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The author considers an impulsive boundary value problem involving the one-dimensional p-Laplacian —((pp(u'))’ =

Aw(t) f(tu), 0<t <1, t#t, Aul_, =pl; (te u(te)), Au'It:tk =0, k=1,2,...,n, au(0)—bu'(0) = jol gu)dt, u'(1) = 0,
where A > 0 and p > 0 are two parameters. Using fixed point theories, several new and more general existence and multiplicity
results are derived in terms of different values of A > 0 and y > 0. The exact upper and lower bounds for these positive solutions are
also given. Moreover, the approach to deal with the impulsive term is different from earlier approaches. In this paper, our results
cover equations without impulsive effects and are compared with some recent results by Ding and Wang.

1. Introduction

Impulsive differential equations, which provide a natural
description of observed evolution processes, are regarded as
important mathematical tools for the better understanding of
several real-world problems in applied sciences, such as pop-
ulation dynamics, ecology, biological systems, biotechnology,
industrial robotics, pharmacokinetics, and optimal control.
Therefore, the study of this class of impulsive differential
equations has gained prominence, and it is a rapidly growing
field. For the general theory of impulsive differential equa-
tions, we refer the reader to [1-3], whereas the applications
of impulsive differential equations can be found in [4-20].
In particular, we would like to mention some results of Lin
and Jiang [8] and Feng and Xie [10]. In [8], Lin and Jiang
investigated the following Dirichlet boundary value problem
with impulse effects:

—u" (1) = f (tu(t),
A“,'t:tk = I (u(t))
u(0)=u(l)=0,

and, by virtue of the fixed point index theory in cones, the
authors obtained some sufficient conditions for the existence
of multiple positive solutions.

te], t#t,

k=1,2,...,m, o)

Recently, using fixed point theorems in a cone, Feng and
Xie [10] considered the existence of positive solutions for the
following problem:

-u" (t) = f(tu(t),

—Au’|t:tk =L (u(ty), k=12,....n

tel, t#t,

)
m—2 m-2

w(©) =Y au(§), u)=)bu(§).
i=1 i=1

Moreover, differential equations with p-Laplacian arise
naturally in the study of flow through porous media p =
3/2, nonlinear elasticity p > 2, glaciology 1 < p < 4/3,
and so forth. In recent years, many cases of the existence,
multiplicity, and uniqueness of positive solution of differen-
tial equations with p-Laplacian have attracted considerable
attention [21-46]. Here, it is worth mentioning the studies by
Dai and Ma [25] and Kajikiya et al. [26]. In [25], Dai and
Ma considered the following one-dimensional p-Laplacian
problem:

(@ (”’)), +f(tu)y=0, te(01),
u(0) =u(1) =0.

3)
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By using the global bifurcation theory, the authors showed the
existence of nodal solutions.

In [26], Kajikiya et al. investigated the following one-
dimensional p-Laplacian problem:

(¢, () + 20 ® F@ =0, te(©O1),
u(0)=u(l)=0,

(4)

and, by virtue of the global bifurcation theory, they obtained
the existence, nonexistence, uniqueness, and multiplicity of
positive solutions as well as sign-changing solutions under
suitable conditions imposed on the nonlinear term f.

At the same time, we notice that there has been a
considerable attention on impulsive differential equations
with one-dimensional p-Laplacian. For example, in [31], Ding
and O’Regan studied the second-order p-Laplacian boundary
value problems involving impulsive effects:

(g, (W' ®)) ==f(tul)), 0<t<l, t#8,
Auly, = I (u(ty)),

Au'| =0,

t=t;

(5)
k=12,...,m,

u()=u' (1) =0,

and, via Jensens inequality, the first eigenvalue of a relevant
linear operator, and the Krasnoselskii-Zabreiko fixed point
theorem, they obtained the existence and multiplicity of
positive solutions under suitable conditions imposed on the
nonlinear term f and the impulsive terms I.

In [33], employing the classical fixed point index theorem
for compact maps, Zhang and Ge obtained some sufficient
conditions for the existence of multiple positive solutions of
the following problem:

(9, (u' ®)) = ~f (Cu(®)),
Auley, = —T (u () »

A| =0,

t=t;

0<t<1,t#t,

m—2
u(0) = Zaiu (&), u' (1) = 0.
i-1

However, to the best of our knowledge, no paper has
considered the second-order impulsive differential equations
with one-dimensional p-Laplacian and two parameters till
now; for example, see [4-20, 31, 32, 43-45] and the references
therein. In this paper, we will use fixed point theorem to
investigate the existence and multiplicity of positive solutions
for a second-order impulsive differential equation involving
one-dimensional p-Laplacian and two parameters.
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Consider the following second-order impulsive differen-
tial equation with one-dimensional p-Laplacian:

(5 (”’)), =Ao(t) f(t,u), 0<t<I, t#ty,
Aulyy, = i (tou (1)

