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In this paper we consider a subclass of strongly spirallike functions on the unit disk D in the complex plane C, namely, strongly
almost spirallike functions of type 3 and order «. We obtain the growth results for strongly almost spirallike functions of type S and
order « on the unit disk D in C by using subordination principles and the geometric properties of analytic mappings. Furthermore
we get the growth theorems for strongly almost starlike functions of order o and strongly starlike functions on the unit disk D of
C. These growth results follow the deviation results of these functions.

1. Introduction

Growth theorems for univalent analytic functions are impor-
tant parts in geometric function theories of one complex
variable. In 1983, Duren [1] obtained the following well-
known growth and deviation theorem.

Theorem 1 (see [1]). If f(z) is a normalized biholomorphic
function on the unit disk D, then

1+ |z|

(1-l2)*

Many scholars tried to extend the beautiful results to
the cases in several complex variables. However, Cartan [2]
pointed out that the corresponding growth theorem does
not hold in several complex variables. He suggested that
we may consider the biholomorphic mappings with special
geometrical characteristic, such as convex mappings and
starlike mappings.

In 1991, Barnard et al. [3] obtained the growth theorems
for starlike mappings on the unit ball B” in C" firstly. After
that, there are a lot of followup studies. Gong et al. [4] ex-
tended the results to the cases on B” and obtained the growth
theorems for starlike mappings on the bounded convex
Reinhardt domains B,,. Graham and Varolin [5] obtained the

1+l II)
1-|z|

(1+z))° = |f, (Z)' =

growth and covering theorems for normalized biholomor-
phic convex functions on the unit disk and also obtained
the growth and covering theorems for normalized biholo-
morphic starlike functions on the unit disk by Alexander’s
theorem. Liu and Ren [6] obtained the growth theorems
for starlike mappings on the general bounded starlike and
circular domains in C". Liu and Lu [7] obtained the growth
theorems for starlike mappings of order & on the bounded
starlike and circular domains. Feng and Lu [8] obtained the
growth theorems for almost starlike mappings of order «
on the bounded starlike and circular domains. Honda [9]
obtained the growth theorems for normalized biholomorphic
k-symmetric convex mappings on the unit ball in complex
Banach spaces. In recent years, there are a lot of new results
about the growth and covering theorems for the subclasses of
biholomorphic mappings in several complex variables [10-
12].

It can be seen that we can make a great breakthrough
in the growth and covering theorems for the subclasses of
biholomorphic mappings in several complex variables if we
restrict the biholomorphic mappings with the geometrical
characteristic. The mappings discussed focus on starlike
mappings, convex mappings, and their subclasses.

In 1974, Suffridge extended starlike mappings and convex
mappings and gave the definition of spirallike mappings.
Gurganus [13] gave the definition of spirallike mappings of
type f3 in several complex variables. Hamada and Kohr [14]
obtained the growth theorems for spirallike mappings on
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some domains. Later Feng [15] gave the definition of almost
spirallike mappings of type 3 and order « on the unit ball
B" in C". Feng et al. [16] obtained the growth theorems for
almost spirallike mappings of type 3 and order « on the unit
ball in complex Banach spaces.

However, when we introduce the definition of the new
subclasses of starlike mappings, convex mappings, and spi-
rallike mappings, we always discuss them in C firstly.

In [17], Cai and Liu gave the definition of strongly almost
spirallike functions of type f3 and order « on the unit disk.
They also discussed their coeflicient estimates.

In this paper, we mainly discuss the growth theorems for
strongly almost spirallike functions of type 8 and order « on
D, where D is the unit disk. Moreover we get the growth
theorems for strongly almost starlike functions of order «
and strongly starlike functions on D. At last, we obtain the
deviation results of these functions.

Definition 2 (see [17]). Suppose that f(z) is an analytic
functionon D, & € [0, 1), B € (-m/2,7/2), ¢ € (0, 1), and

—oc+itanﬁ+1—itanﬂ fl@) 1+¢

-« -« zf'(z) 1-¢2 2
. zeD\[o}.

Then f(z) is called a strongly almost spirallike function of
type 8 and order « on D.

We can get the definition of strongly spirallike functions
of type f3 [18], strongly almost starlike functions of order «
[19], and strongly starlike functions on D [19] by setting & = 0,
B =0,and a« = 8 = 0, respectively, in Definition 2.

In order to give the main results, we need the following
lemmas.

