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We study the existence and uniqueness of positive solutions for a class of quasilinear elliptic equations. This model has been
proposed in the self-channeling of a high-power ultrashort laser in matter.

1. Introduction

In this paper, we consider the following quasilinear Schro-
dinger equation:

- Au+ wu — i [A(l + u2)1/2] ;1/2
2 (1 +142) (1)

= ulf 'y, xeRY,

wherew > 0,k >0, N >3,and2 < p+1<2* :=2N/(N-2).
Solutions of (1) are related to standing waves for the following
quasilinear Schrodinger equation:

iz, =-Az+W(x)z - h(lzlz)z — kAl (|z|2)l' (Izlz)z,
2)

xeRN,

where z : Rx RY — C,W: RN — R isa given potential,
K is real constant, and [ and # are real functions. Quasilinear
equations such as (2) have been accepted as models of several
physical phenomena corresponding to various types of [; see
[1-5] for physical backgrounds.

The superfluid film equation in plasma physics has
this structure for I(s) = s (see [6]). Putting z(t,x) =
exp(—iEt)u(x), where E € R and u > 0 is a real function,
(2) turns into the following equation:

—Au+V(x)u—A(|u|2)u=p(u), x € RN, (3)

where V(x) = W(x) — E is the new potential function and
p is the new nonlinearity. In this case, the first existence
results are due to [7]. In [7], the main existence results
are obtained through a constrained minimization argument.
Subsequently, a general existence result was derived in [8].
The idea in [8] is to make a change of variables and reduce
the quasilinear problem to semilinear one and Orlicz space
framework was used to prove the existence of positive
solutions via the Mountain pass theorem. The same method
of changing of variables was also used in [9] but the usual
Sobolev space H'(R") framework was used as the working
space. Precisely, since the energy functional associated (3) is
not well defined in H'(R"), they first make the changing of
unknown variables v = f~'(u), where f is defined by ODE as
follows:

1

V1272

and f(t) = —f(~t), t € (—00,0]. Then, after the changing of
variable, to find the solutions of (2), it suffices to study the
existence of solutions for the following semilinear equation:

@)= t € [0, +00), @)

-Av=¢(x,v), x € RY, (5)

where

¢ (x,v) = (V@ fM+p(fW)- ()

!
w/1+2f2 v)
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By using the classical results given by [10], they proved the
existence of a spherically symmetric solution. In [11], the
authors give a sufficient condition for uniqueness of the
ground state solutions by using the same change of variables
as [9].

In the case l(s) = (1 +s)1/ 2 (2) models the self-channeling
of a high-power ultrashort laser in matter (see [12]). In this
case, few results are known. In [13], the authors proved global
existence and uniqueness of small solutions in transverse
space dimensions 2 and 3 and local existence without any
smallness condition in transverse space dimension 1. But they
did not study the existence of standing waves. But we have to
point out that the method of change of variables as (4) cannot
be generalized to treat the case I(s) = (1 + )2, In [14], the
authors made the changing of known variable (see also [15])

v=Gu) = Lu 1+2(sl' (s2))ds (7)

and proved the existence of nontrivial solution with N > 3
and k¥ = 1. In this paper, for I(s) = (1 + s)l/2 and k > 0,
we will show the existence and uniqueness result for (1) by
using a change of variables due to [14, 15]. One main difficulty
in dealing with this problem seems to be that of obtaining
the boundedness of a (PS) sequence for the corresponding
functional. We overcome this difficulty by using Jeanjean’s
result [16].
Our main result is the following.

Theorem 1. Assume that N > 3, w > 0, x > 0, and
max{4y2/(2+«) — 1,2} < p+ 1 < 2% There exists ¢, =
o(ps) > 0 such that if P~ > ¢, then the positive solution
of (1) is unique.