Au'| =0,

t=t;

k=1,2,...,n, @)

au (0) — bu' (0) = Ll gtu(t)dt, W (1) =0,

where A > 0, p > 0 are two parameters, ¢,,(s) = Is|P2s, p > 1,

((pp)_1 = ¢, (1/p)+ (1/q) = 1,a,b > 0, w may be singular at
t =0and/ort = 1,¢; (k=1,2,...,n, wherenis fixed positive
integer) are fixed points with 0 < t; <t, <+ <t < -+ <
t, <1,and Aul,_, denotes the jump ofu(t) att = f;; that s,

Aulyy, = u (te) —u(ty), (8)

where u(t ) and u(t, ) represent the right-hand limit and left-
hand limit of u(t) at t = t;, respectively. In addition, w, f, I,
and g satisfy the following:

(H,) w is a nonnegative measurable function on (0, 1) and
w # 0 on any open subinterval in (0, 1);

(H,) f € C([0,1] x [0,+00), [0, +00)) with f(t,u) > 0 for
alltand u > 0;

(H;) I, € C([0,1] x [0,+00), [0, +00)) with I, (t,u) > 0
(k=1,2,...,n)forallt and u > 0;

(Hy) g€ L'[0,1] is nonnegative and o € [0, a), where
1
o= J g (t)dt. 9)
0

Some special cases of (7) have been investigated. For
example, Ding and Wang [14] considered problem (7) with
p =212 =1Lu = lLand () = 1,t € [0,1]
By using Krasnoselskii’s fixed point theorem, they proved
the existence results of positive solutions of problem (7).
However, the authors only obtained that problem (7) has at
least one positive solution.

Motivated by the papers mentioned above, we will extend
the results of [11, 14, 23, 31, 33, 47, 48] to problem (7). We
remark that on impulsive differential equations with a param-
eter only a few results have been obtained, not to mention
impulsive differential equations with two parameters; see, for
instance, [12, 18, 19, 45]. These results only dealt with the case
that p = 2 and ¢ = 1. Many difficulties occur when we
study problem (7); for example, it is difficult to construct the
cone and the operator because its state is discontinuous. It
is also difficult to deal with A and u because of A with one-
dimensional p-Laplacian, and ¢ without one-dimensional p-
Laplacian in the same equation (21). In this paper, we try to
solve this kind of problem. Moreover, we will use a different
approach to deal with the impulsive term to obtain the
existence and multiplicity of positive solutions for problem
(7); for details, see the proof of Theorem 1.
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The rest of the paper is organized as follows: in Section 2,
we state the main results of problem (7). In Section 3, we
provide some preliminary results, and the proofs of the main
results together with several technical lemmas are given in
Section 4. The final section of the paper contains an example
to illustrate the theoretical results.

2. Main Results

In this section, we state the main results, including existence
and multiplicity results of positive solutions for problem (7).
For convenience, we introduce the following notations:

£ oimapngd G2 imswpnyd
f(tw) f&w

fo = lim inf min

= liminf
Rk Tk foo = lim inf min

Uu— 00 te] (P (u)

I (1,
I° (k) = lim sup maXM,
u—0* te] u
t)
I (k) = lim sup maXM,
u—oo t€] u
. Ik (t) M)

I, (k) = lim inf min
u—0t tej u

T . . Ik (t) u)
I, (k)= 1Lnllo%f r¥1€1]n ,

u

=[0,1], k=12,...,n
(10)

Moreover, we choose four numbers 7, r{, 1,, and R satisfying
0<r<r <dr,<r, <R<+00, 1
where § is defined in (23).

Theorem 1. Assume that (H,)-(H,) hold and f.,, f*°, I, (k),
and I°(k) (k = 1,2,...,n) are positive constants. Then,

(i) there exist Ay > 0 and y, > 0 such that, for any A > A
and p > pg, problem (7) has a positive solution u with

Or<u(t) < %R, tej; (12)

(ii) there exist A, > 0 and to > Osuch that, forany 0 < A <

Ao and 0 < p < Uy, problem (7) has a positive solution
u with property (12).

Theorem 2. Assume that (H,)-(H,) hold and f,, f°, I,(k),
and I°(k) (k = 1,2,...,n) are positive constants. Then,

(i) there exist Ay > 0 and y, > 0 such that, for any A > A,
and y > p, problem (7) has a positive solution u with

or<u(t)<R, te]; (13)

(ii) there exist Ay, > 0 and fi, > 0 such that, forany 0 < A <

Ao and 0 < p < g, problem (7) has a positive solution
u with property (13).

Remark 3. Some ideas of the proof of Theorems 1 and
2 are from Yan [47]. In [47], Yan studied a class of the
periodic impulsive functional differential equations with two
parameters and proved the following existence result by using
a well-known fixed point index theorem due to Krasnoselskii.