Lemma 3 (see [1]). Let g(z) be an univalent analytic function
on D. Then f(z) < g(2) if and only if £(0) = g(0), f(D) c
9(D).

Lemma 4 (see [20]). [(z—2,)/(z—2))|=k (0 <k # 1,2, #
z,) represents a circle whose center is z, and whose radius is p
in C, where

z, - k’z,
1-k2°
Lemma 5 (see [20]). Let f(z) : D — D be an analytic

function on D and f(0) = 0. Then |f’(0)| <land|f(z)| < |z
forVz € D.

_ klz, - z,|

3
- (3)

Zy =

2. Main Results

Theorem 6. Let f(z) be a strongly almost spirallike function of
type B and orderaon D and o € [1/2,1), € (-m/2,7/2),c €
(0,1). Then

1+ mllzl2 +nlz|
<

zf' (2)
f@

1-J2z)
<

1+mlzl* +nlz| ~

, (4

1_”"2|Z|2
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where
my = ¢ [2(1 - &) cos B (|sin B| + cos B) — 1],

n=2c(l—-a)cosf, m2=c2[1—4oc(l—oc)c052[3].

(5)

Proof. Since f(z) is a strongly almost spirallike function of
type 3 and order « on D, we get

—a+itanf 1-itanf f(2) 1+¢ B 2c
—« | l-a zf’(z)_l—c2 1—-c%
(6)
Let
_—a+itanf 1-itanf f(2)
P = l1-« " 1-« zf' (z) @
Then
1+ 2
p©@=1, ‘p(z)—lf; SO

sowe have p(z) < (1+cz)/(1-cz). Therefore we get that there
exists an analytic function w(z) on D which satisfies p(z) =
(1 + cw(2))/(1 - cw(z)), where w(0) = 0, |w(z)| < 1. Then

—a+itan f . l—itanﬁ. f@)  1+cw(2)

zf'(z) 1-cw(z) ©)

-« -«
Immediately, we have

cw (z)

(f@/zf' (2)) -1
(f (@) /zf' (2)) + (1 - 2 +itan B) / (1 —itan B))’

(10)
It follows that
f) _ Hf(z) _Za—l—itanﬁ]l B
[zf’(z) ! zf' (z) 1-itanf =clw(2)].
(11)

From Lemma 3, we deduce that the image of the unit disk D
under the mapping f(z)/zf' (z) is the disk whose center is a
and whose radius is p, where

—1—itanﬁ] 1

1-itnf | 1-w()P

2
a=b—8w@W-“

1

o 1@ [2acos’B - cos 2p)
+i(a—1)sin (2B)]},

_clw(z)]-2(1 - a)cos B

- 1- 2w (z)]

(12)
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So we have - v
1 - 2w (2)]?
z—;’(z) - a’ <p. 13) X {1 +Fw (2))
Then X [2 (1 - a) |sin B| cos B
- 1—2(1—0c)c052ﬁ
|a|—p<| S ‘<|a|+p. (14) ( )
“lzf (2)| ~ +clw (2)] - 2 (1 - a) cos B}

1

On the one hand, in view of (14), we have =
1-cw(2)]

f(2) 1 14 2
zf' (z) : 1-cw(2)]? X{ Helw
X {'1 - lw @) (Zacoszﬁ - cos (Zﬁ))' (15) <O ecosplinfl o) -
5 5 +c|w(z)|-2(1—(x)cos/3}.
+clw (2)” (1 - «) [sin (2B)] (18)
+c|w(z)|'2(l—oc)c0s[3}. Let
Observing that ¢ [2(1 - a) cos B([sin f| + cos f) — 1] = my, )
19
2acos’f — cos (28) = 2acos’f — 2cos’f + 1 2¢(1-ajcosf=n.
=2(a—-1) coszﬂ +1 (16) Then we have
=1-2(1 - a)cos’B f@ | 1+m1|w(Z)|2+ﬂ|w(Z)|‘ 20)
zf' (2)| ~ 1- 2w (2)
and 1—2(1—oc)coszﬁ < 1fora € [1/2,1)and 8 € (-m/2,7/2), This means that
we get
#' @, 1-Clel o
1-clw )] (2(xc052[3 - cos (Zﬁ)) >0 17) f@ | 1+mw@P +nlw)|
for ¢ € (0,1) and |w(z)| < 1. Thus, in view of (15), (16), and Let
(17), we obtain 1 - 2x?
lw(2)] = x, Toma ™ g(x). (22)
1@ < ] myx? + nx
zZf' @) 1-lw(z) Obviously, we have
x {1 - Fw (2) (Zoccosz,B - cos (Zﬁ)) ETERS (ml . cz) cin
! =— 23
+c’lw (2)]* (1 - a) [sin (2)| g (1+myx? + nx)’ 29
+clw (2)] -2 (1 - a) cos /3} Observing that

