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We give a brute-force proof of the Kastler-Kalau-Walze type theorem for 7-dimensional manifolds with boundary.

1. Introduction

The noncommutative residue found in [1, 2] plays a promi-
nent role in noncommutative geometry. For one-dimensional
manifolds, the noncommutative residue was discovered by
Adler [3] in connection with geometric aspects of nonlinear
partial differential equations. For arbitrary closed compact
n-dimensional manifolds, the noncommutative residue was
introduced by Wodzicki in [2] using the theory of zeta func-
tions of elliptic pseudodifferential operators. In [4], Connes
used the noncommutative residue to derive a conformal 4-
dimensional Polyakov action analogy. Furthermore, Connes
made a challenging observation that the noncommutative
residue of the square of the inverse of the Dirac operator was
proportional to the Einstein-Hilbert action in [5]. Let s be
the scalar curvature and let Wres denote the noncommutative
residue. Then, the Kastler-Kalau-Walze theorem gives an
operator-theoretic explanation of the gravitational action and
says that, for a 4-dimensional closed spin manifold, there
exists a constant ¢,, such that

Wres (sz) = JM sdvoly,. @)

In [6], Kastler gave a brute-force proof of this theorem. In
[7], Kalau and Walze proved this theorem in the normal
coordinates system simultaneously. And then, Ackermann
proved that the Wodzicki residue Wres(D™?) in turn is

essentially the second coeflicient of the heat kernel expansion
of D* in [8].

On the other hand, Fedosov et al. defined a noncommuta-
tive residue on Boutet de Monvel’s algebra and proved that it
was a unique continuous trace in [9]. In [10], Schrohe gave the
relation between the Dixmier trace and the noncommutative
residue for manifolds with boundary. For an oriented spin
manifold M with boundary 0M, by the composition formula
in Boutet de Monvels algebra and the definition of Wres

[11], Wres[(z"D™1)?] should be the sum of two terms from
interior and boundary of M, where 7 D7 is an element
in Boutet de Monvel’s algebra [11]. It is well known that
the gravitational action for manifolds with boundary is
also the sum of two terms from interior and boundary of
M [12]. Considering the Kastler-Kalau-Walze theorem for
manifolds without boundary, then the term from interior
is proportional to gravitational action from interior, so it is
natural to hope to get the gravitational action for manifolds
with boundary by computing Wres[(77* D™")*]. Based on the
motivation, Wang [13] proved a Kastler-Kalau-Walze type
theorem for 4-dimensional spin manifolds with boundary

— N2 Q
Wres [(71+D 1) ] = —?3 JM sdvol,,, (2)
where Q); is the canonical volume of . Furthermore, Wang

[14] found a Kastler-Kalau-Walze type theorem for higher
dimensional manifolds with boundary and generalized the
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definition of lower-dimensional volumes in [15] to mani-
folds with boundary. For 5-dimensional spin manifolds with
boundary [14], Wang got

P N2 i
Wres [(n*D %) ] = ?szolaM, 3)
and for 6-dimensional spin manifolds with boundary,
—_— o\2 50
Wres [(n*D 2) ] = —TS JM sdvoly,. (4)

In order to get the boundary term, we computed the
lower-dimensional volume Volém) for 6-dimensional spin
manifolds with boundary associated with D land D% in [16]
and obtained the volume with the boundary term

— _ _ 5Q
Wres [7‘[+D L.a'D 3] = _74,[ sdvol,,
M
)
+71Qs J Kdvoly,,,
oM

where K is the extrinsic curvature.

In [17], Wang proved a Kastler-Kalau-Walze type the-
orem for general form perturbations and the conformal
perturbations of Dirac operators for compact manifolds with
or without boundary. Let M be 4-dimensional compact
manifolds with the boundary oM and let ¥ be a general
differential form on M, from Theorem 10 in [17]; then

Wres [(ﬂJr(D«\y)-l)z]

= 47° JM Tr [—15—2 - EC(\P)C (e)c(¥)c(e) (6)

(e (\y))z] dvoly,.

Recently, we computed Wres[z*D” - 7* D] for n-
dimensional spin manifolds with boundary in case of n— p, —
P, < 2.1In the present paper, we will restrict our attention to
the case of n — p; — p, = 3. We compute Wres[(n* D7%)?] for
7-dimensional manifolds with boundary. Our main result is
as follows.

Main Theorem. The following identity for 7-dimensional
manifolds with boundary holds:

Wres [(n+D_2)2]
(7)

4
47 77
= H_J <——K2 - 49sp5 - =55 >dvola ,

a8 Jo, \" 2 T g oM b

where s, and s, ~are, respectively, scalar curvatures on
M and 9d,;. Compared with the previous results, up to the
extrinsic curvature, the scalar curvature on 0,, and the
scalar curvature on M appear in the boundary term. This
case essentially makes the whole calculations more difficult,
and the boundary term is the sum of fifteen terms. As in
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computations of the boundary term, we will consider some
new traces of multiplication of Clifford elements. And the
inverse 4-order symbol of the Dirac operator and higher
derivatives of -l-order and -3-order symbols of the Dirac
operators will be extensively used.

This paper is organized as follows. In Section 2, we
define lower-dimensional volumes of compact Riemannian
manifolds with boundary. In Section 3, for 7-dimensional
spin manifolds with boundary and the associated Dirac
operators, we compute Wres[(7"D™%)?] and get a Kastler-
Kalau-Walze type theorem in this case.

2. Lower-Dimensional Volumes of Spin
Manifolds with Boundary

In this section, we consider an n-dimensional oriented
Riemannian manifold (M, g™) with boundary 9,, equipped
with a fixed spin structure. We assume that the metric g™ on
M has the following form near the boundary:

A Tr

g™ +dx;, 8)

where g is the metric on M. Let U C M be a collar
neighborhood of M which is diffeomorphic M x [0, 1). By
the definition of h(x,) € C*([0,1)) and h(x,) > 0, there
exists i € C®((~¢, 1)) such that E|[0’1) = hand h > 0 for
some sufficiently small ¢ > 0. Then, there exists a metric
gon M = M|Jy,0M x (~¢&0] which has the form on
U Upp OM x (—¢,0]

+dx,, 9)

such that gl,, = g. We fix a metric § on the M such that
gl =g

Let us give the expression of Dirac operators near the
boundary. Set E,, = 0/0x,, and E; = v/h(x,)E; (1 < j <n-1),
where {E,,...,E,_,} are orthonormal basis of T,,. Let V*
denote the Levi-Civita connection about g™. In the local
coordinates {x;; 1 < i < n} and the fixed orthonormal frame
{E,,...,E,}, the connection matrix (w,,) is defined by

Vi(Ey.. . E,) = (w) (E.. . E,) (10)

D= Ye(E) B You (B)e(E)e(E)|-

By Lemma 6.1 in [18] and Propositions 2.2 and 2.4 in [19], we
have the following lemma.
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Lemmal. Let f = (1/Vh) and M = IX ¢ M be a Riemannian

manifold with the metric g, = dx’+ f*(x,)g. For vector fields
X andY in L (M), then

(1) 63)‘ axn = 0;

) Y, X=Vx0, =(h)'X; 12)
X, Y

3) Vyy=vly-Z ( )grad ).

t —
Denote A s =

following lemma.