Theorem 4 (see [47, Theorem 3.1]). Assume that (A,)-(Ag)
hold and f°, f,., I, and I° are positive constants. If

B(Af°P+uI’Q) < 1,
a0 (Af P +ul, Q) > 1,

then problem (7) has a positive w-periodic solution.

(14)

It is not difficult to see that the conditions of Theorem 4
are not the optimal conditions which guarantee the existence
of at least one positive w-periodic solution for the related
problem. In fact, if

B(Af'P+ul’Q) < 1 (15)
or
ao (Af P +ul Q) > 1, (16)

we can prove that the problem studied in [47] has at least one
positive w-periodic solution, respectively.

Theorem 5. Assume that (H,)-(H,) hold.

W) If f* = 0and I®(k) = 0, k = 1,2,...,n, then there
exist Ay > 0 and py > 0 such that, for any A > A,
and p > py, problem (7) has a positive solution u with
property (12).

(i) If f* = 0 and I°(k) = 0, k = 1,2,...,n, then there
exist Ay > 0 and y, > 0 such that, for any A > A,
and y > gy, problem (7) has a positive solution u with
property (13).

Gii) If f© = f© = I°®k) = I°k) = 0, k = 1,2,...,n,
then there exist A, > 0 and y, > 0 such that, for any
A > Ayand p > py, problem (7) has at least two positive
solutions u; and u, with

Or<u; (t)<r, <0r,<u,(t)<R, te]. 17)

Theorem 6. Assume that (H,)-(H,) hold.

(i) If foo = 00 and I,(k) = 00, k = 1,2,...,n, then there
exist Ay > 0 and 1, Uy > 0 such that, for any 0 < A < Ao
and 0 < p < p,, problem (7) has a positive solution u
with property (12).

(ii) If fy = co and Ij(k) = oo, k = 1,2,...,n, then there
exist Ao > 0 and iy, > 0 such that, for anyO <A<

and 0 < p < py, problem (7) has a positive solution u
with property (13).



(i) If fo = foo = Io(k) = Iy(k) = +00, k = 1,2,...,m,
then there exist Ay > 0 and @, > 0 such that, for any

0 <A< Ayand0 < y < @y, problem (7) has at least
two positive solutions u, and u, with

or<u (t)<n <6r2§u2(t)£%R, te]. (18)

Remark 7. Some ideas of the proof of Theorems 5 and 6 are
from Graef et al. [48].

3. Preliminaries
Let J' = J\ {t,,t,,...,t,} and let E be the Banach space:

E= {u|u:] — R is continuous at ¢ # 1,

(19)
u(ty) =u(ty),u(ty) exist, k= 1,2,...,n}
with [lull = max,_,, |u(t)]. We denote
Q,:={uckE:|u|<r} (20)

for all » > 0 in the sequel.
In our main results, we will make use of the following
definitions and lemmas.

Definition 8 (see [49]). Let E be a real Banach space over R.
A nonempty closed set P C E is said to be a cone provided
that

(i) au+bv e Pforallu,v € Pandalla > 0,b > 0;

(ii) u, —u € P implies u = 0.

Every cone P C E induces an ordering in E givenby x < y
ifand onlyif y — x € P.

Definition 9. A function u € E N C'(0,1) with (pp(u') €

C(0,1) is called a solution of (7) if it satisfies (7). If u(t) > 0
and u(t) # 0 on J, then u is called a positive solution of (7).

Lemma 10. Assume that (H,)-(H,) hold. Then, u € E N
CY(0, 1) with (pp(u') e CY0,1) is a solution of problem (7) if
and only ifu € E is a solution of the following impulsive integral
equation:

0

ult) = Jt 0, (A Ll W () f (ru () dr) ds

+ P‘Zlk (tou(te) +

te<t

x { [ a0 [ (3 [ @) f (ru () dr ) ds| de

+by, (A le(s)f(s,u(s))ds>

0

a—o

+y JOI g I (tk,u(tk))dt} .

t<t

(21)
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Moreover, if u is a positive solution of problem (7), then

nt161}1 u(t)=06|ul, (22)

where
1
tg (t) dt
8= - bt - . (23)
a-[ g)dt+ | tg(t)dr
Proof. First, suppose that u € E is a solution of problem (7).
It is easy to see by integration of (7) that

1
by (6 )+ 8, (4 0) = | Mo fGu(ods. @0

By the boundary condition (1) = 0, we have

W (1) = ¢, (f Ao (s) f (s,u(s)) ds> L @)

1
u' (0) = b, (L Aw (s)f(s,u(s))ds). (26)

If0 < t < t,, integrating (25) from 0 to ¢t we obtain

u(t)—u(0) = Lt ¢, <Ll Aw (r) f (r,u(r)) dr> ds. (27)