1

1 — lw(2) my+c=c*-2(1—a)cos B([sin | +cosB) >0  (24)

x {1 +Clw @) and n > 0, x = |w(z)| > 0, we deduce that g'(x) < 0. So g(x)
is a monotone decreasing function for x € [0,1). Also we have
~ [(1 - a) |sin (zﬁ)l |lw(z)| < |z| from Lemma 4. Then
—(Zacoszﬁ—cos (2[3))] zf' (2) - 1-w (2)) - 1-c*z)?

f@ | 1+mw@)|P +nlw@)|  1+mz* +nlz|
+¢ |w(2)] -2 (1 - ) cos B} (25)



On the other hand, by direct computations, we have

1
(1-w@)P)

la|* =
x{[1- @) (1+2 (- 1) cos’ )]’

+cMw (2)|*[2 (a - l)cosﬁsinﬁ]z}

= 1 (26)

(1-lw@EP)
X {1 - 2w (2)]* [1 +2(a-1) coszﬁ]
+ctw2)* [1 + 4o (o — l)coszﬁ]},

lp|” =

5 A w (2)(1 - oc)zcoszﬂ.

1
(1-lw(2)P)
It follows that

(la* - p*) (1 - lw @)’

=1-2"|w (2)]* [1 +2 (a— 1) cos’B+ 2(1 - &)*cos’ B]
+c*lw (2)]* [1 + 40 (= 1) cos” B

=1-2w (2)]* [1 + 20 (= 1) cos’ B
+cHlw (2)]* [1 + 40 (a = 1) cos” B

=[1-2Cw @) +ctlw @)'] + *|w (2)*
4o (& — 1) cos’f - 2w (2)]* - 2 (o — 1) cos’ B

= (1-PFw @) +4a (@ - 1) cos’B

@) (Clw @) -1) > 0.

27)
This means that |a| > p. By (14) we know that
f &)
> lal - p.
|zl (28)

In view of (15) and (19), we have

zf' (2)
f (2

1 lal + p

“lal-p = |a|2—P2
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2
=((1-Clw@P) (lal +p))
X ((1 - lw (z)|2)2 +4a(ax—1) coszﬁ

Clw@F (Fw@P-1))

§ 1+m|w(2)) +nlw(z)|
T 1= Aw @) +4a (1 - ) cos?B - Alw (2)]?

1+m1|w(z)|2+n|u)(z)|
1+ [4a (1 - &) cos?f— 1] Elw (2)|*

(29)
Let
e [1 —4a(l - ) coszﬁ] =m,. (30)
Then
zf (2)| _ 1+m|w (@) +nlw(2)]
< . 31
f (2 : 1—m2|w(z)|2 (31
Let
2
W) =x, MYy ()

1 - m,x?
Immediately, we have
H (x)

(2m;x +n) (1 - m2x2) + (1 +myx* + nx) - 2myx

(1 - m2x2)2

- nmyx® + 2 (my +m,) x +n
(1- mzxz)2
nm,

(1 - m,x2)’

2 2 2

m, +m, n'm, — (m; +m,)
x| x+ + —
nm, n’m3

(33)
Also, we can get

n*my — (m; + m2)2
(34)
=—4c*(1- oc)zcoszﬁ -2(1-2a) lsin ﬁl cosf3=>0

for a € [1/2,1), B € (—m/2,7/2). Moreover, it is obvious that
m, > 0and n > 0. So we obtain /'(x) > 0. Therefore h(x) is
a monotone increasing function for x € [0,1). In addition, we
have |w(z)| < |z| from Lemma 4. Hence

zf' (2)
f @

1+mlw @) +nlw(z)|  1+m|z]* +nlzl

<

1- ””2|Z|2
(35)

1—m,lw (2)]*
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From the above results, we obtain

1- Az zf (@)  1+mlz]* +nlz
CZIZ| < 1 (2)  Lrmlzl ZnI | (36)
1+m|z|* +nlz| f(z) 1 - myz]
This completes the proof. O

Theorem 7. Suppose that f(z) is a strongly almost starlike
function of order & on D and « € [0,1), ¢ € (0,1). Then