2<V§]’_BMES,Et); then we obtain the

Lemma 2. The following identity holds:

Ly = W
(1) (Vgiaxn,Ep:_E;
- W
@) (VgE;0,) = (13)
- = Vh
L
3) <ijES,Et>=7A§S.

Others are zeros.
By Lemma 2, we have the following definition.

Definition 3. The following identity holds in the coordinates
near the boundary:

noo oy
D= ZC(Eﬁ) Eg~ e (dx,)
po1

IS A (F)e(F)e ().

s,a,B<n

(14)

To define the lower-dimensional volume, some basic facts
and formulae about Boutet de Monvel’s calculus which can be
found in Section 2 in [11] are needed.

Denote by

F:L*(R,) — L*(R,); Fu)(v) = Je_mu (t)dt (15)
the Fourier transformation and ®(R*) = r*®(R) (similarly,
define ®(R™)), where ®(R) denotes the Schwartz space and
r+:C°°(R)—>C°°(F); f— fIR¥%
(16)
RY = {x>0;x € R}.

We define H* = F(®(R*)) and H, = F(®(R")) which are
orthogonal to each other. We have the following property: h €
H +(H(; ) iff h € C™(R) which has an analytic extension to

the lower (upper) complex half-plane {Im & < 0} ({Im & > 0})
such that, for all nonnegative integers [,

d'h 2d (¢
&~ 2 (&) )
as |&] — +00,Im& <0 (Imé& > 0).

Let H' be the space of all polynomials and let H~ =
Hy ® H; H = H" ® H . Denote by 7" (77), respectively,
the projection on H"(H"). For calculations, we take H =
H = {rational functions having no poles on the real axis}
(H is a dense set in the topology of H). Then, on H,

J SLICIR P

nh(&) = L lim B vt

2mMiu—0"

where I'* is a Jordan close curve which included Im& > 0
surrounding all the singularities of & in the upper half-plane
and £, € R. Similarly, define 7’ on H:
1
= | h®E (19)

2m Jr

So,'(H") = 0.For h € HNL'(R), n'h = (1/27) [, h(v)dv
and forh e H"(L'(R), n'h = 0.

Let M be an n-dimensional compact oriented manifold
with boundary oM. Denote by % Boutet de Monvel’s algebra;
we recall the main theorem in [9].

Theorem 4 (Fedosov-Golse-Leichtnam-Schrohe). Let X and
0X be connected, let dim X = n > 3, and let A = (’”%’fG IS<) €
B, and denote by p, b, and s the local symbols of P, G, and S,
respectively. Define

Wres (A) = L L try [p_, (6. 5)] o0 () dx

eom [ (b (+.8)
+ trg [sl_n (x', f')]} o (E’) dx'.
(20)

Then, (a) Wres([A, B]) = 0, forany A, B € 9; (b) it is a unique
continuous trace on BB,

Let p, and p, be nonnegative integers and let p, + p, < n.
Then, by Section 2.1 of [13], we have the following definition.

Definition 5. Lower-dimensional volumes of spin manifolds
with boundary are defined by

Volzpl’pz)M = Wres [7-[+D_p1 . 7'[+D_P2] . (21)

Denote by 0;(A) the I-order symbol of an operator A. An
application of (2.1.4) in [11] shows that

Wees [x'D " - ' D]

- j J tracegiryy [0, (D77772)] 0 (§) dx + J o,
M Jig=1 M
(22)



where
(_i)|a|+j+k+1

+00 OO
©= J J ———— trace
I§'1=1 J—-co j,kz:o Z al (j+k+1) S(TM)

<[, 5060, (D7) (x,0.8.,)
x 950]" 0} 0 (D7)
x (x',0,8,€,) | dE,o (&) dx',
(23)

and the sum is taken over r —k +|a| + € - j—1 = —n,v < —p,
£<-p,.

3. A Kastler-Kalau-Walze Type Theorem for 7-
Dimensional Spin Manifolds with Boundary

In this section, we compute the lower-dimensional volume
for 7-dimensional compact manifolds with boundary and get
a Kastler-Kalau-Walze type formula in this case. From now
on, we always assume that M carries a spin structure so that
the spinor bundle and the Dirac operator are defined on M.

The following proposition is the key of the computa-
tion of lower-dimensional volumes of spin manifolds with
boundary.

Proposition 6 (see [14]). The following identity holds:

(1) when p, + p, =n, then, Volilpl’pZ)M = ¢ Voly;

(2) when p, + p, =n mod 1, Volzp"pZ)M = J .
oM
(24)

Nextly, for 7-dimensional spin manifolds with boundary,

we compute Volgz’z). By Proposition 6, for 7-dimensional
compact manifolds with boundary, we have

— 2
Wres | (D)7 | = j o. 25
(D))=, (29)
Recall the Dirac operator D of Definition 3. Write
D = (—v=D)"a%

2 e (26)
o (D?) = p, + py + pos a(D')=Zq_j.
=1

By the composition formula of pseudodifferential operators,
then we have

1=0(D*-D7?)
1. . )
=2 1% o (PY)] P[0 (D7)
=(p+pi+P0)(gatqgs+qgat-)
+ Z (agjpz + agjpl + aE]po)
j

X (Dx]-q—Z + ijq—3 + ijq—él +- )
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+ Zasiaij (P2 + Py + o) Dxli]-
ij
X(q+qs+qat-)

=Pgat <P2‘1—3 tPgt ZanPZijq—2>
J
+ <P2‘1—4 + P19-3t Poqgo t Zasjpszﬂ—s
i

+ Zagjplequ + Z ag;iafjpszlijq2> .
]

ij=1
(27)
Thus, we get
42= P
1 [ n
93="P | P92~ izaszzaxﬂ—z ;
L j=1
4 =P, | Podz + Prds ~ izaszzaxﬂ—3
I = (28)

- iZagjplaqu,z

=

1 &
_E ZaiiafjpzaxiaqufZ .
ij=1

Define I* = ¥, .., .., 679" (V50,,9) + Y., 9" (V5 0,
0;) and ak(xO = (1/4) X, 0,4(9,)c(€))c(e;). By Theorem 1in
[6] and Lemma 2.1 in [13], we have the following.