Ift; <t <t,, integrating (25) from O to ¢, we obtain

u(t,) - u(0) = j ¢, (j Xo() f (u(r) dr ) s, 25)
and integrating (25) from , to t we obtain

w(t) - u(t]) = j ¢, (j Mo () f () dr ) ds. (29)
It follows that

u(t)-u(0) = Lt ¢, (Ll Aw (r) f (r,u(r)) dr) ds

(30)
+uly (t,u(ty)), t <ts<t,.
For t, <t < t,,, repeating the process we have
t 1
u() = u(0) +j ¢, (J Aw(r)f(r,u(r))dr)ds
0 s
(31)

+ MZIk (tiou(ty)).

f<t
Combining this with the boundary condition, we have
1

a- [l g(t)dt

x { j g H ¢, (j Xo(0) f a1 dr ) s

+ b¢q <Ll Aw (s) f (s,u(s)) ds)

u(0) =

tu Ll g () Zlk (teou(t)) dt} )

t<t

(32)

Then, the proof of sufficient is complete.
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Conversely, if u € E is a solution of (21), then we have the
following.
Direct differentiation of (21) implies

1
u' (t):(pq(J- Aw(s)f(s,u(s))ds), te]. (33)
Evidently,

(9, (4 ®))' = =20 (®) £ (£u (@),

1 (34)

au (0) - bu' (0) = J gut)dt, u' (1)=0.
0

Finally, we show that (22) holds. It is clear that u'(t) =
¢q(.[t1 Aw(s) f (s, u(s))ds) > 0, which implies that

"1/1” =u (1) > I?El]nu (t) =u (O) . (35)

As we assume that f(t,u) > 0 and w(t) > 0, we see that
any nontrivial solution u of problem (7) is concave on J; that
is, u"" <0, and then we get that u/'(t) is nonincreasing on J.

So, for every t € (0, 1], we have

u(l)—u(0)<u(t)—u(0). (36)
1 N t ’
that is, u(t) — u(0) > tu(1) — tu(0). Therefore,
1 1
J gt)u(t)dt - J g (t) dtu (0)
0 0
(37)

1 1
ZJ tg(t)dtu(l)—J tg (t) dtu (0).

0 0

Noticing that u is a positive solution of problem (7) and
au(0)-bu'(0) = [ g(Out)dt, wehave [ g(Ou()dt < au(0).
Thus, we obtain

jol tg (t)dt

u(0) > ; :
a-[ g)d+ |, tg(6)dt

u(l). (38)

The lemma is proved. O
Define a cone K in E by
K={ueEuzomnuw=slul}, 69
€

where § is defined in (23). It is easy to see that K is a closed
convex cone of E.

Define TA“ :K — Eby
(Tyu) (1)
t 1
- L q <"I w(f)f(")u(r))dr> ds

1
a-o

+ HZIk (teou () +

t<ty

x { j g “O e j @) f (ru () dr ) ds | ds

+ b(pq (A JOI w(s) f(s,u(s)) ds)

+y Ll g DI (tk,u(tk))dt]» )

<ty

(40)
From (40) and Lemma 10, it is easy to obtain the following

result.

Lemma 11. Assume that (H,)-(H,) hold. Problem (7) is
equivalent to the fixed point problem of T} in K.

Lemma12 (see [47, Lemmas 2.1 and 2.2]). Assume that (H,)-
(H,) hold. Then, T} : K — K is completely continuous.

The following well-known result of the fixed point is
crucial in our arguments.

Lemma 13 (see [49]). Let P be a cone in a real Banach space
E. Assume that Q,, Q, are bounded open sets in E with 0 €

Q,Q,cQ,If
A:Pn(Q\Q) — P (41)
is completely continuous such that either

(@) |Ax]l < |Ix]l, Vx € PN oQ,, and |Ax| < |x|, Vx €
PnoQ,, or

(b) |Ax| < |lx|, Vx € PN oQ,, and |Ax|| < ||x|, Vx €
Pnoq,,

then A has at least one fixed point in P N (Q, \ Q).

4. Proofs of the Main Results

For convenience, we introduce the following notation:

1 1
V=9 <L w (s) dS), o, = L g(s)ds.  (42)

Proof of Theorem 1. Part (i). Noticing that f(t,u) > 0,
L(t,u) >0 (k=1,2,...,n) forall t and u > 0, we can define

m,= min {f(t,u)}>0,
te],0r<u<r

(43)
m”* =min{m,k=1,2,...,n} >0,

where r > 0, my = min,¢; 5, (I (tL W} k= 1,2,..., 1.



