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We study extended mixed vector equilibrium problems, namely, extended weak mixed vector equilibrium problem and extended
strong mixed vector equilibrium problem in Hausdorff topological vector spaces. Using generalized KKM-Fan theorem (Ben-El-
Mechaiekh et al.; 2005), some existence results for both problems are proved in noncompact domain.

1. Introduction

Giannessi [1] first introduced and studied vector variational
inequality problem in a finite-dimensional vector space. Since
then, the theory with applications for vector variational
inequalities, vector equilibrium problems, vector comple-
mentarity problems, and many other problems has been
extensively studied in a general setting by many authors; see
for example [2-7] and references therein.

In 1989, Parida et al. [8] developed a theory for the exis-
tence of a solution of variational-like inequality problem and
showed the relationship between variational-like inequality
problem and a mathematical programming problem. The
problem of vector variational-like inequalities is also one of
the generalizations of vector variational inequalities studied
by many authors; see [9-11] and references therein.

On the other hand, equilibrium problem was first intro-
duced and studied by Blum and Oettli [12]. Many authors
[13-15] have proved the existence of equilibrium problems by
using different generalization of monotonicity condition and
generalized convexity assumption. The main objective of our
work is to study an extended weak mixed vector equilibrium
problem and an extended strong mixed vector equilibrium
problem and we prove existence results for both problems
by using a generalized coercivity type condition, namely,
coercing family. Both problems are combination of a vector
equilibrium problem and a vector variational-like inequality

problem. Our results presented in this paper improve and
generalize some known results obtained by [12, 16-18].

2. Preliminaries

Throughout this paper, let X and Y be the Hausdorff topolog-
ical vector spaces. Let K be a nonempty convex closed subset
of X and C € Y a pointed closed convex cone with int C # 0.
The partial order “<.” on Y induced by C is defined by x<-y
ifandonlyif y—x € C.Let f: KxK — Y,T: K — L(X,Y)
and 7 : K x K — X be the mappings, where L(X,Y) is
the space of all continuous linear mappings from X to Y. We
denote the value of I € L(X,Y) at x € K by (I, x). In this
paper, we consider the following problems.
Find x € K such that

f&y)+{T®.n(».X)) ¢ -intC; VyeK, (1)

f&y)+({T®),n(».%) ¢ -C\{0}; VyeK. (2

We call problem (1) extended weak mixed vector equilibrium
problem and problem (2) extended strong mixed vector
equilibrium problem.

Let us recall some definitions and results that are needed
to prove the main results of this paper.
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Definition 1. A mapping g : K — 2" is said to be

(i) lower semicontinuous with respect to C at a point
x, € K, if for any neighborhood V of g(x,) in Y, there
exists a neighborhood U of x, in X such that

gUNK)CV+GC 3)

(ii) upper semicontinuous with respect to C at a point
x, € K, if

gUNK)CV -G (4)

(iii) continuous with respect to C at a point x, € K, if it

is lower semicontinuous and upper semicontinuous
with respect to C at that point.

Remark 2. 1f g is lower semicontinuous, upper semicontinu-
ous, and continuous with respect to C at any arbitrary point
of K, then g is lower semicontinuous, upper semicontinuous,
and continuous with respect to C on K, respectively.

Definition 3 (see [19]). Let T : K — L(X,Y)and# : K X
K — X be the mappings. Then

(i) T is said to be C-5-pseudomonotone, if for any x, y €
K,

(T (x),7(y,x)) ¢ —intC

implies (T (y),%(y,x)) ¢ —intC;

©)

(ii) T is said to be strongly C-x-pseudomonotone, if for
any x, y € K,

(T (x),n(y,x)) ¢ ~C\ {0} implies (T (y),n(y,x)) € G
(6)

(iii) T is #-hemicontinuous, if for any given x, y € K and
A € (0, 1], the mapping A — (T'(x+A(y—x)),n(y, x))
is continuous at 0;

(iv) 7 is said to be affine in the first argument, if for any
x;€Kand); >0,1<i<nwith )} A; = 1andany
y € K, we have

W(Z’L"QJ) = Z}WI (x5, 7). 7)
i=1

i=1

Definition 4 (see [20]). Consider a subset K of a topolog-
ical vector space X and a topological space Y. A family
{(Ci, Z))};¢; of pair of sets is said to be coercing for a mapping

F:K — 2Yifand only if

(i) for each i € I, C; is contained in a compact convex
subset of K and Z; is a compact subset of Y;

(ii) for each i, j € I, there exists k € I such that C; U C;c
Ck;

(iil) for eachi € I, there exists k € I with[ ), .- F(x) € Z,.

x€Cy
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Remark 5. In case where the coercing family reduced to
single element, condition (iii) of Definition 4 appeared first in
this generality (with two sets C and Z) in [21] and generalizes
the condition of Karamardian [22] and Allen [23]. Condition
(iii) is also an extension of coercivity condition given by Fan
[24].