Lemma 7. Consider the symbol of the Dirac operator

o (D) = ¢
0.5 (D) = VIl (* - 20)

~ V1| 287, 840,9"
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04 (D_z) = —|‘f|_6fﬂfv (I —20") (1" - 20")
2l E b (I - 207) 3
+ |§|74 (a"ﬂa# + o‘"aﬂ - F“oﬂ) - }l|£|745 (x)
- 208 g, (I - 207)
+ 128|081 E 88 50 g0 g
— e E £ Es07 g0 g
— e £ g
+ |08 & (1 - 20%) 27 g%
|E| 5 Eﬁgyvax af
+ 2|5|_85a5ﬁfy§59’wa ﬁaxg >
(29)
where
0, if k <m
rt (xo) =
3h’ (0) En’ lfk = T’l,
(30)
; —h ©0) Y & (@) (&), ifk<n
o (xO) = k<n
0, ifk=n.

Since @ is a global form on dM, so for any fixed point
X, € OM, we can choose the normal coordinates U of x, in
OM (not in M) and compute ®(x,) in the coordinates U =
U x [0, 1) and the metric (l/h(xn))gaM + dxi. The dual metric
of g™ on U is h(x,,) g™ + dx?. Write gf}/[ = gM(a/ax,-,a/ij)

and 93\];1 = gM(dx,udxj); then,

1 oM
- |

0 1

) =[] <], &

axsg?jM(xO) =0, 1<ij<n-1; gi\?(xo) =

Let {E,,....E
in U about g™

.1} be an orthonormal frame field
which is parallel along geodesics and
E; = (0/0x;)(x,); then, {E, Vh(x)E,,.. ,E,, =
Vh(x,)E, ,E, = dx,} is the orthonormal frame field
in U about gM. Locally, S(TM) | U = U x A&(n[2). Let
{fi>--., f,,} be the orthonormal basis of A’,(1/2). Take a spin

frame field 0 : U — Spin(M) such that 7o = {E:,...,E;},
where 7 : Spin(M) — O(M) is a double covering; then,
{lo, f;1,1 < i < 6} is an orthonormal frame of S(T'M)|g.
In the following, since the global form @ is independent of
the choice of the local frame, we can compute trgry, in the

frame {[o, f;],1 < i < 6}. Let {El,...,f?n} be the canonical
basis of R" and let c(E,) € ce(n) = Hom(AS(1/2), AE(n/2))
be the Clifford action. By [13], then

)] = [o.(c(E:)) £]; (32)

then, we have (9/0x;)c(E;) = 0 in the above frame. By Lemma
2.2 in [13], we have the following.

Lemma 8. With the metric g™

2 0,
ax]- (|E|gM) (xo) = {h’

0., e (®)] (x0) =

on M near the boundary,

if j<n

O Lo ifi=n
(33)

0, if j <m
0x, (¢(&')) (xa)» i j =,
where = & + & dx,,.
Then, the following lemma is introduced.

Lemma 9. The following identity holds:

(x0), ifi<m
a, [A“ = | P 34
A% ] (x0) {0) Fion (34)

Proof. From Lemma 5.7 in [20], we have
Bs Rﬁlsotxl +0 (lxl ) . (35)

Then, we obtain d,, [A%](x,) = ﬁlsa(xo) ]
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Lemma 10. Let g™ be the metric on 7-dimensional spin
manifolds M near the boundary; then,

ZRzyzk (xO

1<fl

ify<n, k<mn

ark(X)' = {0 ify<n k=mn
Xy 0 1€)=1 0) 1fy o k< n:
WO - 2O, ify=nk=n,
axyak(x0)|lf'|:1
Q ZRkyst xO) ( ) (E)) lf)/<m k<m
s#t<n
0, ify<n, k=mn;
300 2 1.y
N ;ﬂ(g(h )" - ;h (0)>
x c(E,)c(E,), ify=n k<n
1 ! 2
§t<n<(h (0) - 1" ©)
XC(E)C(E) ify=n, k=n.
(36)

Proof. From Lemma 2.3 in [13], we have

k= Z Zgijglk(Véaj,al) + Zglk(VaLnan,aD- (37)

i,j<n l<n I<n
Then,
2,1 = 3 o, (o) g 5%0.00
i,j<n I<n
+ ) g%, (4") (%0,
i,j<n I<n
Y Y ald", (vEa,a) (38)
i,j<n I<n
+ lZaxy (9") (V50,0
<n
+ g%, ((V50,,3)).
I<n
Let H,, = (9,,E,) = 1, H, = (3,E;) = 0,and H;; =
0, Ear = (1/+/h(x,))(0;, E;);,, - Then,
(%39,0) =V, (0 E;)) E;,)- (3 E,)) Ey)

= ai (<a]’E]1 >) <al’ E11> <Ej1’ E11>
+(0E,) (9.E;) (BELE) (9
=0, (Hy,) (9 Ey) 8}

+(0E,) (9,E; ) (% E; . By)
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Wheni<n, j<n,

(V59501) (x0) = 3 (Hy,) 0, E;)) (x,)
+ (3, By )(0;, E; (Vo E; , By ) (x,)

- 6;1 6; <VBLIEZ’ E:> (xO) (40)

h(xo)

I
= A (x0) =0,

(V50,01 (x) = 0.

Then
axyrk (xO)
- ZZ 9, ({50591 (xo) + IZaxy ((95,0,59)) (xo)

=0,0;(Hy;,) (3, E,) + 9 (H;;,) 0, ({0, F;,)) (%)
+(0,((%E,)) (9, E;,) + (2 E,) 0, ({9, E;)))
x (Vo E;, By, ) (xo)

+(0.5,) (9, E;,) 0, ((Vo . By ) (o)

+0,0; (Hy, ) (B} + 9 (Ho, ) 9, (€3 B;)) (x0)
+(0,((0. B)) (0 E,.) + (0. B ) 9, (00 Eny )
x (V. Enpp By (%0)

+(0E,) (00 B,y ) 0, ((V3 En By ) ) (o)

= 0,0, (Hy) (xo) + 3, ((V,E;, Er)) (o)

- YR (s 0)+ay< hz(x")A’,.j>(x0)
zl<n

= _ZRzyzk (xo

1<n

(41)

