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We study the existence of positive solutions and multiplicity of nontrivial solutions for a class of quasilinear elliptic equations by
using variational methods. Our obtained results extend some existing ones.

1. Introduction and Main Results

Let us consider the following problem:

ju?” 2
AN u—u————u= f(x,u), xeQ\{0},
u=0, xe€oQ,

where A U = div(]Vu|P2Vu) denotes the p-Laplacian dif-
ferential operator, Q) is an open bounded domain in RY (N >
3) with smooth boundary 0Q and 0 € Q,0 < s < p, p*(s) =
P(N —s)/(N — p) is the Hardy-Sobolev critical exponent, and
p* = p*(0) = Np/(N - p) is the Sobolev critical exponent.
Here, we let

= ([ |Vu|de)1/P, @)

which is equivalent to the usual norm of Sobolev space
WO1 ?(Q) due to the Poincaré inequality. Let

P
A Q)= inf Iul

* * > 3
weWy @OV} ([ (Jul? (s)/|x|s)dx)P/P © ()

which is the best Hardy-Sobolev constant.

In the case where s = 0 and p = 1 hold, then (1) reduces
to the quasilinear elliptic problem:

A u-— |ulp*72u = f(x,u), xe€Q,

! ! )

u=0, xeoQ.

Gongalves and Alves [1] have studied (4) in RN involving
flx,u) = h(x)u?, u > 0and u # 0 to obtain existence of
positive solutions where 2 < p < N,0 < g < p-1,o0r
p-1<gq< p"—1and asuitable h. We should mention that
problem (4) with p = 2 has been widely studied since Brézis
and Nirenberg; see [2-4] and the references therein.

Ghoussoub and Yuan [5] have studied (1) with f(x,u) =
AMu|""?u, where p < r < p*. They obtained a positive solution
in the case where A > 0, y > 0,and N > [p(p— 1)r+p2]/[p+
(p — D)(r — p)] (in particular if N > pz) hold. They also
obtained a sign-changing solution in the case where A > 0,
> 0,and N > [p(p—Dr+ pl/[1+ (p—- 1 - p) (in
particular if N > p’ — p* + p) hold. For other relevant papers,
see [6-12] and the references therein.

We should mention that the energy functional associated
with (1) is defined on WO1 P(Q)), which is not a Hilbert space
for p#2. Due to the lack of compactness of the embedding
in WP(Q) — LF (Q) and WP (Q) — LP"O(Q, |x[dx),
we cannot use the standard variational argument directly. The
corresponding energy functional fails to satisfy the classical
Palais-Smale ((PS) for short) condition in WO1 (). However,
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a local (PS) condition can be established in a suitable range.
Then the existence result is obtained via constructing a
minimax level within this range and the Mountain Pass
Lemma due to Ambrosetti et al. [2] and Rabinowitz [13].

In this paper, we study (1) with a general nonlinearity
by using a variational method; besides, we also considerably
generalize the results obtained in [5]. In what follows, we
always assume that the nonlinearity f satisfies f(x,0) = 0.
Let F(x,t) := fot f(x,s)ds, x € Q. To state our main results,
we still need the following assumptions.

(A) f € C(Q x R, R), lim, o (f(x,£)/tF™") = 0, and
lim, _, o (f(x, £)/t*"~1) = 0 uniformly for x € Q.
(A,) There exists a constant p with p > p such that

0<pF(x,t)< f(xt)t, VxeQVteR"\{0}. (5)
(A3) f € CQ x R, R),lim, _, o(f(x,t)/|t}P™") = 0, and

limy,, _, o (f (%, H/ltk =0 uniformly for x € Q.
(A,) There exists a constant p with p > p such that

0<pF(x,t) < f(x,t)t, VxeQVteR\{0}. (6)

Now, our main results read as follows.