Definition 6. Let K be a nonempty convex subset of a
topological vector space X. A multivalued mapping G : K —
2% is said to be KKM mapping, if, for every finite subset {x;}
of K,

i€l

Cofx;:ielfc| JF(x), 8)

i€l

where Cof{x; : i € I} denotes the convex hull of {x;},; and I
is a finite index set.

Theorem 7 (see [20]). Let X be a Hausdor{f topological vector
space, Y a convex subset of X, K a nonempty subset of Y, and
F:K — 2¥ a KKM mapping with compactly closed values in
Y (i.e, for all x € K,F(x) N Z is closed for every compact set
Z of Y). If F admits a coercing family, then

ﬂ F (x) #0. 9)

xeK

Lemma 8 (see [25]). Let X be a Hausdor{f topological space
and {A;},c; nonempty compact convex subsets of X. Then
Co{A; : i € I} is compact.

3. Existence Results

In this section, we first present an existence result for
extended weak mixed vector equilibrium problem (1).

Theorem 9. Let K be a nonempty closed convex subset of a
Hausdor{f topological vector space X, Y a Hausdor{f topological
vector space, and C a closed convex pointed cone with int C # 0.
Let f: KxK - Y, T:K - L(X,Y)andn: KxK — X
be the mappings satisfying the following conditions:

(i) f is affine in the second argument and continuous in
the first argument;
(ii) f(x,x) =0, forall x € K;
(iii) n(x,x) = 0 and n(x, y) + n(y,x) =0, forall x, y € K;
(iv) i is affine in both arguments and continuous in the
second argument;
(v) T is n-hemicontinuous, C-n-pseudomonotone, and
continuous;
(vi) the mapping W : K — 2, defined by W = Y \
{—int C}, is upper semicontinuous on K;
(vii) there exists a family {(C;, Z;)},c; satisfying conditions
(i) and (ii) of Definition 4 and the following condition:
foreach i € I, there exists k € I such that

{xeK:f(x,y)+{(T(x),n(y,x)) ¢ —intC,Vy € C;}

<z,
(10)
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Then, there exists a point x € K such that
f&y)+(Tx),n(y%)) ¢ -intC; VyeK. (1)

For the proof of Theorem 9, we need the following
proposition, for which the assumptions remain the same as
in Theorem 9.

Proposition 10. The following two problems are equivalent:

(I) find x € K such that f(x,y) + (T(x),n(y,x)) ¢
—intC, for all y € K;

(I) find x € K such that f(x,y) — (T(y),n(x, y)) ¢
—intC, for all y € K.

Proof. Suppose that (I) holds. Then for every y € K, we have

f (%) +(T®),n(y,%)) ¢ —intC. (12)
Since T is C-y-pseudomonotone, from (12) we have

fE)+(T(y)n(yX)) ¢ —intC. (13)
Also from assumptions (iii) and (13), we get

fEy) (T ().n(xy)) ¢ -intC (14)

that is, (IT) holds.
Conversely, assume that (II) holds for all y € K. Then
there exists X € K such that

f(xy)—(T(y),n(Xy) ¢ —intC. (15)

For afixed y € K, set x; = Ay + (1 — A)x, for A € [0,1].
Obviously, x; € K and it follows that

f(@x) = (T (x),n(%x,)) ¢ —intC. (16)
Multiplying (16) by (1 — A), we have

1-1) f(xx)-(1-M)(T(x),n(xx,)) ¢ —intC.

17)
Since  is affine and y(x, ) = 0, we have
0= (T (x2),1(x2, %))
=MT(x3).n (3, x1)) + (1= DT (x3),1 (X %)) &18)

That is,

—(1=)(T (x2),1 (% x2)) = AT (x2) 1 (3. x2)) . (19)

Since (1 — A) f(X,x;) € Y, adding (1 — A) f(x, x,) on both
sides of (19), we obtain

1= f (% x0) = (1 =N (T (x,),1 (%, x,))
= (1= f(%x3) + AT (xn) 1 (3 x2)) -
Combining (17) and (20), we get
(1=1) f (%x2) + MT (1)1 (px))) ¢ —intC. (21)

Since f is affine in the second argument and f(x, x) = 0, (21)
implies that

A=) fEy)+ MT (1)1 (> %)) ¢ —intC. (22)

Since # is affine and #(x, x) = 0, then from (22) we deduce
that

AU=2) f(%y) + (1= V(T (x,).7(2.5) ¢ - intC.