Similarly, when y < n,k =n,ory =n, k < n, axyI‘k(xO) =0.
Wheny = k = n,9, T"(xo) = 31" (0) - (9/2) (W' (0))*.
On the other hand, from definitions (10) and (11), then

o ()= 1Yo @e(B)e(E). )
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Wheny < n,k < n, Wheny =n,
Oy, (0*3 (D_Z)) (x0)||z'|:1
9. o 2il’ (0 1, NP '
x, O (xo) _ (11+ ;2))3 <_Eh (0) ];lfkc (ek) c (en) +3h (0) f,,)
1 — —
-0, (100 @ (B)e(F) ) i
S,k (1 + 52)2

Lo, (zw (ak)> (x0)e (E)< (E) ) ( o (50~ 2 o)

1 3 2 1 — —
== Z ax ws,t (ak) + Z ax ws,t (ak) - 2Ek <_(hl (0)) - _h” (0)> ZC (En) c (Et)
4 s,t<n Y s=n,t<n ! 8 4 t<n
— — 1 2 — —
+ Z 0, w, (ak)> (x) ¢ (Es) c (Et) —an ((h’ (0)) -n (0)) Z c (ES) c (Et)>
s<m,t=n Y s#Ft<n
45
1 ) (45)
== ( Zax (V¥ EE)c (E:)C(E:) Proof. When y < n, from Lemmas 7 and 8 and
4\ T axy (c(dxj)) (x9) = 0, we get
L & 7\ (T . (T _
+ s:nzt<naxy (Vaxk Es’ Et>c (Es) ¢ (Et) axy (0'73 (D 2))
=0, (V=11 g (1 - 20") - V=1[E|*287¢,849,9)
+ o, (Vr ELE)c(E,)c(E,) | (x _
S<nz,t::n o t ( ) ( t)> ( O) = _\/__1|E| 4Ekaxy (rk B 20k>
-6 : P
) h(x,) - VE1[E] 2878 &40, 9,9
- ‘_1 Z ay 2 Atks (xO) —4 k k n n
s = V=1 (8o, (I - 20") +£,0, (I" - 20"))
1 o =\ (7 — V=1|E[ 28 0, 0.9
=3 Z Ry, (x0)c(E)c(E). €] 288,840, 9;9
s#t<n (46)
Substituting Lemma 10 into (47), conclusion (45) then follows
easily. Similarly, we can obtain (45). O
Similarly, when y = n, k < n, 0, 0%(x,) = .
L " o v Next, we can compute @ (see formula (23) for definition
2tn((3/8)(H(0))” = (1/4)h7(0))c(E,)c(E,). When y < 1, of ®). Since the sum is taken over —r — £ + 1+ k + j + || = 7,
k = n, axka(xo) = 0. Wheny = k = n, axka(xo) = r,£ < -2, then we have that Ia ® is the sum of the following
(1/8) ZK,l((h'(O))2 - h”(O))c(E)c(E). O fifteen cases.
Lemma 11. When y < n, Casel. Considerr = -2, =-2,k=0,j=1,and |a] = 1.
From (23), we have
Case 1
ax o- D72 (X ) ’ : +00
y( (D7) (% ‘|§ =1 _ LJ' j Y trace [0, %! o, (D7)
s5ig ; 2 =1 Jooo 1024 T (47)
"6 2)2 ZR";\?" (%) o 52 -2
(1+&) i X 030; 0_, (D7)
i & Fy - —_ ' !
- R (xo)c(E;)c(E x(x)d{nof dx’.
4 (1 i 55)25#2’1 kySt( 0) ( ) ( t) 0 ( )

By Lemma 8, for i < n, we have

2i 1 N y 2 -
t3 (1+ 55)3 a;n (R,-a(xj;; (%) + R,-a;;j“ (x0)> §i8a8p- 0,0, (Di ) (x0) = 0y, (|E| 2) (%) = 0. (48)

(44) So Case 1 vanishes.



Case 2. Considerr = -2, =-2,k=0, j=2,and|«| =0.
From (23), we have

Case 2

= é J roo Ztrace [aﬁ 71,2r o, (D_Z)
[§'1=1 J—-c0 =2 "o
(49)

x 3,0,(D7)]
x (x,) d&,0 (E') dx'.
By Lemma 7, a simple computation shows

i 1 248, - 248,
0, 02(D) o), =, ( 1 +ff,> T a+e)

> (50)

2

0,05 (D7) (xp) = | Elsaxn (I817) 3., (18*) (xo)

7, ()
&
_200) K

1+8)7° 1+

(%) (51)

By (18) and the Cauchy integral formula, then

ﬂ+[ c(®) ]
lavey
o [c (&) +&,c(dx,) ]
Ly

i | (et )
2miu—0- Jp+ (n, +1)" (&, +iu—n,)

(52)
x (’711 - i)_2> drln
[ @) + nuedx,) ]“’
(nn + i)z(fn - nn)

- ic (f') c (E') +ic (dx,)
4 (En - l) 4({;’1 - 1)2 .

1, =i

Similarly, we obtain

R
Sla+e? | ag, -

.\ [ 1 ] ~3iE2 — 98, + 8i
7T£n = .

a+ey | 16E,-i)’

(53)

Abstract and Applied Analysis
From (51) and (53), we get

ainﬂgnU*Z(D_z)(xO)'|E'|=1

| 308 - 9E, + 8i (54)

8(, - i)’

2 +iE,

e O

(W (0)" +

Note that tr[id] = 8; then, from (50), (54), and direct
computations, we obtain

trace [} 71} 0_,(D)3; 0_,(D%)] (x0)|| "

(-3i&. - 9E, + 8i) (24&, - 24E))
&, -iYa+&) (55)

= (' O)

. _ 3
N (4 +2iE,) (224£n 2:1&”).
(En - l) (1 + Eer)

Therefore,
Case 2
i

' 2
= ()

S [ (o6, a5, -216)

x (& -)°(1+ 5j)4)_1> d&,0 (&) dx’

i
—h" (0
L)

oo (4-+2i,) (248, - 2482)
JIE’I=1 J

") b o (¢ !
o (G- )1+ E) (&)

- é(h' ©0)°0;

d& dx’'

J (-3i2 - 9E, + 8i) (24&, - 24E))
X
r (gn - i)7(En + i)4

i (4 + 2iE,) (24sn - 2453) ,
-h"(0)Q dé d
g 00| E -0 @+ "

i/, 2271
=—(h (0)) —

s O

Qsdx’
EYI:i

) [ (=3iE2 — 9E, + 8i)(24E, — 248)) ](6’
&, +i)'

271

i”
Lu o) 22
teh O
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Q.dx’'

