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This work focuses on the combinatorial properties of glued semigroups and provides its combinatorial characterization. Some
classical results for affine glued semigroups are generalized and some methods to obtain glued semigroups are developed.

1. Introduction

LetS = (n,,...,n;) be afinitely generated commutative semi-
group with zero element which is reduced (i.e., SN(=S) = {0})
and cancellative (if m,n,n’ € Sand m + n = m + »n’ then
n =n'). Under these settings if S is torsion-free, then it is iso-
morphic to a subsemigroup of N” which means it is an affine
semigroup (see [1]). From now on assume that all the semi-
groups appearing in this work are finitely generated, commu-
tative, reduced, and cancellative, but not necessarily torsion-
free.

Let K be a field and K[X,..., X;] the polynomial ring
in [ indeterminates. This polynomial ring is obviously an S-
graded ring (by assigning the S-degree n; to the indeterminate
X, the S-degree of X* = X' -+ X" is 25:1 a;n; € S). Itis well
known that the ideal I generated by

! 1
{X“ -XP ) Y apm = Z/s,.ni} cK[Xp...X)] @
i=1 i=1
is an S-homogeneous binomial ideal called semigroup ideal
(see [2] for details). If S is torsion-free, the ideal obtained
defines a toric variety (see [3] and the references therein). By
Nakayama’s lemma, all the minimal generating sets of I have
the same cardinality and the S-degrees of its elements can be
determinated.

The main goal of this work is to study the semigroups
which result from the gluing of other two. This concept was

introduced by Rosales in [4] and it is closely related to com-
plete intersection ideals (see [5] and the references therein).
A semigroup S minimally generated by A; U A, (with A, =
{n,,...,n,yand A, = {n,,,,...,n})is the gluing of §; = (A;)
and S, = (A,) if there exists a set of generators p of I of the
form p = p; Up, U{X" = X" }, where p,, p, are generating sets
of Iy and I , respectively, X” - X? € I, and the supports of y

andy' verify supp(y) c {1,...,r}and supp(y') c{r+1,...,1}.
Equivalently, S is the gluing of S; and S, if Iy = Ig +Is +(X" -

XV/). A semigroup is a glued semigroup when it is the gluing
of other two.

As seen, glued semigroups can be determinated by the
minimal generating sets of Iy which can be studied by using
combinatorial methods from certain simplicial complexes
(see [6-8]). In this work the simplicial complexes used are
defined as follows: for any m € S, set

l
C = {X“ = X7 X Yan = ’”}’ ?
i=1

and the simplicial complex
V, ={F €C,, | ged (F) #1}, (3)

with gcd(F) as the greatest common divisor of the monomials
in F.
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Furthermore, some methods which require linear algebra
and integer programming are given to obtain examples of
glued semigroups.

The content of this work is organized as follows. Section 2
presents the tools to generalize to nontorsion-free semi-
groups a classical characterization of affine gluing semigroups
(Proposition 2). In Section 3, the nonconnected simplicial
complexes V,, associated with glued semigroups are studied.
By using the vertices of the connected components of these
complexes we give a combinatorial characterization of glued
semigroups as well as their glued degrees (Theorem 6).
Besides, in Corollary 7 we deduce the conditions for the ideal
of a glued semigroup to have a unique minimal system of
generators. Finally, Section 4 is devoted to the construction of
glued semigroups (Corollary 10) and affine glued semigroups
(Section 4.1).

2. Preliminaries and Generalizations about
Glued Semigroups

A binomial of I is called indispensable if it is an element
of all systems of generators of I (up to a scalar multiple).
This kind of binomials was introduced in [9] and they have
an important role in Algebraic Statistics. In [10] the authors
characterize indispensable binomials by using simplicial
complexes V,,. Note that if I is generated by its indispens-
able binomials then it is minimally generated, up to scalar
multiples, in an unique way.