(23)
Dividing (23) by A(1 — 1), we have
f&Ey)+(T(x2),n(y x)) ¢ -intC. (24)
Using #-hemicontinuity of T, we get
f (&) +(T(x),n(y,x)) ¢ —intC; (25)
and hence (II) holds. O

Proof of Theorem 9. For each y € K, consider the sets

Fi(y)={xeK: f(xy)-(T(y).n(x,y)) ¢ —intC};

E(y)={xeK: f(x,9) +(T (x),n(yx)) ¢ —intC}.
(26)

Then F,(y) and F,(y) are nonempty sets, since y € F,(y) and
y € By (y).

First, we prove that F, isa KKM mapping. Indeed, assume
that F, is not a KKM mapping. Then, there exists finite subset
{y;:iel}of K,A; > 0foreachi € I with ), ;A; = 1and
w = Y. A;y; such that

w ¢ | JF, (3). 27)
iel
That is,
fwy,)-(T(y).n(wy)) e-intC, Viel. (28)

As int C is convex, therefore

Z’\if (w, ;) - Z)‘i (T (y:),n(w,y,;)) € —intC. (29)

i€l i€l

Since f is affine in the second argument and # is affine, from
(29) we have

f (w,w) =T (y;), 1 (w, w))

=f <w’ZAiyi> - <T(yi)’7l<w>ZAiyi>>
i€l i€l (30)

= Z Aif (w,y;) = Z AT (3:),m (w, 7))

iel iel
€ —intC.

By assumptions (ii) and (iii), we know 7(x,x) = f(x,x) =
0. Then (30) implies that 0 € —int C, which contradicts the
pointedness of C and hence F, is a KKM mapping.



Further, we prove that

F ()= (E ). (1)

y€eK yeK
Let x € F,(y), so that

fey)=(T(y).n(xy)) ¢ -intC. (32)

Since T is C--pseudomonotone and #(x, ¥) + #(y,x) = 0,
then (32) implies that

f (%) +(T (x),n(y,x)) ¢ —intC, (33)

and so x € F,(y) for each y € K; thatis, Fi(y) € F,(y) and
hence

FEG) < (E ). (34)

yeK yeK

Conversely, suppose that x € ) yex F2(»). Then

f(xy)+ (T (x),n(y,x)) ¢ —intC. (35)

It follows from Proposition 10 that

fey)=(T(y).n(xy)) ¢ -intC; (36)

that is, x € F;(y) and so

ﬂpz()’)g ﬂFl(}’)' (37)

y€eK yeK

Combining (34) and (37), we obtain

NFEG) =E©). (38)

yeK yeK

Now, since F; is a KKM mapping, for any finite subset {y; :
i € I} of K, we have

CO{)’i:iEI}QUF1()/i)§UFz(J’i)- (39)

i€l i€l

This implies that F, is also a KKM mapping.
In order to show that F,(y) is closed for all y € K, let us
assume that {x,} is a net in F,(y) such that x, — x. Then

f (%0 y) +(T (%) 1 (1 %4)) ¢ —intC. (40)

Since f is continuous in the first argument, # is continuous in
the second argument, and T is continuous, we have

[ (e y) + (T (x0) 1 (3> %))
— f(%9) +{T (x),n(y,x)).
AsW =Y \ {-int C} is upper semicontinuous, we obtain

fley) +(Tx),n(y.x)) ew, (42)

(41)
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and thus, we have

fley) + (T (x),n(y.x)) ¢ ~intC. (43)

Therefore x € F,(y), for all y € K and hence F, is closed. In
view of assumption (vii), F, has compactly closed values in
K.

By assumption (vii), we see that the family {(C;, Z))},.;
satisfies the condition which is for all i € I there exists k € I
such that

(N E () <Zs (44)

y€C

and consequently, it is a coercing family for F,.
Finally, we conclude that F, satisfies all the hypotheses of
Theorem 7 and thus we have

(E (y) #90. (45)
yeK
Hence, there exists X € [ cx F,(y) such that forall y € K
f(xy)+(T (x),n(y,x)) ¢ —intC. (46)
This completes the proof. O

Now, we prove an existence result for extended strong
mixed vector equilibrium problem (2).