[ (4 +2iE,) (24¢,
X
Eu=i

(& +i)*

- 248)) ](5)

7 2 3
- (504 @) = 21" ) msdx
(56)
where Qs is the canonical volume of S°.
Case 3. Considerr =-2,¢=-2,k=0, j=0,and |a] = 2.
From (23), we have

Case 3

_ J J+OO Z trace [a“n+0
== ¢ >
2 e ) 22 b,

x (D7) 80 0., (D))

x (x,) d&,0 (E') dx’.
(57)

By Lemma 7, a simple computation shows

?’“—Z(D_z)(xo)hfw:l - afjaifa-z(D_z)(x°)|

1§'1=1

= % 9, (1€°) (xo0)

2

+E2) 3 5 (|£| )aE (|£| )(xo)

—26{ 8
Saeey aepy

(58)
By (53) and (58), we obtain
(2+it,)0]
2(8, ~ i)’
~3iE> - 9k, + 8i
t—
2(£n - l)
On the other hand, by Lemmas 7 and 8, we obtain

ng"ag,a,z(sz)(xo)'lf,lzl =
(59)

Eigj'

(D-2)<xo>||£,|:1

(|£| ) (x0)

52zxx

2
Psxﬁﬂ)

LY (R (o) +

3(1 + Eﬁ) a,B<n

(|E|2) (xo)

R%a (xo)) £.8p

2(h (0))
(1 + &y

(60)

Hence, in this case,

350,05 (D ) (x0)| o,

—4¢, o -

= m%ﬁzn (Riaj[; (o) + Riﬁj“ (xo)) &8s -
WO
(1+ EZ .

From (59), (61), and direct computations, we obtain

D)2 0. (07)] (1)
—4&, - 2iE?
= % Z ( iojf (xO)

38, =) (1+&3) apen

trace [ag‘, 0, (

RO (%)) £

~16iE,, + 18&> + 6iE>
+
3, -’ + &)

x Y (R (o) +

a,B<n

(W @)

R, (o) ) €& €.
~12¢, - 6iE’
&, -’ +&)

2—48iE, + 548 + 18iE>
& -i’a+e"

+ (1 ()

(62)

Similar to (16) in [6], we have

e -

where [*"*#] stands for the sum of products of g""B determined
by all “pairings” of uvaf3 and ¢, is a constant. Using the
integration over $° and the shorthand J = (1/7°) .[95 &>y, we
obtain Qg = 7°. Let sa,, De the scalar curvature d,;; then,

O Y i R G

O\I'-‘

> R?(Zﬂ(xO)J S Egbbio () =cn’
i, j,f<n &'=1

(64)
YR (%) (656{ +0L0%+ 55;5;) -

i,a,7,<n
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where ¢ is a constant. Therefore,

Case 3

i too_gf 2482
-Q S s . |
2 5<55M Lx, 9(E, - i)’ (1 + &)’ &

2 [0 4iE, - 98 - 3iE)
O] ey E)

i omi [ -4k, - 2i82 1Y
=50 oy | o7 o
2 ar [ o, + )
3 53 :|(6)

227i | 4, — 982 - 3i
K (0) "
{ ) [ (&, +i)’

&,=i

> dx’
£n=i

(65)

= 2 0’ + L0 005,

Om .
where Y, ., R;jjj(xo) is the scalar curvature s .

Case 4. Considerr = -2, =-2,k=1,j=1,and |a| =0
From (23) and the Leibniz rule, we obtain

Case 4

iJ Jm [0, 9
= - trace Ty O_
6 Jig'i=1 J-co T

(66)
x(D7)2;,0,,02 (D7)
x (xp) d&,0 (&) dx'.
By (54), we obtain
0y, 0 115 05 (D7) (xo)| L, = H' (0) ——5 @
(f ~i)’
From (50) and (51), we obtain
02.9,,0,(D)x0)|, = (0) ?11250;)% . (68)
Therefore,
Case 4
_ é(h' )’

oo _24 — 8iE, +120§2+4Oz£f,
lef’llj (E,,—z) (1+ff, 40 (E)

Abstract and Applied Analysis

(h (0))2 27i

Q.dx’

24 — 8iE, + 12082 + 40iE ](6)
En:i

€, +i)

_ _g(h’ (0)) 7Q5dx.

(69)

Case 5. Considerr =-2,£=-2,k=1,j=0,and |«| = 1.
From (23), we have

Case 5
) % JI£’|=1 Jloo |;1trace (00, 7¢ 0,
x (D7?)0%0; 0, 0, (D?)]
x (xy) d€,0 (f') dx'.
(70)
From Lemmas 7 and 8, for i < n, we obtain
00,02 (D) (%),
-1
:7”( )G (71)
2
( ) (|E| )(xo

ey %
Therefore, Case 5 vanishes.

Case 6. Considerr = -2, =-2,k=2, j=0,and |a| =0
From (23), we have

Case 6

_: J roo Ztrace [82 o
6 Jie ) &8 2

0 k=2

(p7)a,
(72)
<o, (0)

x (x,) d&,0 (E') dx’.

From (50)-(53), we have

3 15 0 5(D7)(xo)| o, = (73)

Tt
(En - i)3 ’

45 W' (xo) L 125,00
F=L (14 82)’ L+t

2 0, (D7)(xo))|

(74)
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Therefore,

Case 6

i
=K' (0)

o,
* JI&’Izl Lo & -i) 1+

i, 2
+ g(h (0))

e 96i§ N g
X LEIl:l J_oo (En ~ 1)3(1 + Eﬁ)4 Ena (6 ) X
= l ( )_27'[1 [ —328, ](5) Q.dx’
6 G+’ ] [
(6)
22mi | 96i¢ '
—_— z Q.d
L0 ) [ o | e

3 " 7 ! !
= (-1 @+ 5(H ©) ) m2sd’

Case 7. Considerr = -2,€ = -3,k =0, j =1, and |«
From (23) and the Leibniz rule, we obtain

Case 7
-1 J JH)O trace [a 0, h O
2 €1=1 J-co &%, &0 2
x (D)o, 0.5 (D7)]
x (x,) d&,0 (E') dx'
+00
== J’|§'|=1 J-—oo trace [aﬁnaxnngno,z
x(D?)o(D7)]
x (x,) d&,0 (E') dx

By Lemma 8, we have

2+,

+ -2 N
75 0., 0 2(D ) (x0)| Ly = W' (0) ——"5 o

Then,

4 +iE,

2(8, - )"

0 ¢ 0,02y, =1 (©)

dé,o (&) dx’

11
In the normal coordinate, gij (x0) = 6{ and ax]_ (g“ﬁ )(xo) =

0,if j < n = h(0)8%, if j = n. By Lemma A.2 in [13] and
Lemma 7, we obtain

03 (sz)

= ~ V=L - 265 ()|,

Cco)l gy

~VEIII 28 8,800,0™ (x0)| o

=0.

