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The aim of this paper is to define weak a-y/-¢-contractive mappings and to establish coupled and tripled coincidence point theorems
for such mappings defined on G, -metric spaces using the concept of rectangular G-a-admissibility. As an application, we derive new
coupled and tripled coincidence point results for weak y-@-contractive mappings in partially ordered G, -metric spaces. Our results
are generalizations and extensions of some recent results in the literature. We also present an example as well as an application to
nonlinear Fredholm integral equations in order to illustrate the effectiveness of our results.

1. Introduction and
Mathematical Preliminaries

The concept of generalized metric space, or a G-metric space,
was introduced by Mustafa and Sims.

Definition 1 (G-metric space [1]). Let X be a nonempty set
andlet G : X x X x X — R" be a function satisfying the
following properties:
(G1) G(x, y,z) =0ifand onlyif x = y = z;
(G2) 0 < G(x, x, y), for all x, y € X with x # y;
(G3) G(x,x,y) <G(x, y,2z), forall x, y,z € X with y #z;
(G4) G(x, y,2) = G(x,2,y) = G(y,2,x) = -+ (symmetry
in all three variables);
(G5) G(x, y,2) < G(x,a,a)+G(a, y,z),forallx, y,z,a € X
(rectangle inequality).

Then, the function G is called a G-metric on X and the
pair (X, G) is called a G-metric space.

Recently, Aghajani et al. in [2] motivated by the concept of
b-metric [3] introduced the concept of generalized b-metric

spaces (G,-metric spaces) and then they presented some basic
properties of G,-metric spaces.
The following is their definition of G, -metric spaces.

Definition 2 (see [2]). Let X beanonemptysetandlets > 1be
a given real number. Suppose that a mapping G : XxXxX —
R™ satisfies the following:
(G)]) G(x, y,2) =0ifx = y =z,
(Gy2) 0 < G(x, x, y) forall x, y € X with x # y,
(Gy3) G(x,x,¥) < G(x, y,2z) forall x, y,z € X with y # 2,
(Gp4) G(x, y,2) = G(p{x, y,2}), where p is a permutation
of x, y, z (symmetry),
(Gy5) G(x, y,2) < s[G(x,a,a)+G(a, y,z)] forall x, y,z,a €
X (rectangle inequality).
Then Gis called a generalized b-metric and the pair (X, G)
is called a generalized b-metric space or a G,,-metric space.

Each G-metric space is a G,-metric space with s = 1.

Example 3 (see [2]). Let (X,G) be a G-metric space and
G.(x, y,z) = G(x, y,z)?, where p > 1 is a real number. Then
G, is a G,-metric with s = 277",
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Example 4 (see [4]). Let X = R and d(x,y) = Ix—ylz.
We know that (X,d) is a b-metric space with s = 2. Let
G(x,y,z) = d(x,y) + d(y,z) + d(z,x), it is easy to see
that (X, G) is not a Gy-metric space. Indeed, (G,3) is not
true for x = 0, y = 2, and z = 1. However, G(x, y,2) =
max{d(x, y),d(y,z),d(z, x)} is a G,-metric on R with s = 2.

Definition 5 (see [2]). A G,-metric G is said to be symmetric
it G(x, y,y) = G(y,x,x), forall x, y € X.

Proposition 6 (see [2]). Let X be a G,-metric space. Then for
each x, y,z,a € X it follows that

(1) if G(x, ¥,2) =0, then x = y = z,

(2) G(x, y,z) < s(G(x, x, y) + G(x, x, 2)),
(3) G(x, y, y) < 25G(y, x, x),

(4) G(x, y,2) < s(G(x,a,z) + G(a, y, 2)).

Definition 7 (see [2]). Let X be a Gj-metric space. One
defines di(x, y) = G(x, ¥, y) + G(x,x, y), for all x, y € X.
It is easy to see that d; defines a b-metric d on X, which one
calls the b-metric associated with G.

Definition 8 (see [2]). Let X be a G,-metric space. A sequence
{x,} in X is said to be

(1) G,-Cauchy if, for each € > 0, there exists a positive
integer 1, such that, for allm, n,1 > ny, G(x,,, x,,,, x;) <
&

(2) Gp-convergent to a point x € X if, for each € > 0, there
exists a positive integer 7, such that, for all m, n > n,
G(x,, X, X) < €.

Proposition 9 (see [2]). Let X be a G,-metric space. Then the
following are equivalent:

(1) the sequence {x,} is G,-Cauchy,

(2) for any € > 0 there exists n, € N such that G(x,, x,,,,
x,,) < & forall m,n > n,.

Proposition 10 (see [2]). Let X be a G,-metric space. The
following are equivalent.

(1) {x,} is G,-convergent to x.
(2) G(x,,, x,,x) — 0,as n — +o0.

(3) G(x,,x,x) — 0,as n — +00.

Definition 11 (see [2]). A Gy-metric space X is called G-
complete if every G,-Cauchy sequence is G,-convergent in
X.

Proposition 12. Let (X,G) and (X',G') be two G,-metric
spaces. Then a function f : X — X' is G,-continuous at a
point x € X if and only if it is G,-sequentially continuous at
x; that is, whenever {x,} is G,-convergent to x, { f(x,)} is G,'J-
convergent to f(x).

Proposition 13. Let (X, G) be a G,-metric space. A mapping
F : X x X — X is said to be continuous if, for any two
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G, -convergent sequences {x,} and {y,} converging to x and y,
respectively, {F(x,, v,)} is G,-convergent to F(x, y).

In general, a G,-metric function G(x, y,z) for s > 1is
not jointly continuous in all its variables. The following is an
example of a discontinuous G,-metric.

Example 14 (see [4]). Let X = NU{oo}andletD : XxX — R
be defined by

0, if m=n,
1 1 . .
— — —|, if one of m,n is even and the
m n
D (m,n) = - other is even or oo,
5, if one of m,n is odd and the
other is odd (and m#n) or oo,
2, otherwise.
(1)
Then it is easy to see that, for all m, n, p € X, we have
5
D (m, p) < E(D (m,n) + D (n, p)). (2)

Thus, (X, D) is a b-metric space with s = 5/2 (see [5]).

Let G(x, y,z) = max{D(x, y), D(y,z), D(z, x)}. It is easy
to see that G is a G,-metric with s = 5/2 which is not a
continuous function.

We will need the following simple lemma about the G-
convergent sequences in the proof of our main results.

Lemma 15 (see [4]). Let (X, G) be a G,-metric space with s >
1 and suppose that {x,}, {y,}, and {z,} are G,-convergent to x,
y, and z, respectively. Then one has

1
5_3G (X, Y Z) < llrIlIL})I.}fG (xn’ Ynos Zn)

< lim supG (x,, ¥, 2,,) 3)

<5°G(x,9,2).

In particular, if x = y = z, then we have lim,, _, . G(x,, ¥,
,2,) = 0.

The existence of fixed points, coupled fixed points, and
tripled fixed points for contractive type mappings in partially
ordered metric spaces has been considered recently by several
authors (see [6-28], etc.)

Lakshmikantham and Cirié¢ [17] introduced the notions of
mixed g-monotone mapping and coupled coincidence point
and proved some coupled coincidence point and common
coupled fixed point theorems in partially ordered complete
metric spaces.

Definition 16 (see [17]). Let (X, <) be a partially ordered set
andlet F: X x X — Xandg:X — X betwo mappings.
F has the mixed g-monotone property, if F is monotone
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g-nondecreasing in its first argument and is monotone g-
nonincreasing in its second argument; that is, for all x,, x, €
X, gx; < gx, implies F(x,, y) < F(x,, y) for any y € X and
forall y,, y, € X, gy, <X gy, implies F(x, y,) = F(x, y,) for
any x € X.

