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The aim of this work is to investigate the discretization of general linear hyperbolic convex optimal control problems by using the
mixed finite element methods. The state and costate are approximated by the k order (k > 0) Raviart-Thomas mixed finite elements
and the control is approximated by piecewise polynomials of order k. By applying the elliptic projection operators and Gronwall’s
lemma, we derive a priori error estimates of optimal order for both the coupled state and the control approximation.

1. Introduction

With the advances of scientific computing, optimal control
problems are now widely used in multidisciplinary appli-
cations such as physics, biology, medicine, engineering
design, fluid mechanics, and social-economic systems. The
finite element method is undoubtedly the most widely used
numerical method in computing optimal control problems.
Finite element approximation of a class of elliptic optimal
control problems has been studied by Falk in [1]. Then, Alt
and Mackenroth in [2] established a priori error estimates
for the finite element approximations to state constrained
convex parabolic boundary control problems. Finite element
approximation of optimal control problems was developed in
[3-16], but there are very less published results on this topic
for hyperbolic optimal control problems.

Since the pioneering work of Brezzi and Fortin [17], the
mixed finite element methods to second order elliptic prob-
lems have drawn the attention of many specialists in partial
differential equations. Mixed finite elements are appropriate
for the state equations in such cases since both the scalar
variable and its flux variable can be approximated to the same
accuracy. In finite element methods, mixed finite element
methods were widely used to approximate flux variables,
although there was only very limited research work on
analyzing such elements for optimal control problems. More

recently, in [9], the authors derived a priori error estimates
and superconvergence for bilinear quadratic optimal control
problems using mixed finite element methods. A posteriori
error analysis of mixed finite element methods for some
optimal control problems was addressed in [18, 19]. In [20],
the author discussed the semidiscrete mixed finite element
methods for quadratic hyperbolic optimal control problems.
By using mixed elliptic reconstruction methods, he obtained
a posteriori L (L?)-error estimates for both the state and the
control approximation.

The purpose of this work is to obtain a priori error
estimates of mixed finite element methods for general convex
optimal control problems governed by linear hyperbolic
partial differential equations. Analogous a priori error esti-
mates of mixed finite element solutions for optimal control
problems governed by linear parabolic equations can be
found in [21]. However, it does not seem to be straightforward
to extend the existing techniques to general optimal control
problems involving hyperbolic equations.

For 1 < p < oo and m any nonnegative integer,
let W™P(Q) = {v e LP(Q);D*v e LP(Q)iflal <
m} denote the Sobolev spaces endowed with the norm
||V||fmp = Y laj<m IID“VIIZ(Q) and the seminorm |V|fn,p =

Y iatom 1DV We set W™P(Q) = {v € W™P(Q) :
Vg = O} For p = 2, we denote H"(Q) = W™*(Q),
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HY'(Q) = W (@) and [ I, = I llyos I+ 1 = 11 llg- We
denote by L*(J; W™P(Q)) the Banach space of all L’ integrable
functions from J to W™?(Q) with norm [[v]|;«zawmeq)) =

T 1/s
(Jo Wlymeydt) — fors € [1,00), IWlpogawmeqy =
sup;slIvllyme(q)> and the standard modification for s = co.
In this paper, we focus our attention on the following
general linear hyperbolic convex optimal control problems:

T
min {[ 0@+ 0. 0)+hwyaf., 0

ueKcU

subject to the state equations

ye+divp= f+u, xeQ, te], (2)
p= -AVy, xe€Q, te], (3)
V=0 te], (4)
y(x,0)=y,(x), x€Q, (5)

Vi (%,0) =y, (x), xe, (6)

where the bounded open set Q ¢ R? is a convex polygon with
the boundary 9Q, O, is a bounded open set in R? with the
Lipschitz boundary 0Q)y, g, g, and h are convex functionals,
and J = [0,T]. We assume that K is a closed convex set in
U = L*(J;L*(Qy)), f € L*(J;L*(Q)), and y,, y; € H'(Q).
Furthermore, we assume the coefficient matrix A(x) =
(a;;(x)),,, € (WI’OO(Q))D<2 is a symmetric 2 x 2-matrix and

there is a constant ¢ > 0 satisfying for any vector X € R?,
X' AX > c||X||D2Q2. The set of admissible controls K is defined
by

K= {u eU=L*(/L*(Q)): JT Jouudxdt > 0}. )

0

The remainder of the paper is organized as follows. In
Section 2, we construct the k order Raviart-Thomas mixed
finite element approximation for general convex optimal
control problems governed by linear hyperbolic equations
and briefly state the definitions and properties of some
interpolation operators. In Section 3, we derive a priori error
estimates of the mixed finite element solutions for the general
hyperbolic optimal control problems. Finally, we give the
conclusion and the future work in Section 4.