(75) - o Yec@)e(E) + 31 0,
e (30 e et@)
_2iH (0)€,
(1+8)"
(79)
We note that -[IE’I:I & bagn a(&") = 0, so the first term
in (79) has no contribution for computing Case 7. Combining
(78), (79), and direct computations, we obtain
trace [agnaxnngno,z (D) o5 (D7?)] (x)
_ () ~80iE,, + 20> — 48iE> + 128" (80)
€& -'a+e’
Therefore,
(76) Case 7
1 ' 2
=—=h(0
2( (0))
x J j ( (~80iE,, + 208, — 48iE, + 12,
=1 J-co
-1
x (€& -0'a+&)) ) dg,o (&) dx
1,., 2271
=——(h (0)) —
(77) 2( ) 6!
~80i&, + 2082 - 48i&> + 12¢1 | .
X — Q.dx
(En + l) En:i
21/, 2 ’
=—(h (0)) 7Q:dx .
o8) g (1 ©) 70

(81)
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Case 8. Considerr =-2,£=-3,k=0, j=0,and |a| = 1. Case 9. Considerr =-2,¢=-3,k=1,j=0,and ¢| =0
From (23) and the Leibniz rule, we obtain From (23) and the Leibniz rule, we obtain
Case 8 Case 9
+oo _ 1 J Jm Z trace [a o (D_Z)
o Jli’l 1 J 2. trace [0 0, (D7) 2 i1 oo 102 e
0 al=1
D2
<%0 (D7) x0,0,,05 (D7)
! !
x (xp) dE,0 () dx’ (82) () dE,o (&) dx
+00 1 J J+Oo 2 _+ -2 -2
a -2 == trace [0y m; 0_, (D “)0, 0_5(D
= JIEI 1«[—00 lg::ltrace [afnag,ngna_z (D ) 2 Jigm1 oo lg::l [ &8, 2( ) " 3( )]
% a - ( ,2)] X (XO) d£n0 (gl) dx’.
’ (87)
x (x,) d&,0 (5’) dx’. From (73), we have
. . 2+ -2 _ —l
By Lemma 7, a simple computation shows 0 1z 0_5(D )(xo)’| flet = (E,,Tf (88)
a?,a,z(sz)(xO)hg,l:l = a‘fio,z(sz)(xO)|I‘E,|:1 Combining (45) and (88), we obtain
2+ -2 -2
g | (83) trace [afnngno:z (D7?)o, 0.5(D7?)] (xo)'lf’|=1
1+&2
(1+5) (W) (848, + 365} 250" (O (89)
From (53) and (83), we obtain - &, -1+ 53)3 (&, -i)(1+ 55)2
o _ - Therefore,
3 o} 0_,(D 2)(xo)|m:1 = 0,0 ,(D 2)(x0)||5,|=1
Case 9
S3-ib 5 L
Z(E —i)’ = E(h’(o))
By (44), (84), and direct computations, we obtain +oo  (84E, + 36531
y p “Joul (f( X sz)f o (&) &
[€'1=1 J-c0 —-1)7(1+
trace [agnag‘, M O, (sz) 0504 (sz)] (%) nt !
Ln 0
o 8E,—24i +5h7(0)
- o 3 213
3(571 l) (l + gn) +oo _24£n d ! d !
O (85) X ,31 N2 Ena(g) X
x Z (Rioc]ﬁ (%) +R,ﬁ](x ('xO))EiEoncgﬁ 1=t oo (8, —1)"(1+ &)
a,B<n 3
84 36
, @O _ BAGH306, g (90)
30i - 108, 2 (R N <)
+ —zz iyik (xO) Ekf " n
3(571 - 1) (1 +E ) i<n 1 —245
RO, [
From (63), (64), and (85), we obtain 2 (&, -1 (1+&2)
(5)
teo 15 -5 1 2mi [ 848, + 368
Case 8= 55,0 | i TN, =)y [E—f] 0, dx’
9 - (En_l) (1+£,21) 2 5! (£n+l) £ =i
. (4)
1 _
= S = [ o ] Odx' (86) +2H" (0) @[ 24{.”2] 05dy’
A LE+ ] 2 &+
5 9. n 27 /1 2 i
Es Qs dx'. = <§h (0) - E(h (0)) )HQde .
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Case 10. Considerr = -3, =-2,k=0,j=1,and |a| = 0.
From (23), we have

Case 10

) _% J roo ace [ax n§ s (1}2) ag o, (sz)]
le'|=1 o '

—00

x (x,) d&,0 (E') dx’.
o1

>

By the Leibniz rule, trace property, and “++” and “- -’
vanishing after the integration over &, in [9], then

on trace [axn ”gn0—3 (D—Z) agn(f_z (D_Z)] d¢,

= [wace[p, 0 (D) Fos (D)) 08, 2

—00

[ trace [0 (D) mt 0 (07)]

—00
Combining these assertions, we obtain

Case 10
= Case 9

1 +00 5
-3 J'|5'|=1 j trace [axncr,3 (D )

—00

x0; 0, (D7?)] d,0 (&) dx'.
(93)

By Lemma 7, a simple computation shows

68 -2
S g

Combining (45) and (94), we obtain

3 05(D7) ()] (94)
trace [axna_3 (D_z) agnff_z (D_Z)] (%)

84if, + 36iE. ) (-2 + 6£2)

(1+8)° (95)
24iE, (2 - 6£2)
(1+g)y

= (n <0>>2(

+H"(0)

We note that
+oo (84ik,, + 36iE)) (-2 + 6£7)
L. (1+8)°
2ni [ (84iE, + 36i, ) (-2 + 6£2) ]
s (& +i)°

dé

n

(5)
—0, (96)
&,=i

n

+00 24iE,, (2 - 6£7)
[
-0 (1+8)

13

Therefore,
9 27 2
Case 10 = (5}1" (0) - E(h’ (0)) )nQde'. (97)

Case 1. Considerr =-3,£=-2,k=0,j=0,and |«| =1.
From (23), we have

Case 11
+00 " . S
= J|,s'|:1 J_OO |042:1trace [afynfn0_3 (D )

x 350 0, (D7)]

x (xy) d&,0 (&) dx’.

(98)

By Lemma 8, for i < n, we have

axia—z (D_z) (xo) = axi (lfliz) (xo) =0. (99)

So Case 11 vanishes.