With the above notation, the semigroup S is associ-
ated with the lattice ker S formed by the elements o =
(ag,...,0) € 7' such that Zi.:l a;n; = 0. Given G a system of
generators of I, the lattice ker S is generated by the elements
a—Bwith X*~ XP € G and ker S also verifies that ker SNN' =
{0} ifand only if Sis reduced. If #(I) is a minimal generating
set of I, denote by #(Ig),, ¢ #(Ig) the set of elements
whose S-degree is equal to m € S and by Betti(S) the set of
the S-degrees of the elements of .# (Ig). When I is minimally
generated by rank(ker S) elements, the semigroup S is called
a complete intersection semigroup.

Let €(V,,) be the number of connected components of
V,,. The cardinality of .#(I),, is equal to €(V,,) — 1 (see
Remark 2.6 in [6] and Theorem 3 and Corollary 4 in [8]) and
the complexes associated with the elements in Betti(S) are
nonconnected.

Construction I (see [7, Proposition 1]). For each m € Betti(S)
the set .#(Is),, is obtained by taking €(V,,) — 1 binomials
with monomials in different connected components of V,,
satisfying that two different binomials do not have their cor-
responding monomials in the same components and fulfilling
that there is at least a monomial of every connected compo-
nent of V,,. This let us construct a minimal generating set
of I; in a combinatorial way.

Let S be minimally (we consider a minimal generator
set of S and in the other case S is trivially the gluing of the
semigroup generated by one of its nonminimal generators
and the semigroup generated by the others) generated by
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A, U A, with A, = {a,...,a,} and A, = {b,...,b}.
From now on, identify the sets A, and A, with the matrices
(a;l---la,) and (b ---|b,). Denote by IK[A ] and K[A,] the
polynomial rings K[X;,...,X,] and K[Y},...,Y,], respec-
tively. A monomial is a pure monomial if it has indeterminates
onlyin X;,..., X, oronlyinY,,...,Y,; otherwise it is a mixed
monomial. If S is the gluing of §; = (A,) and S, = (A,),
then the binomial X" - Y e I is a glued binomial if
M (Is ) UM (Ig) U {X"* — Y} is a generating set of I and in
this case the element d = S-degree(X"*) € Sis called a glued
degree.

It is clear that if S is a glued semigroup, the lattice ker S
has a basis of the form

{L, Ly, (yxo =)} € 27", (4)

where the supports of the elements in L, arein {1,...,r}, the
supports of the elementsin L, arein {r+1,...,r +t}, ker S, =
(L;) (i = 1,2) by considering only the coordinates in {1,...,
rtor{r+1,...,r+t}of L;,and (yy, yy) € N*. Moreover, since
S is reduced, one has that (L,) N N = (L,) n N = {0}.
Denote by {p,;}; the elements in L, and by {p,;}; the elements
inL,.

The following proposition generalizes [4, Theorem 1.4] to
nontorsion-free semigroups.

Proposition 2. The semigroup S is the gluing of S, and S, if
and only if there exists d € (S; N S,) \ {0} such that G(S;) N
G(S,) = dZ, where G(S,), G(S,), and dZ are the associated
commutative groups of S,, S,, and {d}, respectively.

Proof. Assume that S is the gluing of S, and S,. In this case,
ker S is generated by the set (4). Since (yx, —yy) € kerS, the
element d is equal to A, yx = A,py € Sandd € §; NS, C
G(S;) N G(S,). Let d' be in G(S;) N G(S,); then there exists
(6,,8,) € Z" x 7' such that d' = A8, = A,5,. Therefore
(6,,—0,) € ker S because (A, | A,)(8;,-68,) = 0 and so there
exist A, A", Af? € Z satisfying

(6,,0) = ZA?PH +A(yx.0),

i

(0,6,) = _ZA?Pzi +A(0,yy),

(5)

andd' = A8, = Y, AMN(A, | 0)p; + A yx = Ad. We
conclude that G(S;) N G(S,) = dZ withd € §; N S,.