2. Mixed Methods of
Hyperbolic Optimal Control

We will now describe the mixed finite element discretization
of general linear hyperbolic convex optimal control problems
(1)-(6). Firstly, we introduce the costate hyperbolic equation,

z;, (x, 1) = div (A (Vz (x,1) + gi (p (x, t)))) = g; (y(x,1),

x € Q,
(8)
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with the conditions,

zZl30 =0, te]; z(x,T)=0, xe

€

z,(x,T)=0, xe€Q.

Next, we need the following regularity assumptions for
the hyperbolic equations (2) and (8): there exists a constant C
such that

ly “L""(I;H"*Z(Q)) + "yt"L‘”(];Hk*z(Q)) + ”)’tt||L2(I;H’<+2(Q)) <G,

12l oo g2y + ||Zt||L°°(1;Hk+2<Q)) <G,
”P”L‘”(];(Hk*z(ﬂ))z) + ”q"LOO([;(HHZ(Q))Z)

+ ||qt”L°0(];(Hk+1(Q))2) <C.

(10)

We will take the state spaces L3(V) L*(J;V) and
L*(W) = L*(J; W), where V and W are defined as follows:

V= H(div0) = {ve (L), divy e * (@)},

D
W =1 (Q).
The Hilbert space V is equipped with the following norm:
) 1/2
IVl rzaicy = (V5,0 + Idivvlig o) ™. (12)

We recast (1)-(5) as the following weak form: find
(p, y,u) € L3(V) x L*(W) x K such that

g “T (g1 (@) + 9, (y) + h(w)) dt} ,

0

(A_lp,v) —(y,divv) =0, VveV,

(pw) + (divp,w) = (f+u,w), YweW, (13)
y(x,0) = y,(x), VxeQ,
¥ (%,0) = y, (x), VxeQ.

Hereafter, we assume that h(u) = JQU j(u)dx, where j(-) is a
convex continuously differentiable function on R. Then, it is
easy to see that (h'(u),v)U = (j'(u),v)U = JQ j'(u)vdx.
Taking into account the precious result in [20, 22], the
optimal control problem (13) has a unique solution (p, y, u),
and a triplet (p, y, u) is the solution of (13) if and only if there
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is a costate (q,z) € L2(V) x L*(W) such that (p> ¥, 9,2, 1)
satisfies the following optimality conditions:

(A'p.v) = (3 divy) =0, WveV, (14)
(yppw) + (divpw) = (f+u,w), YweW, (15)
y(x,0) =y, (x), VYxeQ, (16)

Y (x,0) =y, (x), VxeQ, 17)

(A"'qv) - (zdivv) = = (g, (p),v), YveV, (18)
(zipw) + (divgw) = (g5 (¥),w), VYweWw, (19)

Z2(x,T)=0, VxeQ, (20)
7z (x,T)=0, VYxeQ, (21)
T
J (j W +z0-u) dt>0, Viek, (22)
0 U

where (-,-);; is the inner product of U and g}, g,, and j' are
the derivatives of g,, g,, and j. For simplification, the product
(+,+)y will be denoted by (-, -).

For ease of exposition, we will assume that Q) and Q; are
both polygons. Let 7, and T 1,(€);) be regular triangulations
or rectangulations of Q and (), respectively. They are
assumed to satisfy the angle condition which means that there
is a positive constant C such that, for all T € T (1, €
T (), C_lhi < 7] < Chi, C_lhiu <yl < Chiu, where
|7| is the area of 7, |1y| is the area of 1y, h, is the diameter
of 7, and h, is the diameter of 7. Let h = maxh,(hy =
maxh, ). In addition, C or ¢ denotes a general positive
constant independent of h.