Let

p-1
a—o _
A()Z(zb(syr) mrl, ‘1/102

Then, foru e KNoQ, and A > Ay, u > p,, we have
(T3w) ()

(a-o0)r

20ym*

= Lt %, </\ Ll w(r) f(r,u(r)) dr) ds
PR ACEACN)

t<t

1 1
IR

x Htsoq (x f @) f (ru () dr ) ds | ds

0

1
+ b(pq ()t Jo w(s) f(s,u(s)) ds>

+u Ll g D L (tou(ty)) dt}

t<t

b

a—o

1 1
e )Y AR

fe<t

b 1
> /\q_lq)q <j w(s) mrds>
0

a—o

>

?q (A J: w(s) f(s,u (s))ds)

+

a

[ g0 o)

[ a0 (1 )

L

+h (6, u(ty)) ) e+

+ Ll g (I1 (tu(t)) + I (tyu(t,))

n

ot (4 (t,)) dt]

o (J oms)
a—a/\ ?q Ow(s)mrds

oo (nmera

1
+ [ 901 (u(e)d

vt [ g 01, (puie) )

(44)
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(] womas)
a—aA ?, 0w(s)m,ds

1
+- l‘o L g I, (t,u(ty))dt

=

*

b o
q-1_ q-1 1
> M m Yy + ——um
a-o

a-o
b 1- -1 o
> ——A, Imdty + —L *
a—o o My Y a_o,l"om
1 1
>—r+-r=t,
2 2
(45)
which implies that
|T5u] > llull,  Yu e KNnoQ,,
(46)
A> Ao U> e

If0 < f® < +00,0 < I < +00, then there exist/; > 0,
and /, > 0and R > r > 0 such that

f(tu) < ll(pp (u), I (t,u) < Lu,

(47)
(Vte], u>R, k=1,2,...,n),
where [, satisfies
2(a+b
(_0)(pq(}\)goq(ll)y£1 (48)
I, satisfies
2a
L, <1 49
a_otm (49)
Let v = R/d. Thus, when u € K N 9Q,, we have
u(t)=20|u|=86v=R, te], (50)

and then we get

(Thu) @)

t 1
= Jo @, </\ J w(r) f(r,u(r)) dr> ds + ‘uZIk (tou(t))

1 1
o fo

0

x “ o, (2 j @) f (ru () dr ) ds | ds
by (1 j: @) f (su(5) ds

+ Ll 9 Y I (tou(t)) dt]»

<ty
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<

IN

IN

Jol ¥a (A Ll w(r) f (r,u(r)) dr) ds

1 1
+a_0“ g ()

0

1 A 1 dr |ds|dt
X [Jo (pq< L w(r) f(r,u(r) r) s]
1
+b(pq (A Jo w(s) f(s,u(s)) ds)}

+ #ilk (teou(te)

+

1 n
b[ 9@ Y1 (ou e ar
0 k=1

a—o

JOI(Pq </\Llw(r)f(r,u(r))dr>ds<1 + aig)

1
a f o1 <A L w(5>f(s,u(s))ds)

+

o (1)

+

1 n
b 9@ Y (ou () dr
0 k=1

a—o

a—o

Jol #q </\ Ll w(r) f (r,u(r)) d1’> ds

+

1
af)o% <A L () f (s,u<s>)ds)

+ P‘ilk (teou(te)

+

1 n
#J g Y I (tu(ty)) dt
0 k=1

a—o

a+b

a—o" <A Ll w(s) f (su(s)) ds)

ST (tu ()
k=1

+

a

1 1 n
—ul g © Y ()

a+b

P </\ Ll @ (), (u(s)) d5>

b0 Luty)

k=1

1 1 n
— L g k;lzu (t,) dt

+

a

7
a+b ] 3 1 J
< a_g_¢q(l)”“"¢q . w(s)ds
+ unl, ||lul + ! onl, ||u|
pnky a_ 0.“ 2
a+b
= %Mo, (1) y llul
a
I
+ o unh fluall
< 2l + 3 Nl = .
(51)
This yields
||T)’fu|| <|lull, YueKnoQ,. (52)

Applying (b) of Lemma 13 to (46) and (52) yields that T
has a fixed point u € Kn(ﬁv\Qr) withr < [lu]l < v = (1/8)R.
Hence, since for u € K we have u(t) > S|u| fort € J, it
follows that (12) holds. This gives the proof of Part (i).

Part (ii). Noticing that f(t,u) > 0, I;(t,u) > 0 for all t
and u > 0, we can define

M, = max {f(t,u)}>0,

te],0<u<r

(53)
M"* = max {M;,k=1,2,...,n} >0,
where r > 0, My = max,¢j oo, AL (EWHL Kk =1,2,...,n.
Let
- (a-o0)r )p_l o _ (a-o)r
A S| =——— M -, < . 54
0 (2(a+b)y 4 Ho 2anM* 54)

Then, foru € KNoQ, and A < )_LO, ph < fy> we have
(Tyu) ()
t 1
- [0 (2] 0t s utnar)as
0 s
+ P‘ZIk (trou (ty))

t<ty

1 1
+a—o“09(t)

x H o, (1 j @) f () dr ) ds|as

1
+ bgoq </\ L w(s) f(s,u(s)) ds)

i Jol g ZIk (tiou(t)) dt}

t<ty



IN

IN

IN

IN

1 <)L 1 d )d
L Pq sw(r)f(r,u(r)) r|ds
1 1
+a—0{ 0g(t)

y “01 2, (A f W () f (ru () dr) ds] dt
+bg, (2 j: @) f (s )}

+ukizk (o u (1)