In this paper, C denotes positive (possibly different)
constant, L?(RY) denotes the usual Lebesgue space with
norm || u ||, = (fpu lul?dx)"/?, 1 < p < co, and H'(RY)
denotes the Sobolev space with norm || u ||= (IRN(IVMI2 +
wu?)dx)'?.

2. Preliminaries

We note that the solutions of (1) are the critical points of the
following functional:

1 Kuz 2
Tw=-| [1+—% |
®) 2[@[ +2(1+u2)]| ul dx

1 1
+ = J wuldx - —— J lulP ' dx.
2 JrN p+1Jry

(8)

Since the functional I(x) may not be well defined in the usual
Sobolev spaces H' (RY), we make a change of variables as

u

v=Gw= | g, ©)

0
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where g(t) = V1 + (kt2/2(1 + t2)). Since g(t) is monotonous
with |¢], the inverse function G }(¢) of G(t) exists. Then after
the change of variables, I(u) can be written as

J(v) = 1 J |Vv|*dx + 1 J w|G_1 (v)'zdx
2 JrN 2 JrN

) (10)

_p+1

Gl pﬂdx.
Jle ol

By Lemma 2 listed below, we have lim, ,,G™'(t)/t = 1 and

limt_>OO|G_1(t)|/t = /2/(2 + k), so J(v) is well defined in
HYRN)and J(v) € C..

If u is a nontrivial solution of (1), then forall ¢ € CgO(IRN )
it should satisfy

[ [ @ vuvg + g @) o ) 1vul'y
. (1)
+wup — up<p] dx =0.

We show that (11) is equivalent to
J Wy

) G (v) (el )
= JRN I:VVVI// + wg(G‘l (V))w - g (V))l// dx =0,

vy € C° (RY).
(12)

Indeed, if we choose ¢ = (1/g(u))y in (11), then we get
(12). On the other hand, since u = G '(v), if we let v =
g(u)¢p in (12), we get (11). Therefore, in order to find the
nontrivial solutions of (1), it suffices to study the existence of
the nontrivial solutions of the following equation:

I )| L, G
g(G1T() g(Gtm)

Before we close this section, we give some properties of
the change of variables.

—Av = x e RN, (13)

Lemma?2. (1) v2/Q2 +x)t < |G(t)| < t forallt > 0;
Q@) G@®) | < 1 forallt € R;
(3) lim, ,,(IG™'(®)I/t) = 1;
(4) lim, _, o (IG™"(0)I/) = 2/(2 + x);
(5) tg'(t)/g(t) <((k+4)-2v2Q2+x))/x forallt € R;
6) V2/2+ G (t) < tG'(®) <G \(®) forall t > 0.

Proof. (1) Since [G'(t)-(1/gO)t] = 1/9(G(1) -
1/9(0) < 0 and [G™'(t) - (1/g(co))t] = 1/g(G™'(1)) -
1/g(00) = 0,s0 1/g(co)t < G'(t) < (1/g(0))t, for t > 0; that

is, (1/g(oo))t = \2/2 +x)t < G'(t) < (1/g(0)t = t, for
t > 0, which proves (1).

Since lim, _, o(G™1(1)/1) = (G (1)) |,y = 1/g(G™(0)) =
1 and g(t) is increasing, so properties (2) and (3) are obvious.
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For (4), the result is obvious since g(t) is an increasing
bounded function.

Since
t Kt?

—g )= ————

PION 2(1+2) g2 (t)
_ Kt
2+ (k+4) 2+ (k+2) (14)
B K
2/ + (k+4) + (k+2) 12
- (k+4)—-2/22+k)
- K bl

which proves (5).

For (6), since g is a increasing function, then G(f) <
g(®)t, which implies that t(G_l(t))’ < G7'(#). On the other

hand, by (1) and V2/CZ+x) < (G'() < 1, we get
V2IZ+ 06 () < G @) . O

3. Existence

At first, we give two Lemmas.