Let V, x W, ¢ V x W denote the order k Raviart-
Thomas space [23] associated with the triangulations or
rectangulations 7, of Q. P, denotes the space of polynomials
of total degree at most k and Q,,, indicates the space of
polynomials of degree no more than m and #n in x and y,
respectively. If 7 is a triangle, V(1) = {v € P,f(‘r) +x - P(1)},
and if 7 is a rectangle, V(1) = {v € Qp,4(7) X Qs (D)},
W(t) = P(7). We define

Vh = {Vh eV:Vre 9h,vh|T GV(T)}’
Wh = {wh € W:VT € 9}1, whl,r € W(T)}) (23)
Uh = {ﬁh EU:VTEgh(QU)sﬁhlr EW(T)}

By the definition of finite element subspace, the mixed
finite element discretization of (13) is as follows: compute
(Prs Vi Un) € L*(V}) x L*(W,,) x K, such that

min {JT (91 (Pn) + 92 (yu) + 1 (u)) dt} ’

uy, €K, U, 0

(A_lph, Vh) - (yh’ diVVh) = 0, VVh € Vh’

Wpeoowp,) + (divppwy) = (f +uppwy),  VYw, €W,
Yh (x,0) = yf)‘ (x), VxeQ,
Vi (26,0) = y? (x), VxeQ,
(24)

where K;, = U, N K and yé‘ (x) and yi‘(x) € W, are two finite
element approximations of y,(x) and y, (x).

It is well known (see, e.g., [7, 20]) that the optimal
control problem (24) again has a unique solution (py,, > 4y,)
and that a triplet (py,, ¥,,u;,) is the solution of (24) if and
only if there is a costate (qj,z;,) € LZ(Vh) X Lz(Wh)
such that (p,, ¥4, Q> 2> U,) satisfies the following optimality
conditions:

(A7 v) = (e divy) =0, WveV, (25)
o w) + (divpy,w) = (f +upw), YweW,
(26)
Y (x,0) = yi(x), VxeQ,  (27)
Ve (%,0) = Y1 (x), VxeQ, (28)
(A_I‘Ih"’) — (2, divy) = - (g{ (pn) ,v), Vv eV,
(29)
(2 w) + (div qp, w) = (g; (yh),w), Yw e W,
(30)
z,(x,T)=0, VxeQ, 31)
Zp (6, T) =0, VxeQ, (32)
T
J (7' () + 21— wy,) jdt 2 0, Vi € K, (33)
0

Let P, : W — W, be the orthogonal L*(Q)-projection
into W, defined by

(Pw-w,x)=0, weW, yeW, (34)

which satisfies

||Phw - w”o’q < C||w||s,qhs’

(35)
0<s<k+1, ifwewnw*(Q),
[Pow - w|_, < Clw| k™,
(36)
0<r, s<k+1, ifweH (Q),
(divv,w-P,w)=0, weW, veV, (37)

Let, : V. — V,, be the Raviart-Thomas projection [24],
which satisfies

(div(mv-v),w,) =0, veV, w,eW, (38)

|7,V - v||0’q < C||v||$,qh$’

1 S 2 (39)
—<s<k+1, ifveVnW(Q),

q

[div (7m,v = V)|, < Clldivv]h’,
(40)

0<s<k+1, ifveVnH (div;Q).



We have the commuting diagram property

diV °7Th = Ph o le :V— Wh’ le (I - ﬂh)V 1 Wh’ (41)

where I denotes identity matrix. We point out (1,v), = m,v,
and (P,w), = P,w,.