1-c%z)?
1+ (1-2a) |z +2c(1-a)lz]|
(37)
; zf' (2) § 1+c2(1-2a)|z]* +2c(1 - a)|z|
| f@ ] 1-c2(1-2a) |z

Proof. Letf = 0and « € [0, 1) in Theorem 6. Then (34) holds,
so we can obtain the same result; that is,

1-cz)? zf' (2)|  1+mlz|* +n|z
2|| Sf()S 1||2||, (38)
L+mylel* +nlz| | f(2) 1 - m,z|
where
m1=c2(1—2(x), n=2(l-2a),
(39)
m, = cz(l —2a)%.
Therefore we get the conclusion. O

Let « = 0 in Theorem 7; we can get the following result
for strongly starlike functions.

Corollary 8. Let f(z) be a strongly starlike function on D and
c €(0,1). Then

zf' (z)
@)
Theorem 9. Let f(z) be a strongly almost spirallike function of

type 3 and order x on D and o € (1/2,1), € (-7/2,7/2),c €
(0,1). Then

1
- +clz| (40)

1—c|z|< < o
-clz

1+clz| ~

|f (Z)l < |z| (1 + \/m_zlz|)(m1+m2—n\@)/72mz

(41)
. (1 _ \/m—2|Z|)(m1+m2+n\/rrT2)/—2m2)
where
m; = ¢ [2(1 - &) cos B (|sin B| + cos B) - 1],
n=2c(1-a)cosp, (42)
my = ¢ [1-4a(1 - o) cos”B] .
Proof. From Theorem 6, we have
) ) 2
() [T @

Let z = re”. Since

Re(zf' (z)) _ ralnlf(z)|

f(2) or
we get
Ol|f@]_1+mzf +nlz]
o T 1-mylz
Thus
lzl 91 2] 2
J' nlf(z)|drgj 1+myr T
c or e (L=-myr?)r
Furthermore,

J|Z| 1+m,r’ +nr
e (1-myr?)r

e,

= (m +m2)j Zdr

e 1—myr

I gr =l dr
+nJ —+J ar
e l-myr? J)o 7

r=lz|
m, +m
=172 n

2
|1—m2r |

-2 m, r=e

n_, —2m,r — 2\/m,
+ n
2\m, | =2myr + 24/m,

It follows that

r=|z|

+ Inr|

r=¢&

r=|z|

In |f (reig)

m; +m
< 1 211,1

r=¢

r=|z|
2
|1 - myr |

—2m,

n 1 \myr + 1
+ n
2\/m, \myr =1

r=e

r=&

Lete — 0; we have

m +m2 2
ln|f(z)| < _12—mzln|l—m2|z| |

. n In N ER!
2ym, | my|z| -1

‘ +1n|z|.
Consequently,

my+m,)/—-2m,

1f @] < lal - |1 = myl=P|

I 2] + 1|2V
NI !

r=|z|
r=e *

(44)

(45)

(46)

(47)

(48)

(49)

(50)



Observing that m, < 1, we have
|f ()
< |zl (1-myle]

<1+\/_|z|>"/2r
1 - my |z

2)(m1+m2)/—2m2

= 2| (1 + \/_|Z|) (my+my) [ —2my ) +(n)2fiT;) (51)
(1- \/m—z|Z|)((m1+m2)/—2m2)—(n/2m)
= P2l (1 + gy o)A
(1= iy [,
This completes the proof. O

Similar to Theorem 9, by Theorem 7, we can get the
following results.

Theorem 10. Let f(z) be a strongly almost starlike function of
order 1/2 on D and c € (0,1). Then

|f 2)] <€ Iz]. (52)

Theorem 11. Let f(z) be a strongly almost starlike function of
order « on D and « € [0,1) \ {1/2},c € (0,1). Then

If @) < Izl - [

[1=c|1 - 2a |Z|]((1*0¢)/(206*1))*

1 +c |1 _ 2(X| |Z|]((1—“)/(2“—1))+((1_“)/|1—206|)

((1-0)/11-2a)

(53)
Remark 12. Let 1/2 < a < 1 in Theorem 11. Then we have

|f @) < Izl -

Let 0 < a < 1/2 in Theorem 10. Then we have

[1+ca-1)g]?0@eD 0 (54)

If @) < Izl - [1=c (1 - 2a) [o]) 27D (55)
Let « = 0 in Theorem 11; we can get the following result.