Lemma 3. There exist py,a, > 0 such that J(v) > a, for all
v 1= po-
Proof. Let

Q) = —%w|c*1 o[ + p;|G’1 ®)

pt+l
+1 | '

(15)

Then, by Lemma 2 and 2 < p + 1 < 2%, we have

Qw . [ 1 (G‘l(n)z
lim—= =lim | ——w

t—0 f2 t—0 2 t

1 (G O\ | o

_ p+l
1 (|67 @) L
TPt t 2=t |

(16)

Thus, for € > 0 sufficiently small, there exists a constant C, >
0 such that

QM) < (—%w+e>t2 Ot 1)

Then, we have
J(v) = 1 J Vv dx + 1 J w'G_1 (v)|2dx
2 JpN 2 JrN

- pi S| e o M
RN

\%

1 1
- J |Vv|*dx + = J- wvidx — € (18)
2 JrN 2 JpN

X J Vidx - C, J Vv dx
RN RN
> ClvlI* - Clvli* .

Thus, by choosing p, small, we get the result when | v [=
Po- O

Lemma 4. There exists v € H (RY) such that J(v) < 0.

Proof. Given ¢ € CgO(IRN, [0, 1]) with supp ¢ := B, we will
prove that J(s¢) — —ooass — o0, which will prove the
result if we take v = s¢ with s large enough. By Lemma 2, we
have G™'(t) > Ctast > 1, so

J(s¢) < 1o J V| dx + 1o J w’dx — sPH'C
2o s 1)
19

1
Pldx — —o0,

X J. ¢
{lspl=1}

ass — 00. Thus, we get the result. O

We will use the following Theorem which is due to
Jeanjean [16].

Theorem 5. Let X be a Banach space equipped with the norm
| - || and let L ¢ R be an interval. One considers a family

(I)) 51, of C'-functionals on X of the form

Iy(u)=Aw)-AB(u), VAel, (20)

where B(u) > 0, for all u € X, and such that either A(u) —
+00 or B(u) — +ooas| u | = ©o. One assumes that there
are two points (vy, v,) in X such that setting

I={yeC(0,1],X),y(0) =v,y(1) =v,}, (21)

there hold, for all A € L,

6 = infmaxl, (y (+)) > max L), L)t 2

Then, for almost every A € L, there is a subsequence {v,(1)} C
X such that

(i) {v, (M)} is bounded;
(i) L(v,(A) = ¢;
(iii) I} (v,(A)) — 0 in the dual X" of X.



We consider the functional

B =3 | (v eje” o) dx

A (23)
_ J 67 )" dx,
p+1Jry
where A € [1/2,1].
Let L = [1/2,1]. We find that
1 1 ptl
BO)= IRN G @ dxz0 e

forallv € H'(RY). On the other hand, if | v |= ([~ (IV¥I* +
wvz)dx)l/2 — +00, then either .[[RN |Vv|?’dx — +00, which
implies A(v) := '[RN(|VV|2 + w|G'WP)dx — +oo, or

.[[RN w’dx — +00; in this case, to verify that A(v) — +o0o,
we start splitting

J wvidx = J wvidx + J wvdx, (25)
RN {x:|v(x)|>1} {x:|v(x)|<1}

since

wvidx < CJ v dx

{x:|v(x)|>1}

2%/2
gcq |Vv|2dx) ,
RN

and by Lemma 2 (6), we have v = GG '(v) < g(Gil(V))
G (v), so

J{x:lv(x)lzl}
(26)

widx, (27)

2 1
w|G )| dx > J
J{x:lv(x)lsl} | ' 9> (1) Jpepoisy

so A(v) — +oo.