Definition 17 (see [7,17]). Anelement (x, y) € X x X is called

(1) a coupled fixed point of mapping F : X x X — X if
x = F(x,y)and y = F(y,x),

(2) acoupled coincidence point of mappings F : XxX —
Xandg: X — Xifg(x) = F(x,y) and g(y) =
F(y, ),

(3) a common coupled fixed point of mappings F : X x
X — Xandg: X — Xifx = g(x) = F(x, y) and
y=9(y) = F(y, x).

Definition 18 (see [17]). Let X be a nonempty set. We say that
the mappings F : X x X — Xandg : X — X are
commutative if g(F(x, y)) = F(gx, gy) forall x, y € X.

Choudhury and Maity [10] have established some coupled
fixed point results for mappings with mixed monotone
property in partially ordered G-metric spaces. They obtained
the following results.

Theorem 19 (see [10, Theorem 3.1]). Let (X, X) be a partially
ordered set and let G be a G-metric on X such that (X,G) is a
complete G-metric space. Let F : X x X — X be a continuous
mapping having the mixed monotone property on X. Assume
that there exists k € [0, 1) such that

G(F(x,y),F(uv),F(w,z2))< g [G(x,u,w) +G(y,v,2)],
(4)

forallx <u <wandy > v >z where either u#w or v#z.

If there exist x,, ¥, € X such that x, < F(x,, y,) and y, >
F(yy, x,), then F has a coupled fixed point in X; that is, there
exist x, y € X such that x = F(x, y) and y = F(y, x).

Theorem 20 (see [10, Theorem 3.2]). If; in the above theorem,
in place of the continuity of F, one assumes the following
conditions, namely,

(i) if a nondecreasing sequence {x,,} — x, then x,, < x for
all n,

(ii) if a nonincreasing sequence {y,} — y, then y, = y for
all n,

then F has a coupled fixed point.

Definition 21 (see [29]). Let (X, <) be a partially ordered set
andlet Gbe a G-metric on X. One says that (X, G, <) is regular
if the following conditions hold.

(i) If {x,} is a nondecreasing sequence with x, — x,
then x,, < xforalln e N.

(ii) If{x,} isanonincreasing sequence with x,, — x,then
x, > x foralln e N.

Definition 22 (see [10]). Let (', G) be a generalized b-metric
space. Mappings f : 2% — Zandg: 2 — & are called
compatible if
Jim G (gf (%0 ¥n) > £ (9% V) > £ (9% ) = O,
(5)
Jim G (gf (3 %) f (99w 9%0) » £ (99> 9%,)) = 0

hold whenever {x,} and {y,} are sequences in X such that

Jim f (x,,5,) = lim gx,,

(6)
lim f(y,,x,) = lim gy,.

n— 00

On the other hand, Berinde and Borcut [25] introduced
the concept of tripled fixed point and obtained some tripled
fixed point theorems for contractive type mappings in par-
tially ordered metric spaces. For a survey of tripled fixed point
theorems and related topics we refer the reader to [25-28, 30].

Definition 23 (see [25, 26]). Let (X, <) be a partially ordered
set, f: X7 — Lyandg: X — X.

(1) An element (x, y,z) € & % is called a tripled fixed
point of f if f(x,y,2) = x, f(y,x,¥) = y, and
f(z,9,x) =z

(2) An element (x, y,z) € & 3 is called a tripled coinci-
dence point of the mappings f and g if f(x, y,z) =
g%, f(y,x,y) = gy, and f(z, y,x) = gz.

(3) An element (x, y,2z) € % is called a tripled common
fixed point of f and g if x = g(x) = f(x,y,2), y =
9g») = f(y,x, y),and z = g(z) = f(z, y, x).

(4) One says that f has the mixed g-monotone property
if f(x, y,z) is g-nondecreasing in x, g-nonincreasing
in y, and g-nondecreasing in z; that is, if, for any
x, 9,z € X,

X% €L, gx; 2 gx, = f(x,,2) £ f (%5, ,2),
vy €L, gn=gy,= f(xy.2) = f(x,2),

25 €2, gz 295 = f(xy2)2f(xy2).
7)

Definition 24 (see [28]). Let 2 be a nonempty set. One says
that the mappings f: 2° — Zandg: 2 — X commute
if g(f(x, y,2)) = f(gx,9y,gz),forallx, y,z € X.

In [26], Borcut obtained the following.

Theorem 25 (see [26, Corollary 1]). Let (', <) be a partially
ordered set and suppose there is a metric d on & such that
(X,d) is a complete metric space. Let f : X° — X and
g : & — X be such that f has the g-mixed monotone
property. Assume that there exists k € [0, 1) such that

d(f (x.3,2), f (v w))
< kmax {d (gx, gu),d (gy. gv) . d (92, gw)}

(8)



for all x,y,z,u,v,w € X with gx < gu, gy = gv, and
gz < gw. Suppose f(X°) < g(X) and g is continuous and
commutes with f and also suppose either

(a) f is continuous, or

(b) & has the following properties:

(i) if a nondecreasing sequence x,, — x, then x,, <
x for all n,

(ii) if a nonincreasing sequence y,, — y, then y, = y
for all n.

If there exist x, ¥y, 2, € X such that gx, X f(xy, ¥o»20)>

gy = o x0,20), and gz, X f(zg, ¥o» Xo), then f and g
have a tripled coincidence point.

Definition 26. Let (X',G) be a generalized b-metric space.
Mappings f : X° — Landg : X — X are called
compatible if

lim G (gf (X Y 24) > f (9% 9V 920 »

f (g% 9V 92,)) = 0,

im G (gf (Y X ¥u) » f (V> 9% GVn) » o
9
£ (9w 9% 9Y)) = O,

nll»r%oG (gf (zn’ yn’xn) ’f(gzn’ gyn’gx") >

£ (920 gy 9%,)) = 0

hold whenever {x,}, {y,}, and {z,} are sequences in & such
that

Jim f (5 o 2,) = Jlim g%,
nlLIIgO f (,Vn) Xy yn) = nll_>r%o 9w (10)

lim f(z,,y,,x,) = lim gz,.

n—00 n—00
Lety : [0,+00) — [0, +00) satisfies the following:

(i) v is continuous and nondecreasing,

(ii) w(t) = 0 ifand only if t = 0.

That is, y is an altering distance function.

In this paper, we obtain some coupled and tripled coinci-
dence point theorems for nonlinear (y, ¢) weakly contractive
mappings which are G-a-admissible with respect to another
function in partially ordered G,-metric spaces. These results
generalize and modify several comparable results in the
literature.

2. Main Results

Samet et al. [31] defined the notion of x-admissible mapping
as follows.
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Definition 27. Let T be a self-mapping on X and let o :
X x X — [0,+00) be a function. One says that T is an «-
admissible mapping if

xyeX, a(xy)z2l=a(Ix,Ty)=1. (1)

Definition 28 (see [32]). Let (X, G) be a G-metric space, let
T be a self-mapping on X, and let & : X> — [0,+00) be a
function. One says that T is an G-a-admissible mapping if

xyz€X, a(x,yz)>21=a(Tx,Ty,Tz) > 1. (12)

Following the recent work in [33-35] we present the
following definition in the setting of G-metric spaces.

Definition 29. Let (X, G) be a G-metric space and let f,g :
X — Xanda : X — [0,+00). One says that f is a
rectangular G-a-admissible mapping with respect to g if

(R1) a(gx, gy, gz) = 1 implies «(fx, fy, fz) > 1,x, ¥,z €
X,

(R2) {algx, gy, g9y) = 1, algy,gz,.92z) =
algx, gz, gz) > 1, x,y,z € X.

1} implies

Lemma 30. Let f be a rectangular G-a-admissible mapping
with respect to g such that f(X) < g(X). Assume that there
exists x, € X such that a(gx,, fx,, fx,) = 1. Define sequence

{yat by yu = gx, = fx,1. Then

& (Vs Yo Y) 21 Vn,m e N withn<m.  (13)

Now, we prove the following coincidence point result.