Theorem 1. Suppose that N > 3,0 < 4y < 00,0 < s < p, and
1< p <N hold. If (A,), (A,), and

> max 1 p, 1——), ——} 7
p {pp( r R e )

hold, then (1) has at least one positive solution.

Theorem 2. Suppose that N > 3,0 < p < 00,0 < s < p, and
1 < p < N hold. If (A3), (A,), and (7) hold, then (1) has at
least two distinct nontrivial solutions.

Noting that p > p and p* < N imply that (7) holds,
therefore, we have the following corollaries.

Corollary 3. Suppose that 0 < y < c0,0 < s < p, p> < N,
and 1 < p < N. Moreover, (A,) and (A,) hold; then (1) has at
least one positive solution.

Corollary 4. Suppose that 0 < y < 00,0 < s < p, p> < N,
and 1 < p < N. Moreover, (A5) and (A ,) hold; then (1) has at
least two distinct nontrivial solutions.

Remark 5. Theorem 1 generalizes Theorem 1.3 in [5], where
the author only studied the special situation that f(x,u) =
Mul"u, p < r < p*. There are functions f satisfying the
assumptions of our Theorem 1 and not satisfying those in [5].
Let

FOot) = g@) |t 2t +alt] 2t (61 e QXR, (8

where g(x) > 0,g € L(Q),a > 0,and p < k < I < p*.
Obviously, f satisfies all the conditions of Theorem 1 in this
paper, while it does not satisfy the conditions of Theorem 1.3
in [5].
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The rest of this paper is organized as follows. In Section 2,
we give some preliminary lemmas, which are useful in the
proofs of our main results. In Section 3, we give the detailed
proofs of our main results.

2. Preliminaries

In what follows, we let || - || » denote the norm in LP(Q). It is
obvious that the values of f(x,t) for t < 0 are irrelevant in
Theorem 1, so we may define

fx,t)=0 forxeQ,t<0. 9)

We firstly consider the existence of nontrivial solutions to the
problem:

(u+)P*(S)*1
—Au=p——— + f(xu), xeQ\{0},
x| (10)
u=0, xe€oQ.

The energy functional corresponding to (10) is given by

(u+)P*(S)

|S

dx

_ 1 Py _H
I(u)—PJQWul dx o J;)

|x

(11)
- J F(x,u)dx, uce WOI’P(Q).
Q

By Hardy-Sobolev inequalities (see [5,14]) and (A ), we know

Ice€ CI(WO1 P(Q), R). Now it is well known that there exists
a one-to-one correspondence between the weak solutions of

(10) and the critical points of I on WO1 (Q). More precisely

we say that u € WO1 P(Q) is a weak solution of (10), if, for any

Ve WO1 P(Q), there holds

(u+)P*(S)—1
|xl*

/ -~ -2 B
<I (u),v> = L |VulP™ (Vu, Vv) dx ptL vdx

- J f(x,u)vdx = 0.
Q
(12)

Lemma 6 (see [15]). If f, — f a.e.in Qand ||fn||p <C<oo
for all n and some 0 < p < oo, then

im (|£05 - 1f, - £12) = I 1. (13)

n— 00

Lemma 7. Foranya > 0,0 < b < 1, and A > 1, we have
(@+b)* <a*+Aa+ 10

Proof. Let
hix)=(@+x) -a" - Ma+1)" '« (14)

Clearly, 1’ (x) < 0, x € (0, 1), so h(b) < h(0) = 0. O
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Lemma 8 (see [5]). If0 < s < p hold, then we have

(i) A(Q) is independent of Q, and will henceforth be
denoted by A ;

(ii) A (Q) is attained when Q = RY by the functions

el NP (=)
ls(x):(e(N—s)<u) )
p-1 (15)

—N)/(p—
x (e+ |x|<p—s>/(p—1>)<1’ )/ (p=s)
for some ¢ > 0. Moreover, the functions l,(x) are the only
positive radial solutions of

ub -1 16)
A=
r |[*

in RN, and satisfy

l P*(s) . s
J |Vl£|pdx=I Ll = g — (AL ™9e9 @7)
RN RV x|

Lemma 9. If (A,), (A,), and 0 < ¢ < ((p — s)/p(N -
§)) AN =9 [ (P=NIP=) o1 d, then T satisfies (PS), condition.

