inclusion is
strict.

~ I
Proof. Let us take ([V,, A, A% "M, rlo s 1)
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_ I
Let x = (x;) € ([V,, A, A%, M, 7], ]I+ ). Then for
given & > 0, we have

neN:
-1 Tk
1 5 "AZ, Xy 21> 22+ 5 Znet |
Aiia, p (31)
>¢ep €1,

for some p > 0.

Since M is nondecreasing and convex, it follows that

/%z M<“A%xgk(m),zl;)zz,...,zn_l n> B

n kel,

1

A

n

AL AT h
[4% ar0m = A Sormp 210220+ 5 2
XZ M

kel, P

gq-1
<"AP xokﬂ(m),zl,zz,...,z;,FI »
1%

lM "A?o_lxa"(m)’zl’zz)'"’Zn—1||n "
+ > P

q-1 77
M “AP xok+1(m),zl,zz,...,zn71 »
1%

”Aq_lxk 3213295 s 2 H 1™
M p ot (m)> <1>~<2 n-1||,

7%

1 1
<D= | |5M
)L” ker, 2

1
SD)L—Z

n kel,

p
(32)
Hence we have
nenN:
“Aqx ks 215 2 z H *
iz M( prot(m)> <1 22> > “n—1|, >
n kel, P
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neN:

N

1
D—Y M
N

P

"Aq_lxm 121y 20 s 2 ” b
P 0"t (m)> 1> <2 n-1||,

\
NSR N

UsneN:

1
D=y {m
W

p

q-1 Tk
( "AP Xok(my 21> %o -+ + ,Z,,_1||n >

[\
| M

(33)

Since the set on the right hand side belongs to I, so does the
left hand side. The inclusion is strict as the sequence x = (k"),

1

for example, belongs to ([V,, A, AZ,, M] [l - 1l,,) but does

not belong to ([Vy, A, A%, M1}, -+ I,) for M(x) = x and
1. = 1 for all k. O

I
Theorem 5. ([V,, 4, A%, M, 7], 1+ ,) and ([V,, A, A%,

M, ey I,,) are complete linear topological spaces, with
paranorm g, where g is defined by

g(x)

pq
= Z ||x0k(m), Zl, Zz, . ,Zn,I

m=1

n

n/H

+inf { p

1 "Aqx K(m)> 21> %2>+ - -
iif(r Zn<M< —

=1))]

(34)
where H = max(1, (sup,ry)).
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