In the rest of the paper, we will use some intermediate
variables. For any control function #i € K, we first define the
state solution (p(i), y(i1), q(i1), z(i1)) associated with # that
satisfies

(Aflp (i1) ,v) - (y@),divv) =0, VvevV, (42)
(yye @), w) + (divp @), w) = (f+@w), YweW,

(43)

Y@ (0= yp(x), VxeQ, (44)

¥ (@) (x,0) = ¥, (x), VxeQ, (45)

(A7q@),v) - (z @), divv) = - (g} (p (@), V),

(46)
VYveV,
(2 (@), w) + (divq (@), w) = (g; (y @), w),
(47)
Yw e W,
z(@) (x,T)=0, VxeQ, (48)
z, () (x,T) =0, VxeQ. (49)

Correspondingly, we define the discrete state solution

(p, (1), v, (%), q;,(%1), z;,(%7)) associated with &7 € K that

satisfies
(A™'py (@), V) = (3, (1), divv) = 0, WveV, (50)
(Ve (@), w) + (divp, (), w) = (f+#,w), YweW,
(51)

Y (@) (x,0) = Y (x), VxeQ, (52)
Ve (@) (,0) = Y (x), VxeQ, (53)
(A7 q, (@),v) - (2, @), divv) = = (g} (p, @), V),

Vv € Vh’
(54)

(2t (@), w) + (div qy, (@), w) = (g5 (3, (@), w),

Yw € W,
(55)
z, (1) (x,T) =0, VxeQ, (56)
zy, () (x,T) =0, VxeQ. (57)
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Thus, as we defined, the exact solution and its approxima-
tion can be written in the following way:

(P, 1,92) = (pW),yw),qw),zw), .
(P Yoo W 2) = (Pr () >y () s @ (141) 2 () -

In the following, we further assume that g/, g5, and j' are
locally Lipschitz continuous, that gi'(-) and g;'(~) are bound

functions on (LZ(Q))2 and L*(Q), and that there isac > 0
such that

(j' W) —j (v),u- v) > cllu - V"%.Z(QU)’ Vu,v e L2 (Qy).
(59)

For ¢ € W,,, we will write

$(9) - (p) =9 (¢)(9-p), (60)

where qE’((p) = JOI </>'((p + s(p — @))ds is bounded function in
Q[25].

3. A Priori Error Estimates

Now we will construct an analogue of the family of elliptic
projection operators defined by Wheeler [26] in her thesis.
Let (p,y,q,z) be the solution of (14)-(18). Then, define
the elliptic projection of (p, y,q,z) to be (P,Y,Q, Z) by the
following relations:

(A7'Pw,) - (Y,divv,) = 0, Vv, €V, (61)
(divPwy) = (f+u=ypwy), Yw, €W,
(62)
(A_IQ,vh) - (Z,divv,) = - (g; (p) ,vh) , Vv, €V,
(63)
(divQw,) = (g5 (y) — 2o wn),  Vw, €W,
(64)
where we assume that Z(x,T) = Z,(x,T) = 0.
Let
n=y-Y o=p-b
(65)
T,=z2-2, 0, =q-Q.

From (14)-(18) and (61)-(64), we can easily derive the follow-
ing error equations:

(A_lal,vh) - (Tl’ diVVh) = 0, Vvh € Vh’
(dive,w,) =0, Yw, € W,

(66)
(A_laz,vh) —(1,,divv,) =0, Vv, €V,
(divaz,wh) =0, th € Wh'

Estimates for 7, 7,, 0,, 0, are given in [27] and are
presented in Lemma 1 without proof.
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Lemma 1. Assume that the optimal control problems (1)-(5)
have a unique solution (p, y,u). Fort € J and for h sufficiently
small, there is a positive constant C independent of h such that

ol + Il < CH* Iyl i ¥ € B2 (0, )
ool + Izally < CH Wyl i y € HY ().

By using Lemma 3 in [22], we can obtain the following
technical results.

Lemma 2. Fort € ] and for hsufficiently small, if y,, V4> Vi €
H*"(Q), there is a positive constant C independent of h such
that

lowello + el < CH il

lovello + I7seelly < Chk+1||ytt||k+2’ (68)

hk+1

"Umt"o + ”Tmt”o <C ||yttt“k+2'

By Theorem3 in [28], we can establish the following
useful result.