Corollary13. Let f(z) be a strongly starlike function on D and
c €(0,1). Then

B
F@ls (56)
Proof. According to Corollary 8, we obtain
zf' (2) zf' (2)|  1+clz|
SSeaEvo e
Let z = re”®. Since
zf'(z)\ _ 0ln|f (2)]
Re( @ ) =r o , (58)
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we have
On|f @) _1+clel (59)
or 1 —clz|’
Thus
2] |z
J‘ aln|f(z)|drsj 1+cr
e or e (l—cr)r
(60)

So we get

r=|z]

+Inlr|[2F (61)

ln|f 0 < ZCM
-

r=e

r=e

Lettinge — 0, it follows that

In|f (2)| < -2In(1-clz]) +In|z|. (62)
Therefore we obtain
|
f@)s—2—. (63)
7@l (1-clz))?
Also, we can get the conclusion by letting « = 0 in
Theorem 11. This completes the proof. O

Theorem 14. Suppose that f(z) is a strongly starlike function
on D and c € (0,1); then

e(4(2c2 l2I>-1))/(1+clzl)”

(1 c|z|) <f@l= c|z|>2'
(64)

Proof. On the one hand, from Corollary 13, we obtain

|f (@)l < (I121)/(1 = clz])*.
On the other hand, by a and p in the proof of Theorem 6,
we can obtain

Rea-p
(lal +p)°

_(-clw@I’
(1+clw(2)])’

(65)

fora = =0.Let A(x) = (1 - ¢x)’/(1 + cx)*. Then we have

—6¢(1 — cx)?

A= 1+ cx)*

<0. (66)

Therefore (1 - clw(z))?/(1 + clw(z)|)> is a monotone
increasing function with respect to |w(z)|. Also we can know
that |w(z)| < |z| from Lemma 4. Hence

Rea—p _(1-clw@)® _(1-clel)’
(al+p)  Grew@)  Grely &

By (14) we obtain
e S @ > Rea - p. (68)
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Furthermore, If(z)/zf'(z)l <lal + p, so
ezf’ (z) Re(f (2) /zf' (2)) , Rea-p
f(2) lf@/zf'@f (al+p)*

Let z = re. Since Re (zf'(z)/f(z)) = r(@ln|f(z)|)/or, we
have

(69)

raln|f(z)| . (1-clz|)?

. 70
or (1 +clel)’ 70)
Therefore we obtain
2l 51 2l (1 _ o)
J “'f‘z’|dr>j (Loen® dr oD
€ or e (1+cr) r

Then we have

In|f (2)]
4 1
clzl (1+clz])?
4 (1
il [ —c+2cln|z|-2cIn(1+clz])|.
cllzl 1+clz|
(72)
So
202 2 |z|
2)| > 6(4(2C [21"=1))/(1+clz])” . 73
f @) Trcpy @
Therefore we obtain
A1 -1)/(Lclzl)? |z|
(1+clal)’®
] (74)
z
<|f@@)s———.
e (1-clal)’®
This completes the proof. O

From Theorems 6 and 9, we can get the following result.

Theorem 15. Let f(z) be a strongly almost spirallike function
of type 3 and order « on D and o« € (1/2,1), B €
(=mt/2,7/2),c € (0,1). Then

If' @)
< (1 + m1|z|2 +n |Z|) (1 + \/m—z |Z|)(ml+3m2—n\@)/_2m2

. (1 — \/m_2|zl)(m1+3mz+”\%)/*2mz’
(75)

¢ [2(1 - ) cos B ([sin B| + cos B) — 1],
& [1 —4a(l1-a) coszﬂ] , (76)
n=2c(l-a)cosp.

=
Il

3
Il

From Theorems 7 and 11, we can get the following result.

Theorem 16. Let f(z) be a strongly almost starlike function of
order « on D and « € [0,1) \ {1/2},c € (0,1). Then

|f' (z)| < [1 +cf(1-2a)|z]* +2c(1-a) |z|]
X [1+c|1 -2« |Z|]((2—3“)/(2("—1))*'((1—0‘)”1—2‘X|)

[1=c|1-2af |Z|]((2—30‘)/(20¢—1))—((1—0¢)/|1—2‘X|).
(77)

Let & = 0 in Theorem 16; we can get the following result.

Corollary17. Let f(z) be a strongly starlike function on D and
c€(0,1). Then

I (2)] < (1”'2' (78)

1-clzl)’
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