Theorem 31. Let (X, G) be a generalized b-metric space and
let f,g: X — X satisfy the following condition:

a(gx. gy, g2) ¥ (sG (fx, f, fz))
<y (G(gx gy, 92)) - ¢ (G (gx, gy, 92))

forall x,y,z € I, where y,¢ : [0,00) — [0,00) are two
altering distance mappings, « : X — [0,+00), and f is a
rectangular G-a-admissible mapping with respect to g.

Then, maps f and g have a coincidence point if

(i) f(X) € g(X),
(ii) there exists x, € X such that a(gx,, fxo, fx) = 1,

(iil) f and g are continuous and compatible and (X, G) is
complete,

(iii') one of f(X) or g(X) is complete and assume
that whenever {x,} in X is a sequence such that
(%, X1, Xpyq) 2 1foralln e NU{O} and x,, — xas
n — +00, we have a(x,, x,x) > 1 for alln ¢ NU {0}.

Proof. Let x, € X be such that a(gx,, fx,, fx,) = 1.
According to (i) one can define the sequence {y,} as y,,;, =
gXp = fx,foralln=0,1,2,....

As a(gxy, gx,, gx;) = algxy, fxg, fx,) = 1 and since
f is an G-a-admissible mapping with respect to g, then
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a(yy, ¥a» ¥5) = a(fx, fx1, fx;) = 1. Continuing this process,
we get (¥, Vpi1> Vui1) = 1 foralln e NU {0}.
If y, = y,.1> then x,, is a coincidence point of f and g.
Now, assume that y, # y,.,, for all n; that is,

G(J’n>)’n+1:)/n+2) > 0’ (15)

foralln.Let G,, = G(¥,» ¥s1> Yusa)- Then, from (14) we obtain
that

V’ (SG (yn+1’ Yn+2> yn+3))

< 06()/,,, yn+1’yn+2)l//(5G (yn+1’yn+2’yn+3)) (16)

= (gxn’ gxn+1’ gxn+2) 1/’ (SG (fxn’ f‘xn+1’ fxn+2))
<Y (G (Vs Vst Yur2)) = P (G (P Vs> Ys2)) -

We prove that G,,; < G, foreachn € N.IfG,,, > G, for
some n € N, then from (16) we have y(G,,;) < w(G,,,) —
¢(G,,) which implies that G,, = 0, a contradiction to (15).

Hence, we have 0 < G,,,; < G, for each n € N. Thus, the
sequence {G,} is nonincreasing and so there exists r > 0 such
thatlim,,_, .G, =1 > 0.

Suppose that r > 0. Then from (16), taking the limit as
n — oo implies that

y(r)<y(r)—e(r) (17)
a contradiction. Hence,

lim G, = m G (¥ V1> Yus2) = 0- (18)

n— 00

Since y,..1 # ¥, for every n, so by property (G,3) we obtain

G(yn’yn+1’yn+1) 3G(J’m}’n+1>)’n+2)- (19)
Hence,
Jim G (Vs Yui1> Yuer) = 0. (20)

Also, by part (3) of Proposition 6 we have

im G (¥, V> Ys1) = 0. (21)

n—o00
Now, we prove that {y, } is a G,,-Cauchy sequence. Assume
on contrary that {y,} is not a G,-Cauchy sequence. Then there
exists ¢ > 0 for which we can find subsequences {y,, } and

{yn, } of {y,} such thatm, is the smallest index for which m;. >
n, > k and

G (Y Ym» Y, ) 2 &. (22)
This means that

G (xnk,xmk,l,xmk,l) <e (23)

Since f is a rectangular G-a-admissible mapping with respect
to g, then from Lemma 30 a(y,, > Vi, —1> Y1) = 1. Now,
from (14) we have

1// (SG (ynk+1’ ymk’ymk))
S (ynk’ ymk—l’ymk—l) V/(SG (ynk+1’ ymk’ ymk))
= (gxnk’gxmk—l’gxmk—l) 1// (SG (fxnk’fxmk—l’ fxmk—l))

<Y (G (s Ymt> Y1) = 2 (G (s Y15 Yim 1)) -
(24)

Using (G,5) we obtain that

G (D Yony» Y (25)

<sG (ynk’ ynk+17 ynk+1) +5G (ynkJrl’ymk’ ymk) :

Taking the upper limitas k — oo and using (20) and (23) we
obtain that

. €
1im upG (Yo 11 Yimg> Yim, ) = = (26)
k— o0 S
Using (G,5) we obtain that
G (Ve V> Vim,) o)

<sG (ynk’ ymk—l’ymk—l) +sG (ymk—l’ ymk’ymk) .

Taking the upper limitas k — oo and using (20) and (23) we
obtain that

| ™

h}?lg;fG(ynk’ ymk—l’ymk—l) = S' (28)

Taking the upper limit as k — oo in (24) and using (23) and
(26) we obtain that

y(e) <y (sli;n SUPG (V1> Yoo ymk))

<y <li£n supG (ynk, Yme—1> ymk1)>

(29)
~1iminfe (G (3> Yon,-1> im1))
<y(e)-¢ (11,33 infG (s V-1 ymk_l))
which implies that
¢ <klin30 inf G (s Yoy 1 ymk_l)> =0,  (30)

so limy _, oo inf G(¥,,,> Y, —1> Yim,—1) = 0, a contradiction to
(28). It follows that {y,} is a G,-Cauchy sequence in X.
Suppose first that (iii) holds. Then there exists

nleréo fx, = nleréo gx,=z¢€. (31)



Further, since f and g are continuous and compatible, we get
that

Am fgx, = fz,  lim gfx, = gz,

(32)
lim G (fgx,, fgx,» 9fx,) = 0.
We will show that fz = gz. Indeed, we have

G (fz, 92, 92) < s[G(fz, fax,» fgx,) + G (fgx,» g2, 97)]
< sG(fz, fgx,» f9x,)
+5° (G (f9x,0 9f % 91%,)
+G (gfx,» 92, 92)]

—5-0+s-0+5-0=0 as (n » 00),

(33)

and it follows that fz = gz. It means that f and g have a
coincidence point.

In the case (iii'), if we assume that g(X) is G,-complete,
then

Am fx, = lim gx, = gu =z (34)

for some u € . Also, from (iii’) we have a(gx,, gu, gu) > 1.
Applying (14) with x = x,, and y = u, we have

Y (G (fx, fu fu))
< o (g, gus gu) v (sG (fx,, fu, fu)) (35)
<y (G (g%, gu gu)) = ¢ (G (9%, gu> gu)) -
It follows that G( fx,,, fu, fu) — 0 whenn — oo; thatis,
fx, — fu.Uniqueness of the limit yields that fu = z = gu.

Hence, f and g have a coincidence point u € X. O

Theorem 32. Let (X, G, X) be an ordered generalized b-metric
space and let f, g : X — X satisfy the following condition:

v (sG(fx, fy, f2))
<y (G(gx, gy, 92)) - ¢ (G (9. gy, 92))

(36)

forallx, y,z € X, with gx < gy < gz, wherey, ¢ : [0,00) —
[0, 00) are two altering distance functions.
Then, maps f and g have a coincidence point if

(i) f is g-nondecreasing with respect to < and f(X) <
9(X);
(ii) there exists x, € X such that gx, < fx;

(iii) f and g are continuous and compatible and (X, G) is
complete, or

(iii") (X, G, <) is regular and one of f(X) or g(X) is
complete.
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Proof. Definea: X x X x X — [0, +00) by

I, ifx<y<z
Hx<y=<z (37)

w(mra)- |

0, otherwise.