Lemma 3. Supposev € L*(J; H'(Q))nH'(J; H'(Q)"). Then,

veC (L (), %Hv(t)llg =2(V'(1),v(®), Vtel.
(69)

Now, we investigate the intermediate error estimates
between (p, ¥,q,z) and the intermediate solution (p;,(u),
yn(u), q,, (1), z;,(u)). Benefit from the previous results in this
section, we only need to estimate |P—p,(w)], |[Y — v, ()| and
1P.q - q, @), I,z = z, (W)l

Let

ﬁlzP_Ph(u)>

B, =mq-q,w).

o =Y -y, (u), o)
o, = Pz -z, (u),

Lemma 4. Assume that the optimal control problems (1)-(5)
have a unique solution (p, y, u) and that Q) is 2-regular. Assume
that the regularity assumptions (10) are valid. There is a positive
constant C > 0, independent of h, such that

1P = ph Dl o zcanyty + 1Y = 2 0l oo g2y < CH
(71)

17210 = @ @l o2 ey HIPhZ = 2 @] s g2y SCH*-
(72)

Proof. Firstly, we prove the first inequality (71). From (61)-
(62) and (50)-(51), we can derive the following error equa-
tions:

(A_lﬁl,v) — (o, divv) =0, VveV, (73)

(@ w) + (div B w) = = ((y - V),pw),  VweW,

(74)

Differentiating (73) with respect to t, we obtain
(A_I/)’”,v) — (o, divv) =0, Vv eV, (75)

Taking t = 0 and v = 3,(0) in (75) and choosing yé‘ =Y(x,0)
and yil =Y,(x,0), we can derive that

a, (0) = oy, (0) = B, (0) = div B, (0)=0.  (76)

Next, taking t = 0 and v = f3;,(0) in (75) and choosing yé‘ =
Y(x,0) and yi‘ = Y,(x,0), we also find that 3,,(0) = 0. Now,
choosing w = «; and v = f3; as test functions in (73) and (74),
we have

||“1t||L°°(};L2(Q)) + ”.31 "L‘X’(];(LZ(Q))Z) S Chk+1||)’tt||L2(I;Hk+2(Q))-
(77)

From (76), we find that «, (0) = 0, and then we have

flovs "LDO(J;LZ(Q)) < C"“n"yu;ﬂm»- (78)

Then we obtain (71) from (77), (78), and the triangle inequal-
ity.

Furthermore, we prove the second inequality (72). By
using (34), subtract (18)-(19) and (46)-(47) to get the follow-
ing error equations:

(Afl,Bz,v) - (ay, divv)
- (A (q-ma) + 9 @) - g1 (P W),v), (79
Vv ev,

(et w) + (div By, w) = (95 () = 93 (9 (W), w), 50)
Yw e W,

Noting that o, (T') = P,z(T) — z;,,(u)(T) = 0 and taking t = T
in (79), we find that

(A7'B,(T),v)

= - (A" (q@-mq) (D) + g, (0 (1) — g} (py () (D)) ),

Vv € Vh'
(81)



By using Lemma 1 and (77), we can obtain that

18, (7|
< Cl(q-maq) (D]
+C|g; (p (D)
~g; (P ) ()|
< C|(q-m,q) (D]
+C|a (e (D) ((p - py @) (D)

< CH*"|ql

(82)

L ((HF2(Q)))
+ ClIP = Pll oo 1200
+C||P-py (u)”L‘”(];(LZ(Q))Z)

< Chk+1

Taking t = 0 and w = «,,,(0) in (74), since div 3,(0) = 0, we
have

floe (O)HL‘X’(] Q) = <C|(y-Y) ¥ (0)||L°°(}L2 )
k+1 (83)
< Ch "ytt"Lw(];Hk*z(Q))'

Differentiating (75) and (74) with respect to t, we obtain

(Ailﬁlmv) = (e, divv) = 0,

(diV ﬁlt’ w) = - ((y - Y)ttt’ w) >

Vv € Vh’ (84)

Yw € Wh’
(85)

(o w) +

Selecting v = f;, and w = «,,, as test functions in (84) and
(85), respectively, we get

(Qiger 015e) + (Ailﬁm’ ﬁlt) =-((y- Y)ttt"xltt)’

Yw € Wh'

(86)

Integrating (86) from 0 to t, using (83) and the Gronwall’s
Lemma, we obtain

y + 1Buell oo a2y

< CH! (||}’tt||L°°(I;H’”2(Q))

”‘xm"Lm(] L2(Q)
(87)
+ ||J’trt||L2(/;Hk+2(Q))) :