+

-0

1 n
b 9® Y I (tou(w)) ar
0 k=1

0 )
a—o0

J1¢q (AJ’:w(r)f(r,u(r))dr>ds<1 +

0

+

a f o4 (A JOI w(s) f(s,u(s)) ds>

Y L b (1)

+
a—o

1 n
.“J g®) Y I (tou(ty,))dt
0 k=1

a

Jol ¥a (A Jol @ (r) f (r,u () dr) ds

a—o

+

b 1
a—o't (* L @(s) [ (s,u(s) ds>

DY ACRIN)

1 ! <
e RC) AT

a+b

a_ova (A Ll w () f (s,u(s)) ds)

+ HZn:Ik (tiou(ty))

k=1

+

1 n
#J g(®) Y I (o u(ty)) dt
0 k=1

a—ao

a+b !
L (A Jo w(s) M,ds)

n 1 n
M* t) Y M dt
+ng1 +a_0.wjog()kg1

a+b
E‘Pq (A) Pq (Mr) Y+

a *
nM
a—a”
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a+b - a _ N
< a-— O_Soq (AO) (Pq (Mr) Y+ a— O,tuOnM
1 1
<3 flull + 3 llull = lluall -
This implies that
||T/’Cu|| <|lull, VYueKnoqQ,.

(55)

(56)

If0 < fo, < 400,0 < I, < +00, then there exist [; >

0,and, > 0 and R > r > 0 such that

f(tu) > l3<pp (u),

Vte,u>R k=1,2,...,n),

I (t,u) > Lu,

where I; satisfies

—az_baﬂ‘llg‘lya > 1

1, satisfies

20,

ulyd > 1.

a-o
Let v = R/6. Then, for u € K N 0(),, we obtain
u(t)>=6R=v, te],
and it follows from (40) that
(Tyu) ()

t 1
= J @, </\J w(r) f(r,uy (1)) dr> ds

0 s

+ #zlk (teou(te)

t<ty

| {fao

(57)

(58)

(59)

(60)

<[[oa(A] 0015 (o )]

+bg, (A J: w(s) f(s,uy (5)) ds>

o]0 T o) |

<ty

> ?q ()L Ll @ (s) f (s,uy (5)) ds>

u[ 90 Y1 ()i

a-o <ty
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afG%(%Ew@f@wuswﬁ

[\

1 1
Sou| O (u(e)d

+
f
b 5 1
> - 0/\‘1 l(pq (Jo w (s) L3, (u(5)) ds)
1
[ g@lue)a
—o )
b
>

E/\q_ll?l)@ el

0y

+ 1,6
8
1 1
2 2 Ml + 5 Nl = Nl
(61)
which implies that
[T4u| > llull,  Yu € KnogQ,. (62)

Applying (a) of Lemma 13 to (56) and (62) yields that Ti‘
has a fixed pointu € KN (ﬁv\Qr) withr < |lu|l < v = (1/8)R.
Hence, since for u € K we have u(t) > §||ul| fort € J, it follows
that (13) holds. This finishes the proof of Part (ii).

Proof of Theorem 2. Part (i). Noticing that f(t,u)
L(t,u) >0 (k=1,2,...

> 0,
,n) for all t and u > 0, we can define

= i t,u)y >0,
"= B 1) )
my = min {mp, k=1,2,...,n} >0,
where R > 0, mpy = min,; sp, (W k= 1,2,...,n.
Let
p-1

a-o 1 (a-0)R
Ao = R mg, > —. 64
0 ( 2bdy > R Ho 20,my (64)

Then, foru €e KNoQgand A > Ay, y > y,, we have
(Thu) @)

_ Lt 2, ()L f © () f (ru () dr) ds
+u ) I (tou(t))

£<ty

1 1
a_a{Lgm

x[Lj¢q(AJ?cu@)f(nu(n)dr)ds]dt

1
+ b(pq </\ L w(s) f(s,u(s)) ds)

s Jol g ZIk (teu(t)) dt}

t<t;

a I—j o Pa (’\ Ll w(s) f(su(s)) d5>

[\

+
a—o0

i [ 9@ T Gon ()

£<ty

\

a ? o P4 (’\ JOI w(s) f(su(s)) d5>

+

1 1
o] g@n )

a

b a 1
. O‘Aq I(Pq (L w (s) deS>

1
+ Jg(t)m;dt

a—o Ji

[\

vV
>~
R
3
IS
‘<>—A
+
~
3
o

\%

(65)
which implies that

|T4ul| > llull,  Yu € KN oQy,

(66)
A> A U> e

Ifo < fo < +00, 0 < I < +00, then there exist I, >0,
I, > 0and 0 < r < R such that

f (t>u) < ll(Pp (u) >

Vte],0<su<r,2k=1,2,...,n),

L (t,u) < Lu,
(67)

where [, and I, satisfy (48) and (49), respectively.
Therefore, for u € K N 9Q,, we have