Theorem 11. Let [ and n satisfy the assumptions (i)-(iv) of
Theorem 9. In addition, assume that the following conditions
are satisfied:

(v) for each y € K, the set {x € K
(T(x),n(y,x)) € —C\ {0}} is open in K;

(vi)' there exists a nonempty compact and convex subset D
pty comp
of K and, for each x € K \ D, there exists u € D such
that

f(xu) + (T (x),n(u,x)) € -C\ {0}; (47)

floy) +

(vii)' there exists a family {(C,, Z,)};c; satisfying conditions
(i) and (ii) of Definition 4 and the following condition
which is for each i € I there exists k € I such that

{xeK: f(xy)+(T(x),n(y.x)) ¢ -C\{0},Vy € C;}
cZ.
(48)

Then, there exists a point X € K such that for all y € K
fEY) AT (0x) ¢ -C\{0}.  (49)
Proof. Let F: K — 2P be defined by

F(y)={xeD: f(xy)+(T(x),n(yx)) ¢ -C\{0}},

Vy € K.
(50)
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Obviously, forall y € K

F(y)={xeK: f(xy)+(T(x),n(y,x)) ¢ -C\ {0}

N D.
(51)

As F(y) is closed subset of D and D is compact, therefore F(y)
is compactly closed.

Now, we show that, for any finite set {y;};c; of K,
(ier F(y;) #0. For this, let E = Co{D U {y,},;}. Then, by
Lemma 8, E is a compact and convex subset of K.

LetG: E — 2F be defined by

G(y)={x€E: f(xy)+(T(x),n(yx)) ¢-C\{0}},

Vy € E.
(52)

First, we prove that G is a KKM mapping. On contrary,
suppose that G is not a KKM mapping; then there exists
v € Col{y;}jes such that, for A; > 0 with Y, ; A; = 1, we have

v=Y Ay ¢ JG(), (53)
i€l i€l
which implies

fry) +{T(),n(ysv)) € -C\{0}. (54)

Since f and 7 are affine in the second argument, (54) implies
that

fnv)+{T (), n(nv))

= f(‘“ZAiJ’i) + <T(V)>71<2Aiyi’v>>

= Z)‘if (v ;) + z/\i (T0),n (7)) (55)

i€l i€l

=YX Af ay) + (T @) ()}

i€l
e —C\ {0}.

Since f(x,x) = n(x,x) = 0, (55) implies that 0 € —C \ {0},
which is a contradiction. Hence, G is a KKM mapping.

As G(y) is closed subset of E, therefore it is compactly
closed. From assumption (vii)', it is clear that the family
{Ci» Zi}jer satisfies the condition (). G(y) < Z; and
therefore it is a coercing family for G. Applying Theorem 7,
we obtain

mG(y) #0. (56)

y€E

Thus we conclude that there exists yy € [ e G(»).
To show that y, € D, on contrary suppose that y, € E\D.
Then condition (vi)’ implies that there exists u € D such that

F (o) + (T (35) 11 (14, y0)) € C\ {0}, (57)

which contradicts the fact that y, € G(y), and hence y, € D.
Since F(y;) = G(y;) N D, for each y; € E, it follows that y, €
(ier F(y;); that is, (;¢; F(y;) # 0, for finite subset {y,},.; C K.
As F(y) is closed and compact, it follows that, for each y € K,
there exists X € D such that X € [ . F(y). Hence, there

exists x € K such that, forall y € K,

f(&y)+(Tx),n(y,x)) ¢ -C\{0}. (58)
This completes the proof. O

Theorem 12. Let the assumptions (i)-(iv) of Theorem 9 hold.
In addition, we assume that T is strongly C-n-pseudomonotone
and n-hemicontinuous. Then the following problems are equiv-
alent:

(I) find X € K such that f(x, y) + (T(x),n(y,%)) ¢ —C \
{0}, forall y € K;

(II) find x € K such that f(x,y) + (T(y),n(y,x)) €
C, forall y € K.

Proof. Suppose (I) holds. By using the definition of strong C-
n-pseudomonotonicity of T, (II) follows directly.

Conversely, suppose (II) holds for all y € K. Then we can
find x € K such that

fy)+(T(y).n(y.%)) €C. (59)

By substituting x; = X + A(y — %), for A € [0, 1], in (59), we
obtain

f (& xy) + (T (x3),1(x),%)) € C. (60)
As nis affine and #(x, x) = 0, (60) implies that
f(®x)) + AT (x2).1 (5. %)) € C. (61)

Since f is affine in the second argument and f(x, x) = 0, from
(61) we get

A (% y) + AT (x3) .1 (3, %)) € C. (62)
As C is a cone, therefore
F (&) +(T (x2).n(y.%)) € C. (63)

On contrary suppose that
{f ®%y) +(T(x)n(HxNNT\C) #0.  (64)
As T is n-hemicontinuous, we have
{f (%) +(TE),n (XN ET\C) #0,  (65)

for sufficiently small A, which contradicts (63). Therefore we
have

f &) +(T&),n(yx)) ¢ -C\ {0}, (66)

and hence (I) holds. This completes the proof. O
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