Conversely, suppose that there exists d € (S; N S,) \ {0}
such that G(S;)NG(S,) = dZ. We see that I = Ig +ISZ+(XVX—
YY), Trivially, Ig +Ig +(X"*=Y") ¢ I5. Let X*YP - X"Y° be
abinomialin I¢. Its S-degreeis Aja+A, 3 = A, y+A,0. Using
A(a—7y) = A,(B-0) € G(S;) NG(S,) = dZ, there exists
A e Zsuchthat Ao = A;p+ Adand A,8 = A,3+ Ad. We
have the following cases.

(i) IfA=0,

x*v? - xY° = x*vP - x'vP + xX'YP-Xx"Y°
_vB vy« y y (vB 5
=YP(X*-X")+ XV (YP-Y) e Is + 1.

(6)
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(ii) IfA > 0,
x*vP - xy° = x*yP - x¥xMxyP
+ XVX)nyﬁ _ XYXAYyyﬁ + X]’leyyﬁ
- XY = YP (X% - XV XM)
+X7YP (XM -yt
+ X7 (Y yP - v?).
(7)

Using that

A-1
X)Wx _ Y)WY — (XVX _ Y}’Y) <ZX(/\—1—")YXY1'VY> , (8)
i=0

the binomial X*Y* - X"Y® belongs to I +Ig +(X"™~
Y.

(iii) The case A < 0 is solved similarly.
We conclude that I = Ig + Ig + (X" - Y™). O

From the above proofitis deduced that given the partition
of the system of generators of S the glued degree is unique.

3. Glued Semigroups and Combinatorics

Glued semigroups by means of nonconnected simplicial
complexes are characterized. Foranym € §, redefine C,, from
(2) as
r t
Cpn= {X“Yﬁ=x‘1’“ o XOYP Y Y e+ Y B = m},
i=1 i=1
)

and consider the sets of vertices and the simplicial complexes

C;:l = {X‘lxl ...X;"‘r I Zaiai = m} )
=1
Vo' ={F<Cp | ged(F) #1},
(10)
t
Cr/:zz = <Iylﬁl -"Yt’B’ | Z/Sibi = m]» ,
i=1

Vo' ={F<Cp | ged(F) #1},

where A, = {a,,...,a,} and A, = {b,..., b} as in Section 2.
Trivially, the relations between V41, VA2, and V,, are

V' ={Fev,|FcCy}t, Vi={Fev,|FcCp}.

(11)

The following result shows an important property of the
simplicial complexes associated with glued semigroups.

Lemma 3. Let S be the gluing of S, and S, and m € Betti(S).
Then all the connected components of V,,, have at least a pure
monomial. In addition, all mixed monomials of V,, are in the
same connected component.

Proof. Suppose that there exists C, a connected component
of V,, only with mixed monomials. By Construction 1 in all
generating sets of I there is at least a binomial with a mixed
monomial, but this does not occur in /%(IS1 ) U/%(IS2 YU{XTx—
Y7} with X" — Y as a glued binomial.

Since S is a glued semigroup, kerS has a system of
generators as (4). Let XvP, x'Y? € C,, be two monomials
such that gcd(X"‘Yﬁ, X'Y®) = 1. In this case, (a, B)—(y,9) €
ker S and there exist A, A", \** € Z satisfying

(@=9,0) = Y AP py; + A (yx,0),
‘ (12)
(0) B- 5) = ZA/;ZPZJ‘ -A (0’ YY) .

()IfA =0,a—y € kerS;,and f - & € kerS,, then
A=Ay, A =A,8,and X*Y° € C,,.
(i) If A > 0, (&, 0) = ), Af‘ pii + Myx,0) + (,0), and

A= Z}Lfl (A 10)p; +AAyx + Ay =Ad + ALy,

(13)

then X"*X"YP € C,,.
(iii) The case A < 0 is solved likewise.

In any case, X*Y? and X"Y° are in the same connected
component of V,,,. O

We now describe the simplicial complexes that corre-
spond to the S-degrees which are multiples of the glued
degree.

Lemma 4. Let S be the gluing of S, and S,, d € S the glued
degree, and d' € S\ {d}. Then C:;,‘ :ﬁ@th;‘,Z if and only if
d' € (AN)\{0}. Furthermore, the simplicial complex Vy has at
least one connected component with elements in C:;,l and Cj;,z.

