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We extend Donsker’s theorem and the central limit theorem of classical Galton-Watson process to the Galton-Watson processes in

varying environment.

1. Introduction

There has been a lot of interesting works on Markov chains
in random environments, which is mainly concentrated in
branching processes in random environments and random
walks in random environments (see [1]).

The study of branching processes in random environ-
ments dates back to late 60s or early 70s in the last century
(see [2-5]). Our paper deals with a Galton-Watson branching
process in the varying environment (GWVE) which is a
special case of branching processes in random environments.
The main concern is the weak convergence for a GWVE,
which is an extension of Donsker’s theorem (see [6, 7]).

In the following context, {X,;,n > 0,i > 1} is a double
sequence of independent and nonnegative integer valued
random variables, where for fixed n, {X,;,i > 1} have the
same distribution {p,;,i = 0, 1,2,...} with mean g, > 0 and
variance oﬁ > 0.

Definition 1. Assume Z;, = 1 and for any »n > 1, define

Z,

X,,, ifZ, +0;
Zn+1 = ]Zl " " (1)
0, if Z, =0,

then {Z,, n > 0} is said to be a GWVE.

Define m, = E(Z,); it is well known that m, = u, -
Ui - > Py and there exists a nonnegative random variable
V such that Z, /m,, 2 V,asn — +00 (see [8]).

For any fixed r, let §,; := Xiﬂ be the size of the rth
generation of GWVE starting with the jth particle at time #;

then {§,;, j > 1} are iid. with mean m,,, and variance oﬁ,r
(see (4) and (5)). For each n, define

Y, (t,w) =

[Z,t]
\I/Z— < ZE"j_mn,r [Znt]>, te[0,1],
n j=1
(2)

Oy

where [x] is the largest integer that is less than x. Our
main result is a weak limit theorem for GWVE, which is an
extension of Donsker’s theorem.

Theorem 2. Suppose that m,, — oo and P(V = 0) = 0; then

d
Y, — B, where B is the standard Brown motion on [0, 1].

Let D be the space of functions defined on [0, 1] and
having discontinuities of at most the first kind. For any « €
R, define A, = {x € D : x(1) < a}; it turns out that
W(0A,) = 0, where W is the Wiener measure on D. Note

that Z,,, = Zji"l &,;; by Theorem 2 one has the following.
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Corollary 3 (CLT). Suppose that m,, — oo and P(V = 0) =
0; then for any fixed r,

1

V2.,

where N(0, 1) is the standard normal random variable.

d
(Zn+r - mn,rzn) - N(O> 1) > (3)

So, Theorem 2 is an extension of the central limit theorem
for classical Galton-Watson process (see [9, 10]).

2. Auxiliary Results

Let us begin with a result of €.

Proposition 4. {§,;, j > 1} are independent and identically
distributed with

My, = E (Enj) = Unbns1 " Buir-1> (4)
n+r 1
- Var( ) (mn r) Z (5)
j=n ‘Li]

Proof. According to the definition of definition of GWVE,
{§,j» j > 1} are independent and identically distributed.

Denote the generating functions of X,,; and &, ; by ¢,(s)
and g,, . (s), respectively; then it can be proved that

gnr ¢n (¢n+l ( ¢n+r 1 (S) )) (6)
Therefore,
n+r—1 n+r—1
m,, = E(E,) = g,, (1) = ]_[ ¢ (1) = ]_[ Wi (7)

So (4) is proved. In addition, the first and second derivatives
of g,,,(s) are as follows:

gnr (S) = gnr 1 (¢n+r 1 (S)) ¢n+r 1 (S)
gnr (S) = gnr 1 (¢n+r 1 (S)) (¢n+r 1 (S)) (8)

+ gnr 1 (¢n+r 1 (5)) ¢n+r 1 (s).
By (8) one has
Var (XSZ)
(Var (Xitz 1) Myp oy + mrzl,r—l) P‘i+r—1 )

2 2 2
+ My r-1 (Gn+r—1 T Mn+r—1) + Myr = mn,r

— 1
Var(an l)nunJrr 1+ n+r— lm -1

Thus,
(1) (1)
Var (X ) ~ Var (Xn’,,l) . aﬁﬂ_l (10)
- 2 2 .
mfz,r mn,r—l A"‘n+r—1mn,r—1

Since m,,; = u,,, O'Z {
of (5) by (10).

nr>

aﬁ, &= X0 we complete the proof
O
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For any #, define

i = gnj m,
Y Un,r ’
[m,t] (a
X, (t,w) = telo1].
n ,—mn =

The proof of Theorem 2 depends on the following propo-
sition.

d
Proposition 5. X,, — B, where B is standard Brown motion
on [0, 1].

Proof. Itlose no generality if we assume that {m,,} are integers.
The proof is divided into two steps. We first show that the
finite-dimensional distributions of the X,, are convergent to
those of B. Consider first a single time point s. We must prove

d
that X,,(s,-) = W,.
Since {17, j > 1} have the same distribution, we can set

@, (t)=E (exp (itr]nj)) . (12)

Note E(r,;) = 0 and Var(r,;) = 1, according to (3.8) of [11]
P101; one obtains

(Pn (S) - (Pn (0) +q)n (0)S+

2 2
=1—S—+o(s—), (s —0).
2 2

%2( ) 2+O(52)
(13)

For any fixed t and k large enough,

¢n<#>:l—%+o<i>. (14)

Since m,, — oo, for n large enough, we have

[m,,s]
Zm,))
nJ1

:[1_ £ +o< ! >][M"S] (15)
2m 2m

n

Eexp (itX, (s)) = E (exp <

o expi-—- as 1 — 00.

This means that the characteristic function of X, (s) is
convergent to that of By; by Lévy continuous theorem we
complete the proof of single point case.