Case 12. Considerr = -3,¢ =-2,k=1, j=0,and |x| = 0.
From (23) and the Leibniz rule, we have

Case 12
=3 o L el s (07) 3000 (07)
x (x5) d&,0 (&) dx’
=5 oy, [ celrion (077 0,0 (07)
x (x0) dE,0 (£') dx'.

(100)

>

By the Leibniz rule, trace property, and “++” and “- -’
vanishing after the integration over &, in [9], then

on trace [ﬂgn0_3 (D_z) agznaxna—z (D_z)] dé,,

= J trace [0,3 (D_z) agznax,,a—z (D_Z)] d&,

—00
+00
_ J- trace [0 5 (D7) a?naxnngna,z (D7?)] &,
—00
(101)
Combining these assertions, we see

Case 12 = Case 7

+00
Ao [ el (02) 0.0 (0)

—00

x (xy) dE,0 (£) dx'.
(102)



14

From (68) and direct computations, we obtain

- 208 ,
o ;)Zh (0). (103)

Combining (79) and (103), we obtain

agnaxna—Z(D_z)(xo)||§'|:1 -

trace [0,3 (D_z) a§naxﬂa,2 (D_Z)] (x0)
() —20iE, + 88iE> + 60iE> (104)
(1+&y
We note that
J+°° —20iE, + 88t +60152 i,
-0 (1 + Erzl
© (105)
_ 2mi | —20i€, + 88iE;, + 60iE) 0
6! (£, +i) - '
Therefore,
Case 12 = %(h' (0)) 7Q5dx’. (106)

Case 13. Considerr = -3,£=-3,k =0, j=0,and || =0
From (23) and the Leibniz rule, we have

Case 13
=4kMLQm¢%u@ﬂ%mmﬁn
x (x,) d&,0 (f') dx’ (107)
=i LE'|=1 Jﬁm trace [agnngna,3 (D)o, (D7?)]
x (x,) d&,0 (E') dx’.
By (79), we obtain
03 (sz) (XO)'|5'|=1

= VL[] e - 28" (x0)| o
V] 2878080010 ().,

. 0 30’ (0 )
(H%)Z( ()gjkc (&) + 31 (0)E,
_2iH ()€,

0+&f
, . —5iE, —3iE
= 0 h (0) ———2.
e 52) W ( )I;fkc (@) c(@)+H (0 LiE)
(108)

Abstract and Applied Analysis

By (18) and the Cauchy integral formula, then

. [—51'5,1 - 31'53,]
“Loaegy

<l
"6 )6 )

(=5im, - 3in, ) [ (1, + )’ (& + iu— "”))d

1 . J
= — lim
2miu—0" Jr+

M
(ﬂn - i)3
1 [ ~5i, - 3i ]“) 9i-7E,
2 (’711 + i)3(En - 71n) =i 8(5 )
(109)
Then, we obtain
aén”gna—3 (D_z) (x(’)'|g'|:1
N
= m '(0) ];lfkc (ex) c (€,) (110)
. 7E —10i
h (0) 22—
O e

By the relation of the Clifford action and tr AB = tr BA, then
we have the equalities

trfe(&)c(dx,)] = 0; tr [c(dxn)z] =-
[ 5,) ] 0)|IEI 1 (111)
tr[e(B)) e (B,)e (Be) < (E,)] = - tr[id] 6} = -85,
Then,

trace [agnng o_

3(D7?)o5(D7)] (xo)
_ (3-i&)H
8(¢, - 1)’ (1+&2)°
x ) &iditrace [ (Ej) ¢ (E, ) e (Br) ¢ ()]

k<n (112)
,\22(10i - 78,) (5i€, + 3iE;)
i (0) :
WO ey
)2 -3i— 96fn

- 72iE - 56&
& -)'(+e)

.4
- (K (0) ~ A,
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Therefore,

Case 13

-i(H )’

o

X ((En - i)4(1 + Eﬁ)3)_l> d¢,o (E') dx’

— 72iE} - 56E, - 41iE})

= i(H (0)’0s
. 2 3 4
§ j ~3i = 968, — 721k, - 568, 413k, | 0.
r & -'(+8)
(h (0))2 27
3~ 96F, — 72i8% — 568 — 41i8* 1
x [ n n R n n:| Qsdx'
(gn + l) ‘En:i
- _%(h’ (0)) 705 dx".
(13)

Case 14. Considerr = -2, =-4,k =0, j=0,and |a| =0
From (23) and the Leibniz rule, we have

Case 14
—if, [ el (07)30.,(07)
x (xp) dE,0 (&) dx’ (114)
i [ e o (070 (07)

x (x,) d&,0 (E') dx

From (73), we have

3,7t 0y (D ) xo)| o, = (15)

i
N2
Z(En - l)
From Lemmas 7 and 10, we obtain

04 (D7) ()| .y

S )
_4(1+€Z)3C(E”)C(En) (E)eE)

' 2
, (Ho) _
4(1+&

o(H©)
(1+8)° K

15
6 " 2
h
( T E TR () — s OO,
- 30 52) 5 g, f an;n (RZA;W; (%) + Rinﬂa (’%))
41" (0) .,
+ 0 52)45,,
- 3 52) ——& Eﬁazm( Ziﬁvﬁ (o) + Ri?;dya (xo))
" 2 3 4 5 )
. H'(0) : 2+38, +10¢, + 125: 48, + 98, (h'(O)) .
(1+8&2) (1+&)
(116)

From (115), (116), and direct computations, we obtain

2 (D)o, (D7?)]

= i X _<h’ (0))2 tr |c
28, i) 4(1+8)

i (h )

28, - i) ( +&y’

i

Z(En - i)z

' 2
L ()

gy e E)e(B)e (B)e ()

trace [afn ”E: o

7688, tr[id]

i 1
28, - i) . 41 +§;)2
i o)
B M id
gy R o et
i 6
Z(En - 1)2 (1 + 62)3
2(6,-1) 301 52)
X Z ( yvd (x0) +Ryws (xo)) tr [id]

y,0<n

R (0) & tr [id]

76:6:8,%5

i 1
- 2(5’1 _ 1)2 X 3(1 +E2)3£o¢£ﬁ

X Z ( poy3 X0)+Rvﬁlm (xo))tl' [id]

a,B<n
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i 40" (0) .
tr [id
ST
i X (0 tr [id]

+ N2 3

2(£n - l) (1 + Ei)

i y 2+ 3E, + 1082 + 128 — 488 + 98
2(E, - i)’ (1+8)

+

x (W () trid].
117)

Combining (64), (113), and (117), we obtain

Case 14

+00 1

=5(xg) Qs ——d Ldx’
L e

+00 14 '

+ S, (%) Qs J dé,dx

0 9(£n - i)s(gn + i)3

+ (W (0) 0

+00
X j ( (-53 - 72&, — 33E2 - 288E, + 525E,, — 216E,

—00

+21787) x (6(8, - i) (&, + i)s)l) &, dx’

oo — g2 4
+h"(0)QSJ 4(1-8 65”)dfndx'

T (En - i)6(£n + i)4

:s(x)zm[ 1 ](3)

— | — Q.dx’
30| (g, +i) >

&,=i

. 4)

27ti 14

Skt
n

Qsdx
&,=i

+ (W (0))2%
x [ (=53 - 728, - 33€2 - 288E> + 525¢"

!