Proof. If there exist X%, Y? € Cy, thend = Y. aa =
Y Bb€S,NS, cG(S)NG(S,) = dZ. Hence, d' € dN.
Conversely, let d = jd with j € Nand j > 1
and let X — Y" € I be a glued binomial. It is easy to
see that X/"*,Y/" € C, and thus {x7vx, XxU=DrxyW} and
{(XU-Vrcyrr yirey belong to V. O

The following lemma is a combinatorial version of [11,
Lemma 9] and it is a necessary condition of Theorem 6.

Lemma 5. Let S be the gluing of S, and S, and d € S the glued
degree. Then the elements of C; are pure monomials and d €
Betti(S).



Proof. The order <¢ defined by m'<gmif m—m' € Sisa partial
order on S.
Assume that there exists a mixed monomial T € C,. By

Lemma 3, there exists a pure monomial Y” in C, such that
{T, Y%} € V, (the proof is analogous if we consider X* with
{T, X%} € V,). Now take T} = gcd(T, Y))'T and Y2 =
gcd(T, Y?)™'Y?. Both monomials are in C,;, where d' is equal
to d minus the S-degree of gcd(T, Yb). By Lemma 4, if C(’;,‘ +0,
then d' € dN, but since d' < d this is not possible. So, if T is
a mixed monomial and C:;,l =, then C?,Z # 0. If there exists

. . A . .
a pure monomial in C df connected to a mixed monomial

in Cy, we perform the same process obtaining T,, Y2 e
C» with T, as a mixed monomial and d''<¢d’. This process
can be repeated if there existed a pure monomial and a mixed
monomial in the same connected component. By degree
reasons this cannot be performed indefinitely and an element
d% e Betti(S) verifying that V, is not connected having a
connected component with only mixed monomials is found.
This contradicts Lemma 3. O

After examining the structure of the simplicial complexes
associated with glued semigroups, we enunciate a combinato-
rial characterization by means of the nonconnected simplicial
complexes V,,,.

Theorem 6. The semigroup S is the gluing of S, and S, if and
only if the following conditions are fulfilled.

(1) For all d' € Betti(S), any connected component of V.y
has at least a pure monomial.

(2) There exists a unique d € Betti(S) such that Cgl +
0+ CdAZ and the elements in C,; are pure monomials.

(3) Foralld' € Betti(S)\ {d} with Cy' £0#C52, d’ € dN.

Besides, the above d € Betti(S) is the glued degree.

Proof. If S is the gluing of S; and S,, the result is obtained
from Lemmas 3, 4, and 5.
Conversely, by hypotheses 1 and 3, given that d' €

Betti(S) \ {d}, the set # (ISl )z is constructed from C?,l and

M(Ig)y from C% as in Construction 1. Analogously, if
d € Betti(S), the set (), is obtained from the union of

M(Ig ) g, M (Ig) 4 and the binomial X"* —Y? with X" € C}"
and Y'Y € CdAZ. Finally

[I (a(ts), vae(ls,), Julx™-y"} gy

meBetti(S)
is a generating set of I and S is the gluing of S, and S,. [

From Theorem 6 we obtain an equivalent property to
Theorem 12 in [11] by using the language of monomials and
binomials.

Corollary7. LetS be the gluing of S; and S, and X"*-Y" € I
a glued binomial with S-degree d. The ideal Ig is minimally
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generated by its indispensable binomials if and only if the
following conditions are fulfilled.

(i) The ideals Is and Ig are minimally generated by their
indispensable binomials.

(ii) The element X" — Y is an indispensable binomial of
.

(iii) For all d' € Betti(S), the elements of Cy are pure
monomials.

Proof. Suppose that I is generated by its indispensable
binomials. By [10, Corollary 6], for all m € Betti(S) the
simplicial complex V,, has only two vertices. By Construction
1V, = {{X"},{Y"}} and by Theorem 6 for all d’ € Betti(S) \
{d} the simplicial Vy is equal to V4 or V;,Z. In any case,
X" — Y™ € Iy is an indispensable binomial, and I , Ig are
generated by their indispensable binomials.