First, we prove that f is a rectangular G-a-admissible
mapping with respect to g. Assume that a(gx, gy, gz) >
1. Therefore, we have gx < gy <X gz. Since f is g-
nondecreasing with respect to <, we get fx < fy < fz;thatis,
a(fx, fy, fz) = 1. Also, let a(x,2z,z) > 1 and a(z, y, y) > 1,
and then x < z and z < y. Consequently, we deduce that
x X y < y;thatis, a(x, y,¥) > 1. Thus, f is a rectangular
G-a-admissible mapping with respect to g. Since

Y (sG (fx, fy, f2))

(38)
<y (G(gx gy, 92)) — ¢ (G (gx. gy, g2))
forall x, y,z € X, with gx < gy < gz, then
a(gx, gy, 92) v (sG (fx, fy, fz)) 9)

<y (G(gx gy, 92)) - (G (gx, gy, 92)) -

Moreover, from (ii) there exists x, € X such that gx, <
fxo = fxy that is, a(gxy, fxy, fx;) = 1. Hence, all the
conditions of Theorem 31 are satisfied and therefore f and g
have a coincidence point. O

If a(x, y,z) = 1 forall x, y,z € X in Theorem 31, then we
obtain the following coincidence point result.

Theorem 33. Let (X, G) be a generalized b-metric space and
let f,g: X — X satisfy the following condition:

v (sG (fx, fy, f2))
<y (G(gx, gy, 92)) - ¢ (G (gx. gy, 92))

(40)

forall x,y,z € &, where y,¢ : [0,00) — [0,00) are two
altering distance functions.
Then, maps f and g have a coincidence point if

(i) f(X) € g(X),

(ii) f and g are continuous and compatible and (X, G) is
complete, or

(ii") one of f(X) or g(X) is complete.

3. Coupled Fixed Point Results

We will use the following simple lemma in proving our next
results. A similar case in the context of b-metric spaces can
be found in [24].

Lemma 34. Let (X', G) be a generalized b-metric space (with
the parameter s) and let f : X* — Landg : X — .
Suppose that F : X* — X is given by

EX=(f(xy),f(px), X=(xy)ed” (4D
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and H : X* — X% is defined by

HX = (gx,gy), X=(xy)e€ 2% (42)

(a) If a mapping QF : > x X* x L* — R" is given by
Q) (X,U, A) = max{G (x,u,a),G (y,v,b)},

X=(xy),

(43)

U=wv), A=(ab)ed?

then (L2, Q') is a generalized b-metric space (with the
same parameter s). The space (22, Q") is G,-complete
if and only if (X', G) is G,-complete.

(b) If f is continuous from (22, Q) to (X, G), then F is
continuous in (22, Q).
(¢) If f and g are compatible, then F and H are compatible.

(d) The mapping f : X* — X is G-a-admissible with
respect to g; that is,

x y,u,v,a,beX,
a((gx. gy)(gu. gv),(ga. gb)) > 1
= a(f(xy),f (%)), (44)
(f W), f (vu),
(f@b), f b)) =21

if and only if the mapping F : X* — X7 is G-a-
admissible with respect to H; that is,

X, U, A€ X%
o (HX, HU, HA) > 1 (45)
= a(FX, FU,FA) > 1,

where a1 X2 x X2 x X? — [0,00) is a function.

(e) The statement (d) holds if we replace the G-a-
admissibility by rectangular G-a-admissibility.

Let (2, G) be a generalized b-metric space, f: 2% —
and g : & — X.In the rest of this paper unless otherwise
stated, for all x, y,u,v,z,w € I, let

N¥ (x, y, u,v,2,w)

=max {G (f (%, y), f (), f (z,w)),
G(f(3x), f(mu), f(w,2)},  (46)

m
Ny (%, y,u,v,2,w)

= max {G (gx, gu, gz) , G (97, gv, gw)} .

Now, we have the following coupled coincidence point
result.

Theorem 35. Let (X', G) be a generalized b-metric space with
the parameter s and let f : X* — Landg : ¥ — 2.
Assume that

a((gx.gy),(gu, gv), (92, gw))
Xy (sN}” (x, y,u,v, 2, w))

<y (N;" (%, y,u,v, 2, w)) -9 (NZ' (x, y,u,v, 2, w)) ,
(47)

for all x, y,u,v,z,w € X, where y,¢ : [0,00) — [0,00) are

altering distance functions, a : (X*)* — [0,00), and f is a

rectangular G-a-admissible mapping with respect to g.
Assume also that

M) () € g( X%
(2) there exist x, y, € X such that

a((gx0 o) > (f (x0:%0) > f (0o %)) »
F (x0:30) > f (70> %)) 2 1,

a (950 9%0) » (f (o> X0)» f (%02 0)) »
I o %) f (%00 30)) 2 1.

(48)

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (X, G) is G,-complete, or

(b) (9(X),G) is Gy-complete and assume that whenever
{x,} and {y,} in X are sequences such that

@ (('xn’ yn) > (xn+1’ yn+1) 4 ('xn+l’ yn+1)) > 1,
(49)

o ((yn’xn) 4 (yn+1’ xn+1) 4 (yn+1’ xn+1)) 21

foralln e NU{0}and x, — x,y, — yasn — +00, we
have

a (% ) (%), (%, ) 2 1,
« ((yn’ xn) > (y’ x) > (y’ x)) >1

foralln e NU {0}.
Then, f and g have a coupled coincidence point in .

(50)

Proof. Let Q' be the generalized b-metric on 2 defined in
Lemma 34. Also, define the mappings F, H : > — 2 by
FX = (f(x, ), f(y,x)) and HX = (gx,gy), X = (x,y) as
in Lemma 34. Then, (27, Q') is a generalized b-metric space
(with the same parameter s as '), such that F(2?*) < H(Z?).
Moreover, the contractive condition (47) implies that

o (HX, HU, HA) y (sQ)' (FX, FU, FA))
(51)
<y (Q) (HX,HU,HA)) - ¢ (Q)' (HX, HU, HA))

holds for all X,U,A € 7. Also, one can show that all
conditions of Theorem 31 are satisfied for F and H and we



have proved in Theorem 31 that, under these conditions, it
follows that F and H have a coincidence point X = (x,y) €

2 which is obviously a coupled coincidence point of f and
g. O

In the following theorem, we give a sufficient condition
for the uniqueness of the common coupled fixed point (see
also [23]).

Theorem 36. In addition to the hypotheses of Theorem 35,
suppose that f and g are commutative and that, for all
(x,y) and (x*,y") € 2, there exists (u,v) € 22
such that a((gx, gy), (gu, gv), (gu, gv)) = 1 and a((gx",
gy"), (gu, gv), (gu, gv)) > 1. Then, f and g have a unique
common coupled fixed point of the form (a, a).

Proof. We will use the notations as in the proof of
Theorem 35. It was proved in this theorem that the set of
coupled coincidence points of f and g; that is, the set of
coincidence points of F and H in 27 is nonempty. We will
show that if X and X are coincidence points of F and H,
that is,

HX =FX, HX"=FX", (52)

then HX = HX".

Choose an element U = (u,v) € 2 such
that a((gx, gy), (gu, gv), (gu,gv)) = 1 and a((gx™, gy"),
(gu, gv), (gu, gv)) = 1. Let U, = U and choose U, € 27 so
that HU, = FU,,. Then, we can inductively define a sequence
{HU,} such that HU,,, = FU,,.

As «((gx, gy), (gu, gv), (gu,gv)) = 1 and f is rect-
angular G-a-admissible with respect to g, then a((f(x, ),

F (), (f . v), f(v,u)), (f(w,v), f(v,w))) = 1; that is,
a(HX, HU,, HU,)) > 1 yields that
o (FX, FU, FU) = a (FX, FU,, FU,)
= a(HX, HU,, HU,) (53)

> 1.

