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This paper is concerned with the existence of solutions to a discrete three-point boundary value problem at resonance involving
the Riemann-Liouville fractional difference of order « € (0,1]. Under certain suitable nonlinear growth conditions imposed
on the nonlinear term, the existence result is established by using the coincidence degree continuation theorem. Additionally, a
representative example is presented to illustrate the effectiveness of the main result.

1. Introduction

For any number a € R, we denote N, = {g,a+ 1,a+2,...}
and [c,d]Na ={cc+1,...,d - 1,d}, for any c,d € N, with
¢ < d, throughout this paper. It is also worth noting that, in

what follows, we appeal to the conventions Zl:ikl u(s) =0

and ]_[I:iklu(s) = 1 for a given function u defined on N, and
ki, k, € N, with k; > k,.
In this paper, we will consider the existence of solutions

for the following discrete fractional three-point boundary
value problem:

Aut)=ft+a-Lu(t+a-1), te[0bly,
€]
u(w—1)—Pu(a+n)=yu(a+b),

where 0 < « < 1 is a real number, A* denotes the Riemann-
Liouville fractional difference of order «, f : [0 — 1, + b —
ly, xR = R, n€[0,b-1]y,By>0,and

b+1

-1
[ =, (2)

i=1 !

ﬁl—[aﬁ'?—l

i=1 !

which implies that the problem (1) is at resonance. We note
that the problem (1) happens to be at resonance in the sense

that the associated linear homogeneous boundary value
problem
A*u(t) =0, te]lo, blw,»
(3)
u(aw—1)—Pu(a+n)=yu(a+b),

has u(t) = ct* 4t € [a - 1, + b]Na_l’ ¢ € R, as a nontrivial
solution.

The continuous fractional calculus has received increas-
ing attention within the last ten years or so and the theory
of fractional differential equations has been a new important
mathematical branch due to its demonstrated applications in
various fields of science and engineering. For more details,
see [1-14] and references therein. Significantly less is known,
however, about the discrete fractional calculus, but in recent
several years, a lot of papers have appeared; see [15-36]. For
example, in [19], Atict and Eloe explored a discrete frac-
tional conjugate boundary value problem with the Riemann-
Liouville fractional difference. To the best of our knowledge,
this is a pioneering work on discussing boundary value
problems in discrete fractional calculus. After that, Goodrich
studied discrete fractional boundary value problems involv-
ing the Riemann-Liouville fractional difference intensively
and obtained a series of excellent results; see [20-26]. Bastos
et al. in [28, 29] considered the discrete fractional calcu-
lus of variations and established the necessary conditions
for fractional difference variational problems. Abdeljawad
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introduced the Caputo fractional difference and developed
some useful properties of it in [30]. Ferreira [35] investigated
the existence and uniqueness of solutions for some discrete
fractional nonresonance boundary value problems of order
less than one by using the Banach fixed point theorem.

Although the solvability of fractional boundary value
problems has been studied extensively, there are few papers
dealing with it under resonance conditions, besides [37-41].
Additionally, as far as we know, the existence of solutions to
discrete fractional boundary value problems at resonance has
not been studied.

Motivated by the aforementioned results, we will inves-
tigate the discrete fractional boundary value problem (1) at
resonance and establish some sufficient conditions for the
existence of solutions to it by using the coincidence degree
theory.

For the sake of convenience, we will always assume that
the following conditions hold in this paper:

(H)) @ € (0,1], € [0,b - 1]y, B,y > 0, and B[T/ (a +
i-D/i+y[[2 a+i-1/i=1;

Hy)) f:la-l,a+b- 1]y, , xR — Ris continuous.

The remainder of this paper is organized as follows.
Section 2 preliminarily provides some necessary basic knowl-
edge for the theory of discrete fractional calculus and the
coincidence degree continuation theorem. In Section 3, the
existence result of solutions for problem (1) will be established
with the help of the coincidence degree theory. Finally in
Section 4, a concrete example is provided to illustrate the
possible application of the established analytical result.

2. Preliminaries

Since the theory of discrete fractional calculus is in its infancy
to some extent, in order to make this paper self-contained, we
begin by presenting here some necessary basic definitions and
lemmas about it. For more details, see [15, 16, 19, 34].