(Thu) ()
= J: o (A Jj w(r) f(r,u (r))dr> ds
+ P‘ZIk (tiou(ty))

£<t

1 1
a_g{Lgm

X[Lf¢q(AJjaNr)f(nu(ﬂ)dr>ds]dt

1
+ bgoq </\ L w(s) f (s,u(s)) ds)

RCH

t<t;.
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IN

1 <)L 1 d )d
L ?q sw(r)f(r,u(r)) r)ds
1 1
+a—a{ Og(t)

x Ul o, ()L Ll w(r)f(r,u(r))dr) ds] dt

0

+bg0q (A J: w(s) f(s,u(s)) ds)}

YRR

+

1 n
AR YACRAE?
0 k=1

a—o

il Llsoq(Afw<r>f<r,u<r>>dr)d5(1* =)

a 1—9 5P (A Ll w(s) f(s,u(s)) d5>

+

DYACHIH)

+

1 n
b 90 Y I (tou(w))dr
0 k=1

a—o

IN

- 1‘Pq A lw(r)f(r,u(r))dr ds
a-o o 0

a 1_9 o4 (A Ll w(s) f(s,u(s)) ds)

+

+ Mzn:Ik (tiou(ty))

k=1

+

1 n
.“J 9@ Y I (tou (1)) dt
0 k=1

a—o0

a+b

a_ota (A Ll w(s) f(s,u(s)) d5>

Y L b (1)

+

1 n
b], 90 Yk (tou ) d
k=1

a—0o 0

1

Z:Li(pq (A Jo w(s) L, (u(s)) ds)

IN

+ lezu (t)
k=1

+

a

1 ! c
S, o0 Yt war
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a+b
<

Ta-o

@, (1) lul @, (A Ll w (s) ds)

1
+ unl, |ul + onl, ||u
prl ] + ——pol, ]

+b
9 W gy (1) 7l

a—

a

+ ponl, |lul

a—o

1
< = ull + = Ul = U .
2II l 2II = llul

(68)
This yields

IT5ul < llull,  Yu € KNoQ,. (69)

Applying (a) of Lemma 13 to (66) and (69) yields that T/’{
has a fixed point u € KN (Qy \ Q,) with 7 < [lu]| < R. Hence,
since for u € K we have u(t) > &|lu| for ¢t € J, it follows that
(13) holds. This gives the proof of Part (i).

Part (ii). Noticing that f(t,u) > 0, I (t,u) > 0 (k =
1,2,...,n) forall t and u > 0, we can define

M =

R o U () >0

(70)

My = max {Mpy,k=1,2,...,n} >0,

where R > 0, My = maX,¢; ooucpili(tw)} k= 1,2,...,n
Let

Pl (a-0)R
R) M, U, < .o
) R s oo 0D

- a-o
A - -
0= <2(a +b)y
Then, foru € KNoQgand A < XO, p < iy, we have
(Tyu) (¢)
t 1
- [0 (2] 0t s utnar)as
0 s

+ MZIk (tiou(ty))

£<t

1 1
+a_0{Lg(t)

X[Lf¢q(AJjaNr)f(nu(ﬂ)dr>ds]dt

1
+ b(pq </\ L w(s)f(s,u(s))ds)

RCH

t<t;.
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1 1
< J ?q <)LJ w(r) f(r,u(r)) dr) ds
0 s

1 1
a—-o {Jo g(t)

y “01 2, (A f W () f (ru () dr) ds] dt

+

+bg, (2 j: @) f (s )}

+ukizk (o u (1)

+

1 n
b 9® Y I (tou(w)) ar
0 k=1

a—o

o[ cnsoamaels o)

T f o4 (A JOI w(s) f(su (5))ds>

Y L b (1)

+
a—o

1 n
.“J g®) Y I (tou(ty,))dt
0 k=1

a

IN

Jol ¥a (A Jol @ (r) f (r,u () dr) ds

a—o

+

b 1
a—o't (* L @(s) [ (s,u(s) ds>

DY ACRIN)

+

1 n
AR IACRTRE
k=1

a—a0o 0

a+b

a_ova (A Ll w () f (s,u(s)) ds)

+ szn:Ik (tiou(ty))

+

1 n
ANIC) AT
0 k=1

a—ao

a+b !
) (A Jo w(s) MRds>

IN

S| ! S
+uy My + —u L g(t) ) Mpdt
k=1 k=1

a

a

a+b *
< PV g (Mp) y + ——pnMy

11

a+b 1 M a _ M

¢y (Ao) @y (Me) y + —FinM;

< lR + lR =R
2 2
(72)
This implies that

||Tfu|| <ull, VueKnoQg. (73)

If0 < fy < +00,0 < I, < +00, then there existl; > 0, [, >
0and 0 < r < R such that

f(tau) > l3q)p (I/l),
Vte],0<su<r, k=12,..., n),

I (t,u) > Lu 1)

where [; and I, satisfy (58) and (59), respectively.
Therefore, for u € K N 9dQ),, we obtain

(Tyw) ()
= J: %, (A Ll w(r) f(r,u(r)) dr) ds
+ MZIk (tiou(te))

£<ty

1 1
=3 IR

x “ o, (1 j @) f (ru ) dr ) ds | ds

+

+bg, </\ Ll w(s) f(s,u(s)) ds)

+y Ll g Y I (tu(t)) dt}

t<t;.