Therefore, by the mathematical induction, we obtain that
«(HX,HU,,HU,) > 1, foralln > 0.
Applying (47), one obtains that

¥ (593 (FX, HU,,.1, HU,,,,))
<a(HX,HU,, HU,)y (sQ) (FX, FU,, FU,))
< y (0" (HX, HU,, HU,)) - ¢ (' (HX, HU,, HU,))

<y (Q) (HX,HU,, HU,)).
(54)

From the properties of y, we deduce that the sequence
{Q)'(HX, HU,, HU,,)} is nonincreasing. Hence, if we proceed
as in Theorem 31, we can show that

lim Q' (HX, HU,,, HU,)) = 0; (55)

that is, {HU, } is G,-convergent to HX.
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Similarly, we can show that {HU,} is G,-convergent to
HX". Since the limit is unique, it follows that HX = HX".

The compatibility of f and g yields that F and H are
compatible, and hence F and H are weak compatible. Since
HX = FX, we have HHX = HFX = FHX. Let HX = A.
Then, HA = FA. Thus, A is another coincidence point of F
and H. Then, A = HX = HA. Therefore, A = (a,b) is a
coupled common fixed point of f and g.

To prove the uniqueness, assume that P is another
common fixed point of F and H. Then, P = HP = FP and
also HP = HA. Thus, P = HP = HA = A. Hence, the coupled
common fixed point is unique. Also, if (a,b) is a common
coupled fixed point of f and g, then (b, a) is also a common
coupled fixed point of f and g. Uniqueness of the common
coupled fixed point yields that a = b. O

Let Q% : 22 x 2% x > — R* be given by

G (x,u,a) + G(y,v,b)
2 BNED)
A=(ab)e?,

Q2 (X,U, A) =

X=(x9), U=wv)),

and then (22, Q)) is a generalized b-metric space (with the
same parameter ).

Let (2, G) be a generalized b-metric space, f: * — <,
andg: & — Z.Forallx, y,u,v,z,we I, let

N% (x, y,u, v, 2, w)

_G(f (), f W), f (zw)
2

LGU ), f 0w, f (w,2)
2
_ G(gx, gu, gz) + G(gy, gv, gw)'

a
Ng(x,y,u,v,z,w)— 5

>

(57)
Remark 37. The result of Theorems 35 and 36 holds, if we
replace (', N, and N by Q, N¢, and Ny, respectively.
4. Coupled Fixed Point Results in Partially
Ordered Generalized b-Metric Spaces

We will use the following simple lemma in proving our
results.

Lemma 38. Let (X, G, <) be an ordered generalized b-metric
space (with the parameter s) and let f : X* — X and g :
X — L. LetF:X* — 27 be given by

FX=(f(x).f(px), X=(xy)ex® (58
and H : ? - 2* is defined by

HX = (gx,gy), X=(xy)¢€ % (59)
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(a) If a relation C, is defined on X by

X=(xy), U=@v)e2?
(60)

XU x2uNy=v,

then (22, Q),L,) and (2?08, C,) are ordered generalized b-
metric spaces (with the same parameter s).

(b) If the mapping f has the g-mixed monotone property,
then the mapping F : X* — 27 is G-nondecreasing with
respect to C,; that is,

HXc, HU = FXC, FU. (61)

Theorem 39. Let (X, Gy, X) be a partially ordered generalized
b-metric space with the parameter s and let f : * — X and
g: X — X. Assume that

v (sN}" (x, y,u,v, 2, w))

<y (N;" (x, y,u, v, 2, w)) -9 (N;” (% y, w12 2,w))
(62)

for all x, y,u,v,z,w € & with gx < gu < gz and gy >
gv = gw, where y, ¢ : [0,00) — [0,00) are altering distance
functions.

Assume also that

(1) f has the mixed g-monotone property and f(2*) <
g();

(2) there exist x,, y, € & such that gx, < f(x,, y,) and
9Y0 = f (3o Xo)-

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (L, G) is G,-complete, or

(b) (X, Gy) is regular and (g(X), G) is G,-complete.

Then, f and g have a coupled coincidence point in .

Proof. By Lemma 38, (22, Q' C,) is an ordered generalized
b-metric space (with the same parameter s).
Define a : X* x X* x X* — [0, +00) by

1, if (x,9)C, (w,v)C,(ab),
0, otherwise.

a((xy),wv),(ab) = {
(63)

First, we prove that F is a rectangular G-a-admissible
mapping with respect to H. Hence, we assume that a(HX,
HU,HA) > 1, where X = (x,y), U = (4,v), and A = (a,b).
Therefore, we have HX C, HU C, HA. Since f has the mixed
g-monotone property, then from Lemma 38, the mapping
F: 2% — 27 is G-nondecreasing with respect to C,; that
is,

FXC, FULC, FA; (64)

that is, a(FX, FU, FA)
«(A,U,U) > 1; then X

1. Also, let a(X,A,A) > 1 and

>
C, A and A, U. Consequently, we

deduce that X, U; that is, «(X,U,U) > 1. Thus, F is a
rectangular G-a-admissible mapping with respect to H.
From (62) and the definition of & and C,,

y (sQ (FX, FU, FA))

<y (Q) (HX,HU, HA)) - ¢ (Q)' (HX, HU, HA)),
(65)

forall X,U, A € X with HX C, HU c, HA. Moreover, from
(2) there exists (x,, y,) € X* such that

H (x9, o) = (9%0- 9%) S5 ((x0 %0) > f (70> %))
(66)
= F (x0, ¥o) -

Hence, all the conditions of "Iheorgn 32 are satisfied and so
F and H have a coincidence point X = (x,y) € & 2 which is
a coupled coincidence point of f and g. O

In the following theorem, we give a sufficient condition
for the uniqueness of the common coupled fixed point (see
also [25, 28, 30]).

Theorem 40. In addition to the hypotheses of Theorem 39,
suppose that, for all (x,y) and (x*,y*) € L7, there exists
(u,v) € X2 such that (gu, gv) is comparable with (gx, gy)
and (gx*, gy™). Then, f and g have a unique common coupled
fixed point of the form (a, a).

Proof. It was proved in Theorem 39 that the set of coupled
coincidence points of f and g, that is, the set of coincidence
points of F and H in 2, is nonempty. We will show that if X
and X are coincidence points of F and H, that is,

HX = FX, HX"=FX", (67)

then HX = HX". There exists (1, v) € 27, such that (gu, gv)
is comparable with (gx, gy) and (gx*, gy*). Without any loss
of generality, we may assume that (gx, gy) &, (gu, gv) and
(gx*, gy") E, (gu, gv). According to the definition of « in
the above theorem, a((gx, gy), (gu, gv), (gu, gv)) > 1 and
a((gx®, gy™), (gu, gv), (gu, gv)) = 1.

Now, following the proof of Theorem 36, one can obtain
that HX = HX". The remainder part of proof is analogous to
the proof of Theorem 36 and so we omit it. O

Remark 41. In Theorem 39, we can replace the contractive
condition (62) by the following:

a((gx. gy),(gu gv), (92, gw))
Xy (SN; (x, y,u,v, 2, w))

<y (N; (x, y,u,v, 2, w)) -9 (NZ (x, y,u,v, 2, w)) :
(68)

Remark 42. Theorem 39 provides conclusions of Theorems
3.1 and 3.2 of [4] for more general pair of compatible maps.

In Theorem 39, if we take y/(t) = t for all t € [0, 0c0), we
obtain the following result.
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Corollary 43. Let (2,G,<X) be a partially ordered G-
complete generalized b-metric space with the parameter s > 1
andlet f: X* — L. Assume that

G(f (%), f W), f(zw)
2

LG 0hx), f (1), f (w,2))
2

G (gx, gu, gz) + G (gy, gv, gw)
2

I(P ( G (gx, gu, gz) + G (gy, gv» gw) )

s 2

(69)

1
< -
N

forall x, y,u,v,z,w € L withx <u<zandy > v > w,
where ¢ : [0,00) — [0, 00) is an altering distance function.
Assume also that

(1) f has the mixed g-monotone property and f(*) €
9(X);

(2) there exist x,, y, € & such that gx, X f(xg, y,) and
9% = (¥ Xo)-

Also, suppose that either

(a) f is continuous, or
(b) (X, G) is regular.