Conversely, suppose that I is not generated by its indis-
pensable binomials. Then, there exists d' € Betti(S) \ {d} such
that V; has more than two vertices in at least two different
connected components. By hypothesis, there are not mixed
monomials in V; and thus

(i) if V is equal to v (or V‘éz), then I (or ) is not
generated by its indispensable binomials;

(ii) otherwise, Cs,l +0+ C?,z and by Lemma 4, d = jd
with j € N, therefore xUyw ¢ Cy which
contradicts the hypothesis.

We conclude that I is generated by its indispensable
binomials. O

The following example taken from [5] illustrates the above
results.

Example 8. Let S ¢ N* be the semigroup generated by the set

{(13,0),(5,8),(2,11),(0,13),(4,4),(6,6),(7,7), (9, 9)} .
(15)

In this case, Betti(S) is

{(15,15), (14, 14), (12,12), (18,18),
16
(10,55), (15,24), (13,52), (13, 13)} . 19

Using the appropriated notation for the indeterminates in
the polynomial ring K[x,,..., x4 ¥, .- ¥4] (X7, X5, X3, and
x, for the first four generators of S and y,, ¥,, ¥3, ¥, for the
others), the simplicial complexes associated with the elements
in Betti(S) are those that appear in Figure 1. From Figure 1
and by using Theorem 6, the semigroup S is the gluing of
((13,0),(5,8),(2,11),(0,13)) and ((4,4),(6,6),(7,7),(9,9))
and the glued degree is (13, 13). From Corollary 7, the ideal
I is not generated by its indispensable binomials (I has only
four indispensable binomials).
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FIGURE 1: Nonconnected simplicial complexes associated with Betti(S).

4. Generating Glued Semigroups

In this section, an algorithm to obtain examples of glued
semigroups is given. Consider A, = {a;,...,a,} and A, =
{by,..., b} as two minimal generator sets of the semigroups
T, and T, and let L; = {p;;}; be a basis of ker T; with j = 1,2.
Assume that I, and Iy, are nontrivial proper ideals of their
corresponding polynomial rings. Consider yy and yy be two
nonzero elements in N” and N, respectively, (note that yy ¢
ker T and yy ¢ ker T, because these semigroups are reduced)
and the integer matrix

L] 0
A= 0T, (17)
Yx | Vv

Let S be a semigroup such that ker S is the lattice generated
by the rows of matrix A. This semigroup can be computed by
using the Smith Normal Form (see [1, Chapter 3]). Denote by
By, B, two sets of cardinality r and ¢, respectively, satisfying
S = (B,,B,) and ker({B,, B,)) is generated by the rows of A.

The following proposition shows that the semigroup S
satisfies one of the necessary conditions to be a glued
semigroup.

Proposition 9. The semigroup S verifies G({B,)) N G({B,)) =
(Byyx)Z = (Byyy)Z with d = B,yx € (B;) N (B,).

Proof. Use that ker S has a basis as (4) and proceed as in the
proof of the necessary condition of Proposition 2. O

Because B; U B, may not be a minimal generating set,
this condition does not assure that S is a glued semigroup.
For instance, taking the numerical semigroups T} = (3,5),
T, = (2,7), and (yx, yy) = (1,0,2,0), the matrix obtained
from formula (17) is

5-3/0 O
007 =2 |, (18)
1 0(-2 0

and B, U B, = {12, 20, 6, 21} is not a minimal generating set.
The following result solves this issue.