Definition 1 (see [15]). For any ¢ and v, the falling factorial
function is defined as

,  TE+1)
CT(t+1-9) ®)

provided that the right-hand side is well defined. We appeal to
the convention that if  + 1 —-v is a pole of the Gamma function
and t + 1 is not a pole, then t* = 0.

Definition 2 (see [42]). The vth discrete fractional sum of a
function f: N, — R, forv > 0, is defined by

Li(t—s—l)ﬂf(s), teN,,,. (5

AZfB =5 () &

Also, we define the trivial sum A(;f(t) = f(t),t e N,.
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Definition 3 (see [15]). The vth discrete Riemann-Liouville
fractional difference of a function f: N, — R, forv > 0, is
defined by

N F@)=AA"F (@), teNg . (6)

where 7 is the smallest integer greater than or equal to v and
A" is the nth order forward difference operator. If v = n € N,
then A” f(t) = A" f ().

Remark 4. From the Definitions 2 and 3, it is easy to see
that A" maps functions defined on N, to functions defined
on N, and A’ maps functions defined on N, to functions
defined on N,,_,, where n is the smallest integer greater
than or equal to ». Also, it is worth reminding the reader
that the ¢ in A’ f(¢) (or A" f(t)) represents an input for the
function A’ f (or A f) and not for the function f. For ease
of notation, we throughout this paper omit the subscript a
in A’ f(¢) and A" f(t) when it does not to lead to domains
confusion and general ambiguity.

Lemma 5 (see [19]). Let v > 0. Then A”A”f(t) = f(t) +
Q=+ "2 4 -+ o 2, wherec € R, i = 1,2,...,n, and

n is the smallest integer greater than or equal to v.

Lemma 6 (see [21]). Letv € R and t,s € R such that (t — s)*
is well defined. Then

At -s)" = —v(t —s— 1)L ?)

Next, we will briefly recall some notations in the frame of
Mawhin’s coincidence degree continuous theorem. For more
details, see [43].

Let X and Y be two real Banach spaces. Consider an
operator equation Lu = Nu, where L : DomL ¢ X — Y is
a linear operator and N : X — Y is a nonlinear operator.
The operator L will be called a Fredholm operator of index
zero if dim Ker L = codim Im L < oo and Im L is closed in
Y. If L is a Fredholm operator of index zero, then there exist
continuous projectors P : X — XandQ : Y — Y such
that Ker L =ImP,ImL =KerQand X = KerL& KerP,Y =
Im L ® Im Q. It follows that Lo, jakerp : Pom LN Ker P —
Im L is invertible and its inverse is denoted by K,.

If () is an open bounded subset of X and Dom L N Q # 0,
the operator N : X — Y will be called L-compact on Q if
QN(Q) is bounded and K,(I-QN: Q — X is compact.

Now, we present the coincidence degree continuation
theorem as follows, which will be used in the sequel to
establish the existence of solutions for problem (1).

Theorem 7 (see [43]). Let L : DomL ¢ X — Y be a Fred-
holm operator of index zero and let N : X — Y be L-compact

on Q. Assume that the following conditions are satisfied:
(i) Lx # ANx for every (x,A) € [(Dom L \ Ker L) N 0Q2] x
(0,1);
(ii) Nx ¢ Im L for every x € Ker L N 0€);

(iii) deg(QNlger > QNKer L,0) # 0, where Q is a projection
such that Im L = Ker Q.
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Then the operator equation Lx = Nx has at least one solution
in Dom L N Q.

Finally, we wish to fix our framework for the study of
problem (1). First of all, we denote X = {u : [oc—l,oc+b],\,a_1 -
RiandY ={y: [O,b]N0 — R}, anditisclear that X and Y are
two Banach spaces when equipped with the usual maximum
norm; that is, foranyu € X and y € Y, |lu| = max{lu(t)| : t €
[ -1, + b]NH} and [yl = max{|y(#)| : t € [0, b]NO}. Next,
we define the linear operator L : DomL ¢ X — Y by

Lu = Au, (8)

with
DomL={u:ue X u(a-1)-pu(a+n)=yu(a+b)},
)

and the nonlinear operator N : X — Y as

Nu(t) = f(t+a-Lu(t+a-1)), fortce][0,b]y,

(10)
Then the problem (1) is equivalent to an operator equation

Lu=Nu, wueDomlL. (11)

3. Main Results

In this section, we will establish the existence of at least one
solution for the problem (1). To accomplish this, we firstly
present here several lemmas which will be used in the sequel.