Consider now two time points s and ¢ with s < ¢; we are
to prove

(X,(9). X, (1) 5 (B.B,). (16)

Note that

(X, (5), X, (1) = (X, (s), X, (t) - X, (s))<(1) }) 17)



Journal of Applied Mathematics

By Corollary 1 to Theorem 5.1 in [12], it is only needed to
prove

(Xn (5)>Xn (t) _Xn (S)) i) (Bs’Bt _Bs)' (18)

Since the components on the left are independent by the
independence of the {£,;,i > 1}. Equation (16) follows from
the case of one time point and Theorem 3.2 of [12].

A set of three or more time points can be treated in
the same way, and hence the finite-dimensional distributions
converge properly.

In the next step, we will show that {X,,} is tight. According
to Theorem 15.6 of [12], it is enough to establish the inequality

A, =E{|X, 1)

- Xn (t1)|2|Xn (t2) - Xn (t)|2}

<4(t,-t,)°, Vo<t <t<t, <Ll

Since {1, j > 1} are iid. with E(r,;) = 0 and Var(y,;) = 1
by the deﬁmtlon of X,,, we have
2
1 }

A, =E il | —
{ NPT N
_ ([mat] = [myt1]) - ([mata] = [mat]) (20)

- 2
mn

_ (myta) = 1))

- 2
mn

2 [myt,)

M 1

Ift, —t, > 1/m,, then there exist k; < k, such that

t € [ﬁﬂ> t, € [ﬁ@) (21)
m m m

Hence,
[muta] = [mati] _ky—ky _hey = (ko + 1) L
my, m, m, "y, (22)
<t —t)+ (L, -t)).

So (19) istrue when t,—t, > 1/m,.Next,ift,—t; < 1/m,, then
either ¢, and t lie in the same subinterval [k/m,,, (k + 1)/m,,)
orelse t and t, do. In either of these cases A,, = 0 by (20). This
establishes (19) in general and proves the proposition. O

3. The Proof of Theorem 2
We are now ready to prove Theorem 2.

Proof. Note that for each n,

1 [Z,1]
En' — Un [Znt]
On,r VZn ( ]:21 /

[Z,t]

1
=—— Y 5, te[o,1].
\/znjzzl !

Y, (t,w) =

(23)

We assume at first that V' is bounded, so that there exists
a constant k such that 0 < V' < k with probability 1. We may
adjust the m,, so that they are integer and so that k < 1.

If we define

n : Zn
t——, if 2 <1
|©, () —tV]| =1 m, m, (24)
tvV otherwise.
Since
o, (1) - tV] < %0, (25)

®,, converges in probability in the sense of the Skorohod
topology to the elements ®(t) = Vt of D, where D, consists
of those elements ¢ of D that are nondecreasing and satisfy
0 < ¢(t) < 1for all t. Define

)
By (), ift> "
X:, (tw) =1 VM I,<i<m,t " my, (26)
0, otherwise,

where {I,,n > 0} is a sequence of nonnegative integers going
to infinity slowly enough that [,/ /m, — 0asn — +oo.
Define §,, = sup,|X,,(t) - X;(t)l; then

n = 8\/—nZ|17m (27)

By Minkowski’s inequality and the fact that [,/ /m,, — 0,
one has

E {8} < ——

121,21 _
5x/m_ni:ZIE {n”"}_fsx/m_n (28)

So that by Chebyshev’s inequality 6§, 2. By Proposition 4,
d
X, — B. Since d(X,,X)) < §,, where d is the metric

in D which generates the Skorohod topology, it follows by

d
Theorem 4.1 of [12] that X/, — B. So, if A is a W-continuity
set in D, we have

P{X, e A} > W(4). (29)

Let %, be the field of cylinders sets; that is, %, consists
of the form

w; (& (w),0<i<m,1<j<k)eH (30)
j

with H € B(R™), the Borel o-field of R"™.
IfE € %, sincel, — ooand {X,;,n > 0,i > 1} are
independent, then for large n,

ni>

P({Xx, e A} nE) = P{X, € A} P(E). (31)
It follows by (29) that

P({X, e AjnE) — W (A)P(E). (32)



Since (@, Z,/m,,) 5 (®,V) in the sense of the product
topology on D, x R and every X_ is 0(%,) measurable, it
follows by Theorem 4.5 of [12] that

Z d
(00,22 ) % (B0, 1) (33)

n

is relative to the product topology in D x D, x R', where V, is
independent of B and has the same distribution as V, @,(t) =

V,t. By the fact that §,, 5 0,

Z,\ d
(Xn’ (Dn’ _n> - (B’ (DO’VO) : (34)
m

n

Now the mapping that carries the point (x, ¢, &) to & /*(xo¢)
is continuous at that point x € C, ¢ € Cn D, and « > 0. By
Corollary 1 to Theorem 5.1 of [12],

z,\""? -
(2) (o0 2P Be0). (9

n

Since V;; and B are independent, (Vo)fl/ %(Bo ®@,) has the same
distribution as B. Moreover (Z,/m,) "/*(X,, » ®,) coincides
with Y, if Z,/m, < 1, the probability of which goes to 1 since

k < 1. ThusY, 2, Bif V" is bounded.
Suppose V is not bounded. For u > 0, define

v V, ifV<uy
“lu, if Vo>,
(36)
][zn, ifV<u
Zun = .
myu, ifV>u.

Then foreachu, Z,,/m, 5 V,, and by the case already treated
if

1 [Zunt]
Y, tw) = ——— z Enj ~ U [Zunt] (37)
On,r Zun j=1

then Y,, % B.Since P(Y,, # Y,) < P(V > u),Y, > B
follows Theorem 4.2 of [12]. O
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