> ?q </\ Ll w(s) f(s,u(s)) ds)

L] 00 S n o) a

t<ty

1
> lj @ </\ Jo w(s)f(s,u(s))ds)

1
~ U.MJ g I (t,u(t)))dt

a t
b
a—o

=

Aq_l(pq (J: @ ($) g, (u(s)) ds>

+

1
| st ar

b g
> ——\ 8 |lul

0y
kI,
P ikl

+
a

1 1
2 3 lull+ 2 Yl = el
(75)



12

which implies that

||T;u|| > lull, VYueKnoqQ,. (76)

Applying (a) of Lemma 13 to (73) and (76) yields that T/';
has a fixed point u € K N (Qg \ Q,) with 7 < u| < R. Hence,
since for u € K we have u(t) > §||u| for t € J, it follows that
(13) holds. This finishes the proof of Part (ii). O

Proof of Theorem 5. Similar to the proof of Theorems 1(i) and
2(i), respectively, one can show that Theorems 5(i) and (ii)
hold.

Considering Part (iii), choose two numbers r; and r,
satisfying (11). By Theorems 1(i) and 2(i), there exist A, > 0
and g, > 0 such that

|Tyu| > lul, VYueKnoQ,, i=1,2. (77)

Since f* = f® = I* = I° = 0, from the proof of

Theorem 1(i) and Theorem 2(i) and from (11), it follows that

||T)’fu|| <|lull, VueKnoQ,, (78)

||Tfu|| < ull, VueKnoQyg. (79)

Applying Lemma 12 to (77)-(79) yields that Tf\‘ has two
fixed points 1, and u, such that u, € K n (Q, \ Q,) and

u, € Kn Qg \ Q, ). These are the desired distinct positive
solutions of problem (7) for A, > 0 and y, > 0 satisfying (17).
Then, the result of Part (iii) follows. O

Proof of Theorem 6. Similar to the proof of Theorems 1(ii) and
2(ii), respectively, one can show that Theorems 6(i) and (ii)
hold.

Now, considering Part (iii), choose two numbers r, and r,,
satisfying (11). By Theorems 1(ii) and 2(ii), there exist A, > 0
and p, > 0 such that

|Tu]) < llull, V0 < A <Ay,
(80)
0 < p < ty, i=1,2

Since f, = foo = I, = I, = oo, from the proof of

Theorems 1(ii) and 2(ii) and from (11), it follows that

ue KﬂaQri,

|T5ul > llull,  Yu € KNoQ,, (81)
IT¢u| > lull,  ¥u € K n0Qy. (82)

Applying Lemma 13 to (80)—(82) yields that T has two
fixed points u; and u, such that u; € KN (5,1 \ Q,) and
u, € KN (Qg\ Q). These are the desired distinct positive

solutions of problem (7) for 0 < A < Ay and 0 < u < g,
satistying (18). Then, proof of Part (iii) is complete. O

5. An Example

To illustrate how our main results can be used in practice, we
present an example.

Abstract and Applied Analysis

Example 1. For p = 3/2, consider the following boundary
value problem:

(g () = M=)+ 1) P, e,

1 1
Bulpap = it (3(5))

(83)
Au'|

t=1/2 =0,

1
1 (0) —2u' (0) = J %u(t)dt, W (1) =o0.
0
Evidently, u(t) = 0 is the trivial solution of problem (83).

6. Conclusion

Problem (83) has at least one positive solution for any A >
V6/4m and u > 3.

Proof. Problem (83) can be regarded as a problem of the form
(7), wherea =1, b = 2, and

ftu)=(+ 1)1/2u1"1,
(84)

w(t) =1 -1)"2
I (tu) = (1+ D) u, g(t)z%, Veer.

It follows from the definition of w, f, and g that (H,)-

(H,) hold, and w(t) is singular at ¢t = 0 and ¢t = 1. By
calculating, we have
1
J wtydt=m, 1< f < fT<2,
0
1<, <I? <2,
1 1
=3, 6=-, ==, = -,
1 77y Ty (®)
2 1 |
y =7, m, = gr, mrzgr,
V6
Ao = —, >3,
0= Ho

where r > 0 is a constant.
Hence, by Theorem 1(i), the conclusion follows, and the
proof is complete. O
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