Corollary 10. The semigroup S is a glued semigroup if

r t
ZVX;‘ > 1, Z)’Yi > 1.
=1 i=1

Proof. Suppose that the set of generators B, U B, of S
is nonminimal and thus one of its elements is a natural
combination of the others. Assume that this element is the
first of B; U B, and then there exist A,,...,A,,, € N such
that B;(1,-A,,...,-A,) = B,(A,,1>.-->A,4) € G((B;y)) n
G({B,)). By Proposition 9, there exists A € Z satistying

(19)

B,(1,-A,,...,=A,) = By(A, 15---5A,) = Bi(Ayx). Since
By(A, 11>+ -5 A,4) €S, A > 0and thus
v=| 1-Ayx—Ay = Ayxo, o —A — Ayx,
<0 (20)

€ ker ((B,)) = ker T,
with the following cases.
(i) If Ayx, = 0,then T| is not minimally generated which
it is not possible by hypothesis.
(ii) If Ayx; > 1,then 0 > v € kerT, but this is not
possible because T is a reduced semigroup.
(iil) If Apyx; = 1, then A = py; = 1 and

v=| 0,-A, —¥Yx2---»—A, = Vxr | € kerT;. (21)

<0

If A, + yx;#0 for some i = 2,...,r, then T} is not a
reduced semigroup. This implies that A; = yy; = 0 for
alli=2,...,r.

We have just proved that yx = (1,0,...,0). In the general
case, if S is not minimally generated it is because either
yx or yy are elements in the canonical bases of N" or N,
respectively. To avoid this situation, it is sufficient to take yx
and yy satisfying Y/_ yx; > 1and Y yy; > 1. O



From the above result we obtain a characterization of
glued semigroups: S is a glued semigroup if and only if ker S
has a basis as (4) satisfies Condition (19).

Example 11. Let T, = {(-7,2),(11,1),(5,0), (0,1)) c Z* and
T, = (3,5,7) ¢ N be two reduced affine semigroups. We
compute their associated lattices

ker T, =((1,2,-3,-4),(2,-1,5,-3)),
(22)
ker T, =((-4,1,1), (~7,0,3)).

If we take yx = (2,0,2,0) and yy = (1,2, 1), the matrix A is

12 -3-40 0 0
2-15-30 0 0
00 0 0 -4 1 1 (23)
00 0 0 -7 0 3
20 2 0 -1 -2 -1
and the semigroup S ¢ Z, x Z* is generated by
(1,-5,35),(3,12,-55),(1,5,-25),(0, 1,0),
Bl
(24)

(2,0,3),(2,0,5),(2,0,7) } .

B,

The semigroup S is the gluing of the semigroups (B,) and
(B,) and ker S is generated by the rows of the above matrix.
The ideal Iy € C[x,,..., X4 ¥;>. .., ¥3] is generated (see [12]
to compute I when S has torsion) by

8. .3 2 3.4 25 3.3 2 7
X1 X3Xy = Xp> X1 X = X3X ), X1 X3 = XXy X1 X X3 = X75

2 3 2 4 22 5 i
N3 =V V2= VX1 = N2V XiXs — Vi) [
glued binomial

(25)
then S is really a glued semigroup.

4.1. Generating Affine Glued Semigroups. From Example 11
it be can deduced that the semigroup S is not necessarily
torsion-free. In general, a semigroup T is affine (or equiva-
lently it is torsion-free) if and only if the invariant factors (the
invariant factors of a matrix are the diagonal elements of its
Smith Normal Form (see [13, Chapter 2] and [1, Chapter 2]))
of the matrix whose rows are a basis of ker T are equal to one.
Assume that zero-columns of the Smith Normal Form of a
matrix are located on its right side. We now show conditions
for S being torsion-free.
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Take L, and L, as the matrices whose rows form a basis
of ker T, and kerT,, respectively, and let P;, P,, Q,, and
Q, be some matrices with determinant +1 (i.e., unimodular
matrices) such that D, = P|L,Q, and D, = P,L,Q, are the
Smith Normal Form of L, and L,, respectively. If T, and T,
are two affine semigroups, the invariant factors of L, and L,
are equal to 1. Then

DO [PLOJ0N /L0 N o
0D, |=[ o]PR]0 0L2(01Q>,
Y;(Y{f 0]0]1 Yx |~V 2

——

(26)

where y% = yxQ; and y; = —)yQ,. Let s, and s, be the
numbers of zero-columns of D, and D, (s;,s, > 0 because
T, and T, are reduced, see [1, Theorem 3.14]).