For convenience, we define the operator Q, : Y — Y by

(Quy) () = /32(06 +1-s=1)y(s)

s=0

b
+yZ((x+b—s— l)ﬂy(s), (12)

s=0
€ [0’ b]NO’

and by Lemma 6, we can find that Q;(1) = (B(a+n)* +
y(a+b)*)/a > 0.

Lemma 8. If (H,) holds, then
KerLz{ueX:uzctﬂ,ceR}, (13)

ImL={yeY:Q,y=0}, (14)

where L and Q, are defined by (8) and (12), respectively.

Proof. At first, in view of Lemma 5 and (H, ), we can easily
verify that (13) holds. Next, we prove that (14) also holds.

For any y € Im L, then there exists a function u € Dom L
such that y = A"u. Based on Lemma 5, we have

u(t) = o )Z(t—s—l)“ Ly (s) + ct®L, (15)
where t € [0 — 1,a +b]y_,c € R. From conditions u(a -
1) - Bu(a+n) = yu(a+b) “and (H,), we can easily obtain that
Qy=0.

Conversely, for any y € Y with Q,y = 0, if we set u(t) =
A%y(t), t € [a - La+ bly, > then u(e — 1) = 0, and it
is easy to verify that u € Dom L. Moreover, by the relation
A*A™"y = y, we have Lu = y, which lead to y € Im L. So we
get that (14) holds. The proof is complete.

O

Lemma 9. If (H,) holds, then L defined by (8) is a Fredholm
operator of index zero.

Proof. In order to show that L is a Fredholm operator of index
zero, firstly, we consider the following operator Q : ¥ — Y
defined by

a(Q) _ Quy
Bla+n)* +pa+b® Q1)

where Q, is defined by (12). Evidently, InQ = R and Q is a
continuous linear projector. In fact, for any y € Y, we have

Qy= (16)

o Qy >: Qy
Q@)= () - e m-ay
Q Q) Q W)
2. _ _S\&y) Ly 4
Q=)= g Y

thatistosay,Q: Y — Y isidempotent. Hence, Q is a projec-
tor.

From the definition of Q and (14), it is easy to see that y €
Im L leads to Qy = 0, and if y € KerQ, we can get Q;y = 0,
which implies that y € Im L. So, we derive Ker Q = Im L.

Forany y € Y,set y = (y—Qy)+Qy.Since Qy € ImQand
(I-Q)y € KerQ, we have Y = Im Q + Ker Q. Moreover, take
¥, € KerQ N ImQ. Then y, can be written as y,(t) = ¢,t €
[0, b]N0> ¢ € R, for y, € Im Q. On the other hand, since y, €
KerQ = Im L, by (14), we can get Q, y, = Q,(c) = cQ,(1) =0,
which implies that y, = ¢ = 0. So, we have Im QNKer Q = {0}
andY =ImQ@&KerQ=ImQ&®ImL.

Now, since dim Ker L = codim ImL = dim ImQ = 1
and Im L is closed in Y, L is a Fredholm operator of index
zero. The proof is complete. O

Let P: X — X be defined by
1 a—1
—u(a-1)t"—,
I'(a)

It is clear that P : X — X is a linear continuous projector
and

Pu(t) = tefla—1,a+ b]N‘H. (18)

Isz{ueX:uzctﬂ,ceR}zKerL. (19)
Also, proceeding as the proof of Lemma 9, we can show that
X=KerP®ImP =KerP & KerL. (20)

Define operator K, : InL — Dom L N Ker P by

K,y(t) =A%y (1)

=T )Z(t— s— 1Dy (s), 1)

tela—La+bly,

where y € Im L.



From the definitions of P and K, it is easy to see that the
inverse of Ll pom rker p 8 K- Infact, if y € Im L, then we have
LK,y = A"A™y = y. (22)

Also, if u € Dom L N Ker P, by Lemma 5, we have
K,Lu(t) = u(t) + ct*=, (23)
where t € [a — 1, + b]Na—l’ ¢ € R. Then it follows from

K,Lu € Ker P and u € Ker P that

K,Lu(a—1)=u(a—1)+cla—-1)**=T(a)c =0, (24)
which implies that ¢ = 0. Consequently, we have K,Lu = u

for u € Dom L N Ker P. S0, K, = (Llpom 1rxer p) -

Lemma 10. Suppose that (H,) holds. If QO ¢ X is an open
bounded subset and Dom L N Q # 0, then N is L-compact on
Q.