Differentiating (79) with respect to t, we obtain

(Ailf-;zt"’) — (0ty, divv)

- (A (q-m), + g, (p) - g1 (P ), v),  (88)

Vv e V]’l‘
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Now we choose w = —«,, and v = —f3, as test function in (80)
and (88), and we have

1d “1/2
-5 illeal + a7 2B.])°
(g (y) - gz (yu W), 0‘2t)

+ (A7 (g~ m0), + g} () — g, (P W), B,) 89

+

(4™
== (3 () (- W), )
(a™

(a-m,9), + 3, () (p—Pr (W), Bo)-

Then, integrating (89) from t into T, using (83) and (87), we
obtain

ozl oo g2y + 1Bel iy
< C(1y = s @llorzzqan) * 19 = 7406 oz
+|p - py, (”)”qu;(ﬁ(o))z))

(")V Y||L°° (:L2(Q

hk+l

"Y Yh (”)“qu JL2(Q))
”qt||L°°(];(Hk+l(Q))2) 1P = Pllooggr20p?)

+|P - py, (u)||L°°(];(L2(Q))2))

< Chk+1 .
(90)

Note that Z(x,T) = Z,(x,T) = 0; then a,(T) = 0. Since
a,(t) = ay(t) — a,(T) = - LT a,ds, we have

llows ()] < C||“2t||L°°(I;L2(Q))' o1

Then we complete the proof by combining (90), (91), and the
triangle inequality. O

Using the Lemmas 1 and 4, we can also derive the follow-
ing error estimates.

Theorem 5. Assume that the optimal control problems (1)-(5)
have a unique solution (p, y, u) and that Q) is 2-regular. Assume
that the regularity assumptions (10) are valid. There is a positive
constant C > 0, independent of h, such that

"p —Pn (u)“L‘X’(I;(LZ(Q))Z) + ||y ~ W (u)"L‘x’(] SL2(Q)) < Chk+1
hk+l.
(92)

la-qs (u)||L°°(];(L2(Q))2) + |z -z (”)||L°°(/;L2(Q)) <C
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Proof. Combining Lemmas 1 and 4, (35), (39), and the trian-
gle inequality, we obtain that

Ip - P (u)”L‘”(l;(LZ(Q))Z)
<P = Pl gz
+|P-p, (u)||L°°(];(L2(Q))2)
< Chk+1 + Chk+1
_ Chkﬂ, (93)
Iy =y (”)||L°°(1;L2(Q))
<y = Yoy + 1Y = 90 @l ooy
< CH*! + CH*!
_ Chkﬂ.
Similarly, we can also obtain that
la-qs (”)“Lw(f;(LZ(Q)f)
< la = 7l o gz + 18 = 0 @l o2y
< CH™! + cH*!
_ Chk+1
Iz = 21 ]| oo 1200y
< |z = Puzll oz * 1Pz = 20 @)l o2y
< Chk+1 + Chk+1
Chkﬂ.
(94)
This proves (92). -

By applying the results we have proved above, we
only need to estimate |p,(1) = Ppll ooy 120y 170 (-

yh”LOO(])LZ(Q)) and ”qh(u) - qh"Loo(];(LZ(Q))z)) ”zh(u)_
Zyll oo (112 (- For convenience, let
e =y (W) = yu 1 =Py (W) — Pps
(95)
ey =z, (u) = 2> r = q, (W) — qp.

Theorem 6. Let (py,, Y G 2 ) € (Vi X Wy)* x Uy, be
the solution of (25)-(33) and (p,(u), y,(u), q,(u), z,(u)) €
(V x W)? the solution of (50)-(57) with &i = u. There is a
constant C > 0, independent of h, such that

Ipn (0 = Pl oo a2y + 190 @) = Yz a2y %)
< Cllu = | 22y

s () - ql’l“L‘X‘(I (Q + ||z, (w) - Zh“LOO(ILZ(Q))

< Cllu - ”h"LZ(J;LZ(QU))'

Proof. From (25)-(26) and (50)-(51), we obtain the following
error equations:

(Ailrl,v) - (e}, divv) = 0,

(e1p w) +

Lett = 0 and v = r,(0) in (98); since ¢,(0) = 0, we have
r;(0) = 0. We differentiate (98) with respect to ¢, and we
derive