Then, f and g have a coupled coincidence point in .

In addition, suppose that, for all (x, y) and (x*, y*) € L7,
there exists (u,v) € X2 such that (u,v) is comparable with
(x,y) and (x*, y*). Then, f and g have a unique coupled
fixed point of the form (a, a).

In Corollary 43, if we take ¢(t) = (1-k)t forallt € [0, 00),
where k € [0,1), we obtain the following extension of the
results by Choudhury and Maity (Theorems 19 and 20).

Corollary 44. Let (X,G,<) be a partially ordered G-
complete generalized b-metric space with the parameter s > 1
andlet f: X* — L. Assume that

G(f (). f W), f(zw)
2

(UL SO wD) g

B kG(xu,z)+G(y,vw)
T s 2

>

forall x, y,u,v,z,w € L withx <u<zandy >vx>w,or
zxu=xandw > v x> y, wherek € [0, 1).
Assume also that
(1) f has the mixed monotone property;
(2) there exist xy, y, € X such that x, < f(x,,,) and
Yo = f (Yos %o)-

Also, suppose that either
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(a) f is continuous, or

(b) (X, G) is regular.

Then, f has a coupled fixed point in .

In addition, suppose that, for all (x, y) and (x*, y*) € L%,
there exists (u,v) € 2% such that (u,v) is comparable with
(x,y) and (x*, y™). Then, f has a unique coupled fixed point
of the form (a, a).

Now, we present an example to illustrate Theorem 39 and
Remark 41.

Example 45. Let X = R be endowed with the usual
ordering and let G,-metric G on X be given by G(x, y,z) =
max{|x — y|2, ly - z|%, |x — z|*}, where s = 2. Define F : X x
X — Xas

‘-
Fxy) =57

(x,y) e Xx X. (71)

We define y, ¢ : [0,00) — [0, 00) by

go(t):ln(;“ ). o

v(t)=In(t+1), 1

where ¢ = 8/81. Also, F has mixed monotone property and
satisfies the condition (68). Indeed, for all x, y,u,v,a,b € X
with x <u <aand y > v > b, we have

v (2(G(F (x,y),F(u,v),F(a,b))))

_ — 2 _ —_b\?
i am (552 ) (500,
9 9 9 9

S

=ln<%max{(x—u+v—y)2,(u—a+b—v)2,

(a—x+y—b)2}+ 1)
< ln<84—1 max{(x— u)’ + (v—y)z,(u —a)*
Hb-vh(a-x)+(y-b)'}+ 1)

<In <84_1 [max {(x —uw)l (w-a)(a- x)z}

+max{(v—y)2,(b— v)z,(y—b)z}] + 1)
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I 8 G(x,u, a)+G(y,v,b)
s 2

_ 1n<CG(x,u,a)-;G(y,v,b) . 1)

W (G(xua)+G (y,v,b) )

SN EETLE AR NE AN

(G(x,u,a) + G (y,1,b)) [2) + 1
G(x,wa)+G(y,nb
:v/< (x,u,a) + G (y,v ))

2

_¢<G(x,u,a)+G(y,v,b))

2
(73)
Similarly,
Y (G (F(y,x), F (1), F (5,)))
p 1//(G(x,u,a)+G(y,v,b))
2 (74)
<G(x,u,a) +G(y,v,b))
_p > .
So,
1//(2(G(F(x,y),Fz(u,v),F(a,b))
+G(F(y,x),F(v,u),F(b,a)))
2
(75)

Sl//(G(x,u,a);G(y,v,b))

(G(x,u,a)+G(y,v,b))
—¢ . )

Finally, there are obviously x,, y, € X such that x, <
F(xy, yy) and y, = F(y,x,). Thus, we conclude that the
mapping F has a coupled fixed point (which is (0, 0)).

Consider now the same example, but with the G-metric

G(x,y,2)

on X = R. The respective contractive condition
v (G(F(x,y),F (uv),F (a,b)))
3 1I](G(x,u,a) +G(y,v,b))

=max{|x-y|,|y—z|,lx-zl]}  (76)

2 (77)

(G(x,u,a)+G(y,v,b))
" :

1

does not hold for all x, y,u,v,a,b € X suchthatx > u > a
and y < v < b.Indeed, forx =1, y=u=v=a=>b=0it
reduces to

=y <$) =0.10536051565

£ 0.4054651081 — 0.35726300629

S ()-+(2)
=l//(G(l,O,O);G(O,O,O))

_¢<G(1,0,0);G(0,0,0)>‘

We conclude that, using a G,-metric instead of the standard
one, one has more possibilities for choosing a control func-
tion in order to get a coupled fixed point result.

Remark 46. Theorems 3.5, 3.6, and 3.7 of [4] are special cases
of Theorem 39.

5. Tripled Coincidence Point Results

In this section we prove some tripled coincidence and tripled
common fixed point results.

Lemma 47. Let (X, G, <) be an ordered generalized b-metric
space (with the parameter s) and let f : X° — XL and g :
L - .

(a) If a relation C, is defined on X by

X UesS x2uNyzvAz 2w,
(79)

X=(x92), U=@Wwvw) e,

and a mapping Q3" : x> x X — RY is given by

Q7 (X,U, A) = max {G (x,u,a),G (y,v,b),G (z,w, )},
(80)

forall X = (x,9,2),U = (u,v,w),and A = (a,b,c) € 23, then
(273, O}, C3) is an ordered generalized b-metric space (with the
same parameter s). The space (2>, Q') is G,-complete if and
only if (X, G) is G,-complete.

(b) If the mapping f has the g-mixed monotone property,
then the mapping F : X° — X given by

= (f(ey2), f(rxy), f(z ),

81)
=(x,y,2) e X’
is G-nondecreasing with respect to Cs; that is,
HXC, HU = FXC, FU, (82)

where H : X° — 2 is defined by

HX = (gx,gy,92), X=(xp2)e2’.  (8)
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(c) If f is continuous from (23, Q3) to (X,G), then F is
continuous in (2>, Q3.

(d) If f and g are compatible, then F and H are compatible.

(e) The mapping f : X> — X is G-a-admissible with
respect to g; that is,

X 201, vy, s by € X,
a((gx. gy, 92) (97> 9% 9y) - (92, 9y, 9x)) 2 1
= a((f (% 1.2), f (1:%9), f (2 3.%)),
(f wv,w), f(vu,v), f(w,v,u)),
(f(ab,0), f (b,ab), f(c.b,a))) 21

if and only if the mapping F : X° — 2 is G-a-admissible
with respect to H; that is,

(84)

X, U, Ae X,
o (HX, HU, HA) > 1 (85)
— « (FX, FU,FA) > 1,

wherea : X° x X2 x X® = [0,00) is a function.

Let (2, G, <) be an ordered generalized b-metric space,
f:2° - Landg: ¥ — X.Forallx, y,z,u,v,w,a,b,c €
Z, let

MY (x, y,2,u,v,w,a,b,c)
=max{G(f (x,5,2), f (w,v,w), f (a,b,c)),
G(f (%), f u,v), f (b,a,b)),
G(f(zp.%), f (wv,u), f(c.ba)},

m
My (x,y,2,u,v,w,a,b,c)

= max {G (gx, gu, ga) , G (gy, gv» gb) , G (92, gw, gc)} .
(86)

Theorem 48. Let (X', G) be a generalized b-metric space with
the parameter s and let f : X° — Landg : ¥ — <.
Assume that

a((gx gy, 92), (gu, gv, gw)., (ga, gb, gc))
Xy (sM}” (x, y,z,u,v,w,a,b, c))

(87)
<y (M;” (x, y,z,u, v,w,a, b, c))
- (M;" (x, y,z,u,v,w,a,b, C)) ,
for all x,y,z,u,v,w,a,b,c € X where y,¢ : [0,00) —

[0, co) are altering distance functions and « : (xX*?® > [0,00)
is a mapping such that f is a rectangular G-a-admissible
mapping with respect to g.