Lemma 12. The semigroup S is an affine semigroup if and only

if

ged ({rh,, vl) =1 (27)

Proof. With the conditions fulfilled by T',, T, and (yx, yy), the

necessary and sufficient condition for the invariant factors of
r

Atobe all equal to one is gcd({y)'(i}i:,fSl u {y;i}f:tfsz) =1. O

The following corollary gives the explicit conditions that
yx and yy must satisfy to construct an affine semigroup.

Corollary 13. The semigroup S is an affine glued semigroup if
and only if

(1) T, and T, are two affine semigroups;
(2 (yx, )/Y) € NHt;

() X Yxo Zic Yy > I
(4) there exist f,_¢ ..., fr» Gs_s,>--+> G € Z such that

(frfsl’ . "’fr) : (Y;(r_sl),. . .,y)lfr)

+ (G 280) (VoY) = 1

(28)

Proof. Itis trivial by the given construction, Corollary 10 and
Lemma 12. O

Therefore, to obtain an affine glued semigroup it is
enough to take two affine semigroups and any solution (yy,
yy) of the equations of the above corollary.

Example 14. Let T, and T, be the semigroups of Example 11.
We compute two elements yy = (a,,a,,a5,a,) and yy =
(b, by, by) in order to obtain an affine semigroup. First of
all, we perform a decomposition of the matrix as (26) by
computing the integer Smith Normal Form of L, and L,:
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1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
a, a, —2a,-a; —7a, +1la, +5a; 2a, +a, +a, | -b, b +2b, +3b; —-3b, —5b, - 7b,
11 -72/0 00 (29)
1 0|10 010 1 2 -3-4{0 0 0 0-211 1|0 0 O
2 -1{0 0|0 2 -1 5 =3[0 0 0 0-150[000
= 0 0|-2 10 0 0 0 0|4 1 1 00 0 1|0 0 O
00‘7—4‘0 0000‘—70 3 00 00[L-I3
00[0 01 a, a, ay a,|-b -b, b 0 0 0 0[0-25
00 0 0|0 -37

Second, by Corollary 13, we must find a solution to the
system:

a, t+a,+as+a,>1,
b+b+b>1,
fifr91 €2,

fi(=7a, + 11a, + 5a;) + f, (2a, + a, + a,)

(30)

+ g, (=3b, = 5b, - 7by) = 1,

with a,, a,, a5, a4, b;, b,, by € N. Such solution is computed (in
less than a second) using FindInstance of Wolfram Math-
ematica (see [14]):

FindInstance [(-7a, + 11a, + 5a5) * f;
+(2a, +a, +ay) = f,
+(=3b, = 5b, — 7by) * g, == 1
&&al +a2+a3+a4>1
&&b, + by + by > 1&&a, > 0&&a, > 0
&&a, > 0&&a, > 0&&b, > 0
&&b, > 0&&b; > 0,
{al’%»%) a, by, b, bs, £y 1 91} >
Integers|
U
{{ay, — 0,4, — 0,a;, — 3,4, — 0,b, — 1,

by — Lb —0,f; = 1f, — 04, — 0}}.
(©))

We now take yx = (0,0, 3,0) and y = (1,1,0), and con-
struct the matrix

12 -3-40 00
2-15-30 00

A= 00 0 0 -4 1 1 (32)
00 0 0 -7 0 3
00 3 0 -1-10

We have the affine semigroup S ¢ Z* which is minimally
generated by

(2,-56),(1,88),(0,40),(1,0),(0,45),(0,75), (0, 105)
B, B,

(33)

satisfying that ker S is generated by the rows of A and it is the
result of gluing the semigroups (B,) and (B,). The ideal I is
generated by

8 3 2 3.4 25 3.3 2 7
X1 X3X4 = X5, X1 X5 — X3X4, X[ X5 — X3Xy, X] X X5 — Xy

2 3 2 4 3
N3 = V12~ Vo Xy V2 X3 = N1da [
NERES AT
glued binomial

(34)

therefore, S is a glued semigroup.

All glued semigroups have been computed by using our
program Ecuaciones which is available in [15] (this program
requires Wolfram Mathematica 7 or above to run).
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