Vv e Vh’ (98)

(divr,w) = (u-upw), YweW, (99)

(A v) = (e divy) =0, ¥V eV, (100)

Choose w = e}, and v = r, as test functions and add the two

relations of (99) and (100); using the Cauchy inequality, we

obtain
1d 2
S5 (AR +lewl”) < e =l + el 10D

Integrating (101) with respect to time from 0 to ¢, we derive
t t
I+ feul” < € | Ju=wPds+C | flewlP s 02)

By using Gronwall’s lemma to (102), we obtain

Il oz + lereliogiziay < Clu = il gz,

(103)
Since e, (t) = e,(t) — e;(0) = I(: e, ds, using (103), we have

llea ]l < C||elt||L°°(];L2(Q)) <Clu- uh"Lz(I;Lz(QU))' (104)

Then we derive (96).
From (29)-(30) and (54)-(55
error equations:

(A7r0,v) = (e dive) = = () (P W) 11, v), WY eV,
(105)

(egpw) + (divry, w) = (57; (yp (W) el,w) , YweW,.
(106)

), we obtain the following

Lett = T and v = r,(T) in (105); since e,(T) = 0, we have

|42, (] < € |7, (ow )] - |y (D] < Clry (D]
(107)
[T () ds, let Ghe, =

T
L g;(ph(u))elds, and integrate (105) with respect to time
from ¢ to T, and we obtain

—(eypw) + (div,, w) = (EQZ,w), Yw e W,

Setw = e, in (108) and v = 7, in (105), note that , = —(d/
dt)7,, and then add those equations to derive

T 5 (” 2” "AUZA “ ) (gzel’ez) —(r,7%),

2dt

Introduce the symbol ¢ :=

(108)

(109)
Yw € Wh'



Integrating (109) with respect to time from ¢ to T, using (107)
and Yong’s inequalities, we get

||e2 ||L°°( J12(Q))

<C ("rz (D) + "ellle(];LZ(Q)) +|ry ||L2(I;(L2(Q))2))
(110)

<C ("71 M|+ ||51||L2(1;L2(m) +||ry ||L2(];(L2(Q))2))
< C(lleslgazion * Inllgazian) -
Choosing v = r, and w = e, as test functions in (105) and
(106), it is easy to get
2 2
leaellzeogrzzan + ||”2||Loo(1;(L2<o))2)

< C”ellli‘x’(];Lz(Q)) + C”rl ”im(];(LZ(Q))Z) (1)

2 2
+C6 <||62”L°°(];L2(Q)) + ||r2||L°°(];(L2(O))2)> ’

where § is an arbitrary small positive constant. Namely,

2 2
lezellioogrzzqan + I "L‘X‘(I;(LZ(Q))Z)

< C"ellliw(j;y(g)) +Clry ||ioc>([;(Lz(Q))2) (112)

< C"u — uh"LZ(];LZ(QU))'

Combining (103)-(104) and (110)-(112), we derive (97). O
In the following, we estimate [[u — 1| JI2(0p)) and then

obtain the following main result.

Theorem 7. Let (p, y,q,z,u) € (VxW)* x U and (py, ¥
Q2> ty,) € (V}, X W,,)* XU, be the solutions of (14)-(22) and
(25)-(33), respectively. Assume that the regularity assumptions
(10) and (59) are valid. Furthermore, one assumes that

ue H (Qy), j (w)+ze H (Qp). (113)
Then, one has

s - “h"LZ(] L) S (hk+1 hlgl) >

I =Pl + 1= Al < €0 + B,

la = @l ez + 12 = Znlliogazan < (hk+1 +hk+1)

(114)
Proof. First, in (34), let y = 1, and we have
J Pudx = J udx. (115)
Q Q
Integrating (115) from 0 to T', we can obtain that
T T
J J Phudxdt=J j udxdt > 0. (116)
0 Ja 0 Ja
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Therefore, we know that P,u € K;,. Now we choose i = u;, in
(22) and @, = Pyu in (33) to get that

T
J (j’(u)+z,uh—

. u)Udt >0,

T 17)
L (j' (uy,) + 2y, Py — uh)Udt > 0.