Assume also that

D) £(L3) < g(X)s
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(2) there exist x, ¥y, 2y € X such that

o (90> 90> 9%0) »
(f (x0> Y0:20) » f (Yo %02 %) » f (202 Yo X0)) »
(f (x0> Y0:20) » f (Yoo %02 ¥0) > f (200 Y00 X0))) 2 1,
o ((9¥0> 9%0> 9%0) »
(f 0o X0 ¥0) > f (%00 Yo Z0) > f (Yo %00 30)) (88)
(f (o X0 ¥0) > f (%05 Y0, 20) > f (30> X0 30))) 2 1,
o (920> 9Y0» 9%0) »
(f (20 ¥or %0) » f (Yor %02 ¥0) > f (%02 Yo Z0)) »
(f (z0:¥00 %0)» f (Yor %02 Y0) » f (%0> Y0 20))) 2 1.

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (X, G) is G,-complete, or

(b) (g(X),G) is G,-complete and assume that whenever
{x,}, .} {z,} in X are sequences such that
o ((xn’ yn’ zn) > (xn+l’ yn+1’ Zn+1) > (xn+1’yn+1’ zn+1)) 2 1’
o ((yn"xn’ yn) > (yn+1’ xn+l’ yn+1) > (yn+1’ xn+l’ yn+1)) 2 1’

@ ((Zn’ Y xn) > (Zn+1> Ynt+1> ‘xn+1) > (zn+1’ Yn+1> xn+1)) 21
(89)

foralln e NU {0} and x, — x,y, — y,andz, — zas
n — +0o, we have

o ((xn’yn’zn) > (X,)/, Z) > (x’y’ Z)) 2 1’
(Y X V) (1, 9), (12, 9)) 2 1, (90)
(2 Y Xn) > (2, 35 %) 5 (2, 9, X)) 2 1

foralln e NU{0}.
Then, f and g have a tripled coincidence point in .

Theorem 49. In addition to the hypotheses of Theorem 48,
suppose that f and g are commutative and that, for all (x, y, z)
and (x*, y*,2*) € X, there exists (u, v,w) € X°, such that

« ((gx, gy, gz), (gu, gv, gw) , (gu, gv, gw)) = 1, o

a((gx" gy", 92"), (gu, gv, gw), (gu, gv, gw)) = 1.

Then, f and g have a unique common tripled fixed point of the
form (a, a,a).
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Let

0 (X,U, A) = G(x,u,a)+G(y;v,b)+G(z,w,c))
X=(x92), U=@wvw), A=(abc) e’
M5 (x, y,z,u,v,w,a,b,¢)

_G(f(x22), fwvw), f(ab0)
3

+ G(f()/,X,y),f(v,u,v),f(b,a,b))
3

G myx).f @), f (eha)
. ,

a
My (x, y,z,u,v,w,a,b,c)

_ G(gx, gu ga) + G (gy gv gb) + G (92, gw, gc)
5 .

(92)

Remark 50. In Theorem 48, we can replace the contractive
condition (87) by the following:

« ((gx, gy, gz) , (gu, gv» gw) , (ga, gb, gc))

Xy (SM; (%, y,z,u,v,w,a,b, C))

(93)
<y (M; (x, 3,21, v,w,4,b,¢))

- (M (x, y,z.u,v,w,a,b,c)).

The following tripled fixed point results in ordered metric
spaces can be obtained.

Theorem 51. Let (X, G, X) be a partially ordered generalized
b-metric space with the parameter s and let f : 2> — X and
g: X — X. Assume that

v (SM}” (%, y,z,u,v,w,a,b, c))
<y (M;” (x, y,z,u,v,w,a,b, c)) (94)
-9 (M;" (% y,z,u, v, w, a, b,c)) ,

forall x,y,z,u,v,w,a,b,c € X with gx X gu < ga, gy =
gv = gb, and gz < gw X gc, where y, ¢ : [0,00) — [0, 00)
are altering distance functions.

Assume also that

(1) f has the mixed g-monotone property and f(>) <
9(X);

(2) there exist xy, ¥y, 2y € X such that gx, < f (x> Yo Z0)>
9Y0 = f (Yo %05 Yo)s and gz, < f (2o, Yo, Xo)-

Also, suppose that either

(a) f and g are continuous, the pair (f, g) is compatible,
and (X, G) is G,-complete, or
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(b) (X, Q) is regular and (g(X), G) is G,-complete.
Then, f and g have a tripled coincidence point in I

Theorem 52. In addition to the hypotheses of Theorem 48,
suppose that f and g are commutative and that, for all
(x,y,2) and (x*, y*,2") € 93, there exists (u,v,w) € 2>,
such that (gu, gv, gw) is comparable with (gx, gy, gz) and
(9x*,gy", gz"). Then, f and g have a unique common tripled
fixed point of the form (a, a, a).

Remark 53. In Theorem 51, we can replace the contractive
condition (94) by the following:

v (SM; (x, y,z,u, v,w,a,b, c))
<y (MZ (%, y,z,u,v,w,a,b, c)) (95)
- (MZ (%, y,z,u, v, w, a, b,c)) .

Remark 54. Theorem 51 extends Theorem 2.1 of [36] to a
compatible pair.

Remark 55. Corollaries 2.2, 2.3, 2.6, 2.7, and 2.8 of [36] are
special cases of Theorem 51.

Remark 56. Theorem 25 is a special case of Theorems 51.

6. Application to Integral Equations

As an application of the (coupled) fixed point theorems estab-
lished in Section 4, we study the existence and uniqueness of
a solution to a Fredholm nonlinear integral equation.

In order to compare our results to the ones in [37, 38] we
will consider the same integral equation; that is,

b
x(t) = J (K, (t,8) + Ky (£,9)) (f (5, x(s)) + g (s, x(s))) ds

+h(t),
(96)

wheret € I = [a,b].
Let ® denote the set of all functions 8 : [0, 00) — [0, 00)
satistying the following.

(ip) 6 is nondecreasing and (6(r))? < O(r?), for all p > 1.

(iig) There exists ¢ € @ such that 20(r) = (r/2) — ¢(r/2),
for all r € [0, 00).

© is nonempty, as 0,(r) = 2kr with 0 < 4k < 1isan
element of ©.

Like in [38], we assume that the functions K, K,, f, and
g fulfill the following conditions.

Assumption 57. Consider the following:

(i) K, (t,s) 2 0and K,(t,s) < 0, forallt,s € I;
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(ii) there exist two positive numbers A and ¢ and 0 € ©
such that, for all x, y € R with x > y, the following
Lipschitzian type conditions hold:

0< f(tx)—f(t,y)<AO(x-y),
~ub(x-y)<gt.x)-g(ty) <0

(97)

(iif)
(max {A, u’})

b P b b 1
.S::? |:(L Kl (t,S)dS) + (J; —K2 (t,s) dS) :| < W

(98)
Definition 58 (see [38]). A pair (a, ) € X2 with X = C(I, R)
is called a coupled lower-upper solution of (96) if, forall t € I,

b
alt) < j K, (t5) [f (s a(s) + g (s, B(5))] ds
b
+j Ky (t,9)[f (s () + g (s a(s)] ds + h (1),
b
Bt) > j K (65 [f (5, B(s) + g (5, (s))] ds

b
+ J K, ts)[f(s,a(s)+g(s,B(s)]ds+h(t).
(99)
Theorem 59. Consider the integral equation (96) with
K., K, e CIxLR),

heC(,R). (100)

Suppose that there exists a coupled lower-upper solution («, [3)
of (96) with a < [3 and that Assumption 57 is satisfied. Then
the integral equation (96) has a unique solution in C(I, R).