Proof. By the continuity of f, we can verify that QN(Q) and

K,(I- Q)N(Q) are bounded. So we get that K,(I- Q)N(Q)

is compact. Therefore N is L-compact on Q. The proof is

complete.
O

To establish the main result, we need the following
conditions.

(H;) There exist two nonnegative functions p,q € X with

{Hf’zl(((x +1)/i) + (b + 1)/}l pll < 1 such that
|f (t,w)| < p (&) [ul +q (),

for (f,u) € [a—La+b - 1]y, _, X (-00,+00).

(25)

(H,) There exists a constant M > 0 such that
Q,Nu#0, (26)
for each u € X satisfying |u(t)] > M, t €

[ =1, + b]Na_l'

(Hs) There exists a constant M* > 0 such that for any

u(t) = ct*= te[oc—loc+b]N ,celR,ifIc|>M*,
then either

cQ;Nu>0 (27)
or

cQ;Nu < 0. (28)

Theorem 11. If (H,)-(Hs) hold, then the problem (1) has at
least one solution in X.

Proof. This proof will be divided into four main steps. Now
let us prove the steps one by one.

Step 1. Set Q; = {u € DomL\ KerL : Lu = ANu, A € (0,1)}
and prove that (), is bounded in X.

Abstract and Applied Analysis

Foru € Q,,thenu € DomL \ Ker L and Lu = ANu, so
Nu e Im L. By (14), we have Q;Nu = 0. From (H,), there
exists a constant ¢, € [ — 1, + bl such that [u(t,)| < M.
Since Lu = ANu, by Lemma 5, we have

u(t) = 1“? )f(t—s—l)“ CINwu(s) + et L,
s=0 (29)

tea— l,cx+b]Na71, ceR.

Considering |u(t,)| < M, we get

to—a

leto < M+ — ( —s—1)* 3 |Nu(s)l.  (30)

I'(a)

Consequently, by (29), (30), Lemma 6, (H;), and the mono-
tonicity of functions t* and “Lonla-1,a+b] N, Ve have

|ua (£)]
1 t—a ) zx—l
< — -s-1)*=|N =
<F(oc)s:0(t s— 1%L u(s)|+t0 - |ete™
1 & a1 (a— 1)
Sms=0(t—s—l) |Nu(s)|+—( +b)@
to—o
x{ * T )Z(to s—1)= |Nu(s)|]>

F( )Z(t—s—l)“ 1|f(s+oc—1 u(s+a-1)

b+1 i 1 ty—« al
+£1[a+i—1 {M+F(a)§)(t0_s_1)
X |f(s+oc—1,u(s+oc—1))|}

F( )Z(t—s—l)“ 1

x{pGs+a-1)|us+a—-1)+q(s+a-1)}

b+1

i
+H "
Fla+i—1
i=1

to—o
{ r()Z(t0 s—1)%

x{p(s+oc—1)|u(s+oc—1)|+q(s+(x—1)}}
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_ Ll et + Jal [ b
i Ia) ;)(t g(x +i—-1
X Z —s—1)* ]»

b+l i
+Mgoc+i—l
el +lal | o (i «
B I'(x+1) e ll:lloc+i—1 o
b+1 i
M
" gcx+i—1
o] el + ] o (T
= I'(x+1) (o + b+ g(x+i—1

b+1

i
bt +M
X (x + )]»+ g(x+i—1

b+l} b+1

So, by the fact that {Hle((oc +1)/i) + (b+ D/a)}lpll < 1in
(H;) and (31), we can derive that (), is bounded.

b @ +1
A1
(31)

Step 2. Set Q, = {u € Ker L : Nu € Im L} and prove that Q,
is bounded in X.

For any u € (,, there exists a constant ¢ € R such that
u(t) = ct*= te[cx—l(x+b]N ,andNuelmL.Soit
follows from (14) that Q;Nu = 0. By virtue of (Hs) and the
fact that 12=% is decreasing for t on [a¢ — 1, &0 + b]Nq,
derive that |u(f)| < |c|(@ — 1) < M*T(«), which implies
that Q, is bounded in X.