By using (117) and the assumption (59), we have
2
cfju - uh"Lz(I;Lz(Qu))
r N .l
< . (] (u) - j (uh),u—uh)Udt
r N
= J (] (u) + z, u—uh)Udt

T
+J (2, (W) — z,u — w,),dt
0

'ﬂ

J Zy (u) Zp, U — uh)Udt
0

T
J;) i (w) + zgpu— uh)Udt

IN

J (2, (W) — z,u — w,),,dt
T (118)
J’() Zy (u) Zp, U — uh)Udt

T
+ uy) + 2z, Pou—u) dt
L J(h h> Lh )U

T
= J (2, (W) — z,u — w,),dt

0

T
J Zy (u) Zp,u— uh)Udt
0

'*]

+J j' ()

0

— i (u),Pu - u)Udt
T
+ +z,P dt
L j " (u) U — u)U
+ J (2, — 2, Pyu — u) dt.
0
From (25)-(33) and (50)-(57), we have

T
- L (21, () — zpu — uy,),dt

T
=- J (u -y, e,),dt
0
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T T
= —J (eqs-€,) dt — J (divr,e,)dt
0 0

T T
J (eqy-€,) dt — J (divr,e,)dt
0

0

T T
+ J A rl,rz dt - J (e;,divr,)dt
0 0

~

T
J (em,el)dt—J' (divr,,e;)dt
0

0

T T
+ J A rz,rl dt - J (e, divr)dt
0 0

T
J 9 (7 W) = g5 (7) ey

0

+(g1 (P ) = g1 (Pn) .71 dt
=- I (95 O 00) = g () 3 () = )

ph)) dt

+ (91 (P () - gi (Pr)>pp, () -

(119)

where we used the fact that g, and g, are convex functionals.
By using (119) and e-Caunchy inequality,

2
C”” - uh"LZ(];LZ(QU))

T
< J (2, () — z,u — wy,),dt
0
T ! !
+ L (] (wp) = j (u),Pyu-— u)Udt
T
+ J (j' (u) +z, P,u - u)Udt
0

T
+ J (24, (u) — z, Pyu — u),dt
' (120)

2
< Cllzi, ) = 2] 127,120

+ Cellu - uh"iz(l;Lz(Qu))

T
+C L [ )+ 2], o WPott =l

2
+ C||Pu - u”LZ(I;LZ(QU))

2
< Clzi, () = 2l 2 (2

+ Cellu — uh"iz(];LZ(QU)) + Ché(kﬂ)

for any small ¢ > 0, where IIPhu—uIkaLQU

Ch?k+D) IIuIIkH,QU has been used. It is easy to see that

cllu - “h||L2(J;L2(QU))

< Clla, ) - 2] 22y + Ch™ < C (K + BT,
(121)

From Theorems 5 and 6 and (122), we can obtain that

ly - yh"L“’([ ) T Ip - Ph”LOO(I 2(Q)))

+|z - zh||Loo(,Lz )+ 1= @l oy

<|y-n (”)||L°°(];L2(Q)) +[p-pn (“)||L°°(1;(L2(Q))2)

+llz =21 @) 101200

a4 @l ogay + 178 @ = il
+ P ) = Pl o2y

* e @) = 2l o grray + lan ) = Qull oz oy

s “)’ = n (”)||L°°(J;L2(Q)) + ||P ~Pn (u)“L‘X’(];(LZ(Q))Z)

+lla - 9 @) o2y + 17 = 20 @ o2y
+ Clu = w2 g2y

<C(K*" +hgt).
(122)

Then we complete the proof. O

4. Conclusion and Future Works

In this paper we presented a priori error estimate for mixed
finite element approximation of the general linear hyperbolic
optimal control problems (1)-(5). Using the elliptic projection
operators and Gronwall's Lemma, we have established some
error estimate results for both the state and the costate
discrete solutions and the control approximation. To the best
of our knowledge in the context of optimal control problems,
these a priori error estimates for the general hyperbolic
optimal control problems are new. In our future work, we
will use the fully discrete mixed finite element method to
deal with nonlinear hyperbolic optimal control problems.
Furthermore, we will consider a priori error estimates and
superconvergence of these optimal control problems.
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