Proof. Suppose that {u,} is a (PS), sequence in WO1 P(Q). By
(A,), we have

c+1+0(1) ||un||

> 1 () = 5 (1' (),

+)P*(S)

_(1_1 p (L__1 (u,
‘(p e)"”"” +<9 P*(S)>VJ0 Fils

- JQ <F (1) = éf (x,u,) un> dx
(-5 ) Il

where 6 = min{p, p*(s)}. Hence we conclude that {u,} is a

bounded sequence in WO1 P(Q). So there exists u € WO1 P(Q);
going if necessary to a subsequence, we have

(18)

u, —u in WOI’P Q),
inL’(Q) (1<y<p’),

u, — u a.e. in Q,

U, — u

(19)

n — 00.

By the continuity of embedding, we have IIunllﬁ* < C, < oo.

From [5], going if necessary to a subsequence, one can get that
Vu, — Vu a.e. in Q,

—

% |&

weakly in L? (Q),

pr(s)-2 *(s)-2
Iun| Uy d [ul” €2y
————Tydx — | ———vdx,
Q |x] a x|

xR

Vv e WP (Q)
(20)

asn — 00.By (A,), we know that for any € > 0 there exists
a(e) > 0 such that

|f(x, t) t| <a(e)+ %sltlp* for (x,t) € Q x (0, +00).
1
(21)

Set § := ¢/2a(e) > 0. When E C Q, meas(E) < §, we get

”Ef (x,uy,) undx‘ < JEa(e) dx + 2—(8:1 L |un|P*dx o

<e— 0 as meas(E) — 0.

It follows from Vitali’s theorem that
J f (% u,)u,dx — J f(x,u)udx asn— co. (23)
Q Q
Similarly, we can also get

IF(x,un)dx—>J F(x,u)dx asn—co. (24)
Q Q

Since I'(un) — 0, we have

<II (un) >un>

(u+)P*(S)
= "un"P - ”J n—sd'x - J f(x’un) undx = 0(1) .
o |xl Q
(25)
Let v, := u,, — u, which together with Lemma 6 implies
JHPO 4P
bl - | ) | B
Q |x| Q |x| (26)
- J f,u)udx =o(1).
Q
From (20), we can obtain
+\P"(s)
lim <I’ (un),u> = |lu|? —HJ (u )s dx
n— 00 Q |X| (27)

—J f(x,u)udx =0.
Q



Note that I(u,) — casn — 00, which together with
Lemma 6 implies

10" ()
u j(vn) I
Q

Ly owp Lo
I = - + = -
(u,) pllvnll puun e P

o[ )"
-5 L dx—LF(x,u)dx+o(l)

|x|*
_ T I B
_I(u)+E|lvn|| _P*(S) L} T dx+o(1)
=c+o0(l).
(28)

Therefore, one gets that

I
p*(s) JQ |x®
From (26) and (27), we have

dx=c+o0(1). (29

1
L)+ vl -
p

+)P*(S)

o7 e[ L

—dx=o0(1); (30)
|x|

then IIV,,IIP — 0asn — 00. Otherwise, there exists a sub-
sequence (still denoted by v,)) such that

()"

1im,4j —dx=k k>0 0D
n—o0  Jq |x|

dim [l |” = K,

By (3), we have

NN
v|lf > A ~___dx , VneN; (32)
lvall” = A,
Q

|x[?

then k > A, (k/w)?'?"®). That is, k > AN=9/?=9),(P-N)/(p=9),
It follows from (29) and ¢ < ((p — s)/p(N -
s))A(SN_S)/ =) (P=NIP=5) that I(u) < 0. However, we
have I(u) > 0 by (27) and (A,). We get a contradiction.
Therefore, we can obtain