Qsdx

&u=i

21687 +2178°) x (6(8, + i)s)_l]@‘

271
5!

_ 2 41O
+h,,(0)_[ 41-8 6&,)]

Q.dx’
& +)° a

&,=i
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= (st - 25, ()

4 96
33 (4 ) + 20 0) norar
+<192 2>(h 0) + 1 0)) n0sdx.

(118)

Case 15. Considerr = -4, =-2,k=0, j =0,and |a| = 0.
From (23), we have

Case 15
=—i I roo trace [71; 0_4 (sz) O 0_, (sz)] (119)
I¢'l=1 J-co " "
x (x0) &0 (£') dx'.

By the Leibniz rule, trace property, and “++” and “- -7
vanishing after the integration over &, in [9], then

J~+oo trace [ﬂg—n074 (D—Z) aEnO’,Z (D_z)] dfn

= [ Tiwacefon (D7) 30 (D7) 08, 020
- on trace [0_4 (D_z) agnﬂgno_z (D_Z)] dé,.
-00
Combining these assertions, we see

Case 15 = Case 14

—i JIE’I:I on trace [0,4 (D_Z) O 0_, (D_Z)]

x (x5) dE,0 (&) dx'.
(121)
By Lemma 7, a simple computation shows
-2 _ _an
3,0 5(D7)(xp)| ., = rep (122)

From (116), (122), and direct computations, we obtain
trace [0_4 (D_z) 0; 0., (D_z)] (x0)||5,|:1
2
2, (HO)
(1+8) 4(1+8)

25, (WO |
ey x Lrp) £, trlid]
) 2
L% (1 (0)) V
(1+8)7  a(1+8)y™"
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xtr[c(E,) e (E,) e (E,) < (E,)]

Y3 1
- 1 o) tr [id
0+¢fx4u+¢f“x””]
3 )
_ n o d
U+%YX%1 5 b LR ()
_ZE 6 1 2 .
- n h id
0+%fxu+¢f O, bl
“2 EEEE,

Taeer s sa
Z (R - (x0) + R‘Zy#@ (x0)> tr [id]

y,0<n

%,
(1+&) 30+8)

x Z (Rflj\;vﬁ (xO) + R?ﬁu(x (x())> tr [1d]

o,B<n

§abp

-2¢, 4h" (0) . . -2¢,
d
farey e ey
K’ (0) ) -2¢,
_ d
“arey M ey

L2¥3E,+ 1082 + 1283 — 48* + 955<
(1+8&)

K () tr[id].

(123)

Combining (64), (111), and (123), we obtain

—i JIE’I:I Jj: trace [0_4 (D_Z) O 0_, (D_Z)]

x (xy) d,0 (E') dx’
= —is(x,) Qs [r: 0 i622)4 dg, dx'
—isy, (%) Q5 Jﬁoo 9(%2"2)5dfn dx’
+00 3 5
—ih" (0) Qs I_ 165, (’; Jlr6;2)+ %L, dg, dx’

~i(H (0))205 fm ((—100§n - 1448 - 668 - 576&"

+10508, — 432£, + 434E])

X (3(1 + 52)7)_1> dg, dx’'
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Q.dx'
En:i

, i [ ag, 1Y
= s (%) 5 E i)

isy (x )—zm [_565,1 ](4)
- O 0 a5
9(&, +1)

Q.dx’
&,=i

4!

!

Q.dx

—il" (0) @ [
=i

~16&, + 168 + 96&° ](5)
(& +i)°

(K (0)) [( 100¢, — 14482 — 66E> — 576&*

+10508, — 432£, + 434E))

y (3(En N i)7)—1](6)

Q.dx'

= 3i(H (0)) 7O5dx.
(124)

Therefore,

1

343 3§
Case 15 = < 1 l)

35
s (xo) - 96saM (%0) + (E + 5

. (125)
< (0 (0) + " (0)> 7Qsdx’.

Now, @ is the sum of the case (1,2,...,15), so

15
O = 2case I= (—%(h (0)) 5h” (0)
=1 (126)

Hence, we conclude that, for 7-dimensional compact mani-
fold M with the boundary oM,

=2 | (@) + 2 o

2.2
Voly ™ = 2 192

(127)

77
—s— %56M> nmQsdvol, .

Next, we recall the Einstein-Hilbert action for manifolds
with boundary (see [13] or [14]):

1
IGr = E JMSdVOIM‘f'ZJ KdVOla _IGr1 +IGrb’

(128)

where

i,j . _ "
Z K j9oms Kij=-1Lj (129)
1<i, j<n-1

and K;;is the second fundamental form or extrinsic curva-

ture. Take the metric in Section 2; then, by Lemma A.2 in [13],
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we have K; ;(x,) = —l"i"‘j(xo) = —(1/2)H'(0) fori = j < m
Fs")t(xo) =0, ifi < n. Forn = 7, then

K (x0) = YK (50) g (50) = D Ky (30) = ~2H 0.
: " (130)
So
Iy, = —5H' (0) Volgy,. (131)

On the other hand, by Proposition 2.10 in [21], we have
the following lemma.

Lemma 12. Let M be a 7-dimensional compact manifold with
the boundary OM; then,

630 () = ;(h' ) = 6h" () +55, (x)).  (132)

Proof. From Proposition 2.10 in [21], let B = [0, 1), v o=
(1/h(x,)), and F = 0,,; we obtain sz = 0, IgradeI2 = (b')?,
and
" i 2
sy (x9) = 126" (x,) — 30(19 (xo)) +55, (%), (133)
By a simple computation, the lemma as follows. O

Hence, from (127) and (133), we obtain the following.

Theorem 13. Let M be a 7-dimensional compact manifold
with the boundary OM; then,
Wres [(7‘[+D_2)2]
4 (134)

" 47 77
=— | (K> -49sy|, -5 )dvol :
48 LM( 2 mlay, = %
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