K we can

Step 3. Set Q3 = {u € KerL : MJu+ (1 - 1)0QNu = 0,1 €
[0, 1]} and prove that Q, is bounded in X, where ] : Ker L —
Im Q is a linear isomorphism defined by

Ji (ctﬂ) =c,

o 1L if (Hs) (27) holds, (32)

~ | -1, if (H5) (28) holds.

For any ct* € Q,, there exists A € [0, 1] such that

A =—(1-21)0QN (ct*). (33)
If A = 0, then QN(ct®!) = 0. Hence Q,N(ct*™!) = 0. By
(Hs), we get [c| < M*.If A = 1, then ¢ = 0. For A € (0,1), if

lc] > M*, then, from (Hs), we can obtain that
0cQ,N (ct*) > 0. (34)

5

Therefore, we have
¢ == (1-1)6cQN (ct*) < 0, (35)
which is a contradiction. So, Q; ¢ {u € KerL : u = ct*,

lc| < M™}is bounded in X.

Step 4. Let O be a bounded open set such that Q > U>_ Q; and
prove that

deg (QN|ker 1, Q@ N Ker L,0) #0. (36)

It follows from Lemma 10 that N is L-compact on Q. Then by
Steps 1 and 2, we have

(i) Lu# ANu for every (u, A) € [(Dom L\ Ker L) N 0Q)] x
(0, 1);

(ii) Nu ¢ Im L for every u € Ker L N 0Q.

At last, we prove that condition (iii) of Theorem 7 is
satisfied. Let

H(u,A) = MJu+ (1 - 1) 0QNu. (37)
According to the arguments in Step 3, we have
H(u,A) #0, Vu € Ker L N 0Q, (38)

and therefore, via the homotopy property of degree, we get
that

deg (QN|ger 1 Q N Ker L,0)
= deg (6H (-,0),Q2 N Ker L,0)
= deg (OH (-, 1), Q N Ker L, 0) (39)
=deg (0],QANKerL,0)
#0,

which implies that condition (iii) of Theorem 7 is satisfied.
Then by Theorem 7, we can conclude that Lu = Nu has at
least one solution in Dom L N Q; that is, (1) has at least one

solution in X. The proof is completed.
O

4. An Illustrative Example

In this section, we will illustrate the possible application of the
above established analytical result with a concrete example.

Example 1. Consider the following discrete fractional bound-
ary value problem:

AU () =f(t— %,u(t— %)) t €[0,3]y,,

< 1) 16 (3) 128 <7>
ul——=|-—ul=z)=—ul=-),
2 9 2 105 \2

(40)



where

t2

100000

[sin (t + uz)]z,
(o).

Sue E an(er )]

f(tu) = 1

15 62
e L3 e )
| 221N, 3

It is obvious that f is continuous. Corresponding to problem
(1), there exist « = 1/2, 3 =16/9,y = 128/105,1=1,b = 3,
and

n+l b+l

ﬁl_1[“+:_l +Y1—[(X+Z:—l
i=

i=1

16¢51/2+i-1 128+ 1/2+i—-1 (42)
—HL+ HL

911 10511 i
=1

Therefore, the problem (40) is at resonance.

Choosing p(t) = 3/31, q(t) = t*/100000, t € [-1/2,
7/2]N_1/2, then we have

|f . w|<p@®)|ul+q(t), for (tu)e [—l,§] xR,
221N,
S12+0 341 163 3 _ 489
[ 2 ) = 22 2 - 220
-1 ! /2 o 3

(43)

Hence, the condition (H;) in Theorem 11 holds.
Let M = 21.If [u(t)] > M holds for any t € [-1/2,
7/2]n_,, then we can easily verify that

Q,Nu#+0, (44)

which implies that condition (H,) of Theorem 11 holds.
Furthermore, we can choose M* = 50, to show that the
condition (Hs) of Theorem 11 holds. In fact, for any u(t) =

=12t € [-1/2, 7/2],\‘71/2 satisfying |c| > M™, we can get that

cNu(t) >0, forte [0, 3]y, - (45)

So, by the fact that (t — s — 1/2)ﬂ > 0 for (t,s) € [0, 3y, ¥
[0, t]N0 and (45), we can derive that, for any u(t) = Lt e
[-1/2, 7/2]N?1/2 satisfying |c| > M~,

cQ;Nu = Q,; (cNu) >0, (46)

which implies that (27) in (H;) of Theorem 11 holds. There-
fore, all conditions of Theorem 11 hold. Hence, we can
conclude that problem (40) has at least one solution.
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