Proof. Consider on X = C(I,R) the natural partial order
relation; that is, for x, y € C(I,R),
x<ye=x({t)<y(t), Vtel (101)

It is well known that X is a complete metric space with respect
to the sup metric:

d(xy)=suplx() -y 0], xyeCULR). (g

Now for p > 1 we define

P
p(x.y) = d(x.y)" - (sup () y<t>|)
tel (103)

=suplx(t) -y O, xyeCUR).
tel
Define

G(x,y,2) =max{p(x,y),p(1.2),p(z,x)}.  (104)
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It is easy to see that (X, G) is a complete G, -metric space with
s = 2P (see Example 3).

Now define on X” the following partial order:
for all (x, y), (u,v) € X2

Viel.
(105)

(y)<wv) = xt)<u), y)=zv()

Obviously, for any (x, y),(z,t) € X2, the element (max
{F(x, y), F(z,t)}, min{F(y, x), F(t,z)}) is comparable with
(F(x, y), E(y,x)) and (F(z,1), F(t, 2)).

Define now the mapping F: X x X — X by

b
F(x,9) (t) = j K, (6:9) [ (5x(9) + g (s y ()] ds

b
N j K (1:5) [f (5,7 (9)) + g (5,x ()] ds

+h(t), Vtel.

(106)

It is not difficult to prove, like in [38], that F has the mixed
monotone property. Now for x, y,u,v,a,b € X with x > u >
aand y <v < b, we have

p(F(x,y),F(u,v))= su?|F (x,y) (t) = F (w,v) (1|7
(107)

Let us first evaluate the expression in the right hand side.
According to the computations done by Berinde in [37],

F(x,y)(t) = F (uv) (t)

b
= J K, ts)[f(s,x(s)+g(sy(s)]ds

a

b

+ J Ky (6,9 [f (s y(s) + g(s,x(s))]ds
b

- J K, (ts)[f (s,u(s)+g(s,v(s)]ds
b

- I K, () [f (s,v(s) + g(s,u(s)]ds

b
= J- K, ts)[f(s,x(s) = f(ssu(s)+g(s,y(s))
-g(s,v(s)]ds

b

+ j K, t,8)[f(sy(5) = f(s,v(s) +g(s,x(s))

—-g(s,u(s))]ds

b
- j K, (69 [(f (5. () — f (s, ()

—(g(s,v(s) = g (5 y(5)))] ds
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b
—JKﬂagKf@yQD—f@V®D

—(g(s,u() - g (s x(s)))] ds

b
< J K, (£,5) [A0 (x (s) —u(s)) + ub (v (s) — y (s))] ds

b
- J K, (t,8) [A0 (¥ (s) = v (s)) + ub (u(s) — x (s))]ds.
(108)

Since the function 0 is nondecreasing and x > wand y < v,
we have

O(x(s)—u(s) <O (sup |x (t) — u(t)l) =0(d(x,u)),
tel

O(v(s)— y(s) <0 (stu? ly (t) - v(t)l) =0(d(y.v).
(109)

Hence, by (108), in view of the fact that K, (¢, s) < 0, we obtain
that

|F (x,y) (t) = F (u,v) (1)

b
SJ K, () [A0(d (eow) + 0 (d (y,v))]ds (4

b
- J K, (t,5) [A0(d (y,v)) + u6 (d (x,u))] ds,

as all quantities in the right hand side of (108) are nonnega-
tive.
Now from (108) we have

|F (x, ) (t) = F (u,v) (0]

b
< (j Ky (t:5) (16 (d (x0) + 48 (d (3,1))] ds
b P
- J K, (t,5) [A0(d (v, y)) + uO(d(x,u))] ds)
b p
< 2Pt ((I K, (t,s) ds) (A8 (d (x,u)) + ub (d (v, )))?

b 4
+ (—J K, (t,s) ds)

x (A (d (v, y)) + ub (d (x,u)))? )
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b P
< 2P ((j K, (t,s)ds)

x 2P~ ()LPG(d (e, w)? + uf(d (v, y))‘D)

b
+ (—J K, (t,s) ds)

x2P71 (/\PO(d (v, ¥))F + ufO(d (x, u))P) )

b p
< 2! ((J K, (t,s)ds)

x 2P (AP0 (p (x,w)) + 1?0 (p (v, ¥)))

b P
+ (—J K, (t,s) ds)

x2P7H (AP0 (p (v, 7)) + 40 (p (x,w)) )

< 92p-2 [(AP(JJJK (t,s) ds)p
< 16
b p
+{,¢P<—J K, (t,s)ds) )9/3(96,14)
b P
+ (MP<J K, (t,s)ds)
b P
+AP<—J K, (t)S)dS) )GP(V’)’) ]

p

an)
So, we have

|F(x, y)(t) = Eu, v)(t)|

e [(AP(JbK (t )p
< L(t,s)ds

b P
+MP(—J K, (t,s)ds) >0p(x,u)

b p
+ (yP<L K, (t,s) ds)
b p
+AP(—J' K, (t,s)ds) >9p(y,v) ] .

112)
Similarly, one can obtain that

|F (u,v) (t) = F (z,1) ()|

< 22 [(AP(JbK (t,s) ds)p
< 1,
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+#P<_ r K, (ts) ds)p> Op (u,2) Now, since 0 is nondecreasing, we have
’ 0(G(x,u,2) <0(G(x,u,z) +G(y,nt)),
’ ? (115)
+ (#P<J K (t,s) ds) 0(G(y,wt)) <0(G(x,u,2) +G(y, 1))
b j4 and so
M- ,s)d Op (v, 1) |,
' ( J 0 S) ) Pe t)] 6(G (x.12)) + 6 (G (7. m1))
|F(z,0) (t) - F (x, y) (1) <20(G(x,u,2)+G(ynt)

y
b p
<22 [(Ap(j K, (t,9) ds) gl . Gl w) (ti6)

G(x,u,z)+G(y,v,t)>

b p
+yp(—J K, (t,s)ds) )9p(x,z) —go( )
b P by the definition of 0. Finally, from (114) we get that
+ (yP<J K, (t,s) ds>
a G(F(x,y),F(u,v),F(z,t))
b p
+)L"<— j K, (t5) ds) > Op (y,1) ] ) - LG(x,u,z) +G(y,t)
a 2t 2 (117)
(113) 1 <G(x,u,z) +G(y,v,t)>
- 59 :
Taking the supremum with respect to ¢ and using (98) we get 207 2

G(F(x,y),F(uv),F(21) Similarly, we can obtain that

= max {suplF (x,y) (£) = F (w,v) 0)|°, G(F(y,x),F(v,u),F(t,2))
tel

1 G(x,u,2) + G(y, v, t)
sup|F (u,v) (t) - F (z,t) ()|, T 2pl 2 (118)
el 1 <G(x,u,z)+G(y,v,t)>
-— ,
su?|F (z0) (1) - F (x, y) (1) } 2k 2
te
2p2 o 5 which is just the contractive condition (69) in Corollary 43.
<2777 (max {A”, p}) Now, let (o, B) € X* be a coupled upper-lower solution of
b » ) » (96). Then we have
K, (t5)ds | + j K, (65)d
e [(l 1(63) S) ( , et S) ] aW) <F(p)®), PO=FBa)@), 9
x max {6 (p (x,w)) + 60 (p (1,v)).0 (p (u2)) for all t € I, which show that all hypotheses of Corollary 43
are satisfied.
0(p(10)),0(p(%2) + 0 (p (5.1))} This proves that F has a coupled fixed point (x,, ,) in
< 227 (max {A?, }) X

Since « < f3, by Corollary 43 it follows that x, = y,; that

b p b P is,
X sup [(J K, (t,s)ds) + (J -K, (t,s)ds) ]
tel a a

x0(G (x,u,2)) +0(G (y, v, 1))

x, =F(x,,x,), (120)

and therefore x, € C(I,R) is the solution of the integral
22p72 equation (96). |

< 5 [6(G(x,u,2)) +0(G(y,v,1))]
1 Conlflict of Interests
= 51 [6(G(x,u,2)) +0(G(y,v,1))].
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