"Vn”p — 0 asn— oo. (33)
From the discussion above, I satisfies (PS), condition. O

In the following, we shall give some estimates for the
extremal functions. Let

>

o\ P17 (N=P)/ p(p-s)
C,:= [s(N—s)(P) ]

(34)

Define a function ¢ € C;°(€2) such that ¢(x) = 1 for |x| < R,
@(x) =0 for |x| > 2R, 0 < ¢(x) < 1, where B,z(0) C Q. Set

u, (x) =@ (x)U, (x),

U (x) (35)

(Ja (|ue|"*“)/|xls))l/p*(s)’

ve (x) =
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so that JQ(IVSIP*(S)/IxIS) = 1. Then, by using the argument as
used in [5], we can get the following results:

As +C28(N_P)/(P_5) < ”vsllp < As +C38(N_P)/(P_5)) (36)

C48(N_p)r/p(1’_s) < J |ve| dx < CSS(N_p)r/p(p_s),
Q

ISr<p*<1—%>,

C,eNPrIPP) 1n ¢| < j |ve| dx < Coe ™ PP 1 ),
Q
P (1-3)
r= -— 1,
p
- J' Iv,|[dx < Cye PV - DN=rN-plp)
Q

. 1) .
1-—)<r<p.
i (1) re

Moreover, by using the Sobolev embedding theorem and (36),
one can deduce

C4£((P*1)/(P*$))(N*f(pr)/p)

(37)

L |v£|P*dx < CéAf/(N_p) fore — 0. (38)

Lemma 10. Suppose that 0 < s < p. If (A,), (A,) and (7)
hold, then there exists u, € WO1 P(Q), uy # 0, such that

P=S  JN-9/(p=9) (p-N)/(p=s)

AT E )
Proof. We consider the functions
P 76
90 =1(tv) = Dl s = | Flstv)ax
(40)

*

tP (s)
pr(s)

tP
_(t):_ Vsp_
g pll I ~u

Since lim, _, ,g(t) = —00, g(0) = 0, and g(¢) > 0 for t small
enough, sup,.,g(t) is attained for some t, > 0. Therefore, we
have

0=4g (t.)
_ (o) 1
= (I - 7 = L [ f Gt vz
tf™ Ja
(41)
and hence

Ivell? = pt? O + tpi_l L £ (x,tv,) vdx > pt? 7P,
&€

(42)
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Therefore, we obtain

P\ V@ ($)-p)
te < <M) =1, (43)
H

By (A,), we can easily get

If t) <et? " 4d(e)tP, d(e)>0.  (44)

Hence, we can get
[vell” < el 70 +e [Q Itel? PlvlP dx +d (e) jﬂ v [ dx.
(45)
By (36)-(38), when ¢ is small enough, we conclude that
* A
i 2k (46)

On the one hand, from Lemma 7 and (36), it follows that

HVE”P(N—S)/(P—S) < A(SN—S)/(P*S) + C7£(N*S)/(p—s). (47)

On the other hand, the function g(t) attains its maximum
at tg and is increasing in the interval [0, tg]. Note that (A,)
implies F(x,t) > Cg|t|?, which together with (36), (46), and
(47) implies that

< g(tg) - L F(x,tv,)dx

__p-s
Cp(N-s)

- J F(x,tv,)dx
o

_pP=s
p(N-s)

g(t.)

”v ”P(N—S)/(P—S)M(p—N)/(p—s)

(48)

IN

A(N—s)/ (p-9) ‘u(p—N)/(p—s)

+ ng(P_N)/(P_S)s(N_P)/(P_S)

A \P/(2"(-P)
—Cs<75) j v, Pdx.
Q

Furthermore, from (7) and (37), we get
J-Q |VE|PdX > C4£((p*1)/(P*5))(N*P(N*P)/P). (49)

By (7), we have p > p* — p/(p — 1), which implies
N-p_p-1 (N_p(N—p))
p-s p-s p

Therefore, by choosing & small enough, we have

(50)

(N=s)/(p-s)
s) ¢

(p=N)/(p=s)
p (N

stgopl (tve) = g (t.) < u

(51)

Hence, the proof of the lemma is completed by taking v, =

V.

3. Proofs of Main Results

Proof of Theorem 1. Let X := WO1 ?(Q)). From the Sobolev and
Hardy-Sobolev inequalities, we can easily get

P P Juf?" P
l[ully, < Clluell®, dx < Cllul
a |xf
. . (52)
lullf. < Clull®,
Yu e X.
It follows from (A,) that
38, >0, st |fO|<t? Vi>6;
Ve>0, 30<8,<8, st |f@®)|<e?™,
2<00 st 1) -
vt € (0,6,)
M >0, st |f@®)|<M, Vteld,d]

uniformly for all x € Q. Therefore, we deduce that

IfGot)| <t vetf o M <etP 4 (1 +M6;P*)tp*71
(54)

forall t € R* and for x € Q. Then one gets

1 *
|F (x,1)| < I—Jeltlp +Cyoltl” (55)

forall t € R and for x € Q. By (52) and (55) we have

+\P ()
I(u) = lllullp - *M J () —dx — J F(x,u)dx
p pr(s) Ja x| Q
1 Y ACN .
> —|lulf - €||u||‘b—CC flual]?
(56)

for & small enough. So there exists 8 > 0 such that

I(u)>pB VYueodB, = {u € WOI’P (), lull = ”}»
(57)

r > 0 small enough.

By Lemma 10, there exists u, € WO1 P(Q) with u, # 0 such
that

(p-N)/(p-s)

sup I (tu,) < _p=s (N*s)/(pfs)# . (58)

£>0 p(N=-s) °

It follows from the nonnegativity of F(x, t) that

‘©
| b [ )
I Yol B r6 J o)

(tuo) pt ||1/l0|| p* (S)t |x|s d

- J F (x,tuy) dx (59)
o

)P *(s)

. u
— P (S)J —( 0 dx.
Q

1 H
_tP” 0"P | |

p p*(s)



Therefore, lim, _, , . I(tu,) — —00, so we can choose t, > 0

such that
Itotol > 7 I(tou) <O. (60)

By virtue of the Mountain Pass Lemma in [16], there is a
sequence {u,} C X satisfying

I(u,) —c=p  I'(u,)—0, (61)
where
c= }Ing ma>1<I (h(1)),
el te[0,1] (62)
I={heC(0,1],X) | h(0)=0,h(1) = tyup}.
Note that
0 <c=inf I(h(t) < I(tt < I(t
<B<c=inf maxI(h(®)) < max (ttouo) sup (tuy)
« P75 AN N
p(N-s)

(63)

By Lemma 9 we can assume that 4, — uin WO1 P(Q). From

the continuity of I', we know that u is a weak solution of
problem (10). Then (I'(w),u”) = 0, where 4~ = min{u, 0}.
Thus u > 0. Therefore, u is a nonnegative solution of (1). By
the Strong Maximum Principle [17], u is a positive solution of
problem (1). Therefore, Theorem 1 holds. O

Proof of Theorem 2. By Theorem 1, we know that (1) has a
positive solution u,. Set

g(x,t) =—f(x,-t)

It follows from Theorem 1 that the equation

for t € R. (64)

|u+|P* (s)-2
—Apu:‘uTu+g(x,u) (65)
has at least one positive solution v. Let u, = —v; then u, is a
solution of
|u+ |P* (s)-2
~Aju= yTu + f (x,u). (66)

It is obvious that u; #0, u, # 0, and u; # u,. So (1) has at least
two nontrivial solutions. Therefore, Theorem 2 holds. O
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