For J; (v) defined above with A € [1/2, 1], using Lemma 4,
wegetav € HY(RM) such that J,(v) < 0. Also from Lemma 2
we know that B(v) = o(|| v||*) asv — 0. Thus setting

r={yec(io.1,H (RV)),y©0) =0y(1) =v}, (28
we have, for all A € [1/2,1],

o = %/Iglftlg%()a,}lc]]A (y () >0=max{J, (0),], (n)}. (29)

Therefore, using Theorem 5, for almost all A € [1/2, 1], there
exists a subsequence {v, (1)} ¢ H Y(RY) such that
(i) {v,(A)} is bounded in H'(R");
(i) h(v,(V) — ¢
(iii) J3(v,(A)) — 0in H'(R").
Lemma 6. Assume that {v, (1)} < HYRYN) is a bounded

Palais-Smale sequence of the functional J, for A € [1/2,1].
Then there exists a nontrivial critical point of Jy.
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Proof. We first note that {v,(A)} ¢ H Y(RY) satisfies
1 2
T (v, () = -j 19y, V) dx
2 Jpy

+ % JR w|G_1 (v, (A))izdx

- p/}r . JRN |G_1 (v, (A))'P+ldx =¢ +o(1),
(30)
and, for any y € C°(RY),
, B G (v, (V)
L (v W)y = jRN [an AL 3G (v, V)
G (v, )|’
(31)

Since {v,,(1)} is abounded Palais-Smale sequence, there exists
v(A) € H'(RY) such that v,(A) — () in H'(R") and
v,(A) — v(1)in LfOC(IRN) for p € [2,2%). By the Lebesgue
Dominated Theorem, we have

I D)y =T, v )y
= J (Vv, (A) = Vv (L)) Vy dx
RN

ro [ G',) 6w
rY [ 9(G (v, (V) g(GH(v(D)

B J )" 6t vonf
[RN

)]‘”d"

g(G 1 (v,(V)) g(GT(v(A)

— 0.

(32)

Hence, v is a weak solution of (1). If v(1) # 0, then we get the
result.
Otherwise, if v(1) = 0, we claim that for all R > 0,

lim sup J v,(A)’dx =0 (33)
n BR(J’)

_)OOye[RN

cannot occur. Suppose by contradiction that (33) occurs, that
is, {v, (1)} vanish; then, by the Lions compactness Lemma (see
(17, 18]), v, — 0Oin L' (RY) for any r € (2,2%). Since 2 <
p+1 <27, then by the proof of Lemma 2, we get

e of

g0

_ 1
<lct o <’ vcit,  (34)
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which implies that

0= lim J, (v, (1)) v, 1)

L 2 G (v, (M)
= nll)ngo JRN |:|VVn (A)| + C()mvn (A)
G (v, W)
S ) C
G!
. (v. (V)
= J P e

~Aev,(M)? = AC,|v,, (A)|P“] dx.
Sincee — Oand p+1 € (2,2%), then

lim j Vv, (V) 2dx =0, (36)
n— 00 RN

. G (v,()
lim

i | g@g,ayn O @)

On the other hand, note by Lemma 2 (5) that

V(G () g (G (v, (V)]
G (W)

G ) -1
S[H e (@ ) |19, )
< 2(k+2)— 2\/2(2+1< |V (’\)l

(38)

Combing Lemma 2, we have G_l(vn(/\))g(G_l(vn(A))) €
HYRY). In fact, we only need to show that
IG™' (v, W) g(G™ (v,(WD)] < Iy, (V)]s let D(t) = g(t)t — G(t);
then by Lemma 2 (5), we have

' (1) =g (t)t -

2g(t) < g(t) <0,

4-x-2212+k)
K
for k > 0,
(39)

so g(t)t < G(t) for t > 0 and g(¢)t > G(t) for t < 0, which
implies that |G71(vn(/\))g(Gfl(vn(A)))I < |v,(A)]. Thus, since
CSO(RN) is dense in H'(RY), by choosing

y=G" (v, W) g (G (v,())) (40)

in (31), we deduce that
o (1) v, W]
=L M)G (v, M) g (G (v, (W)))

x |y, W
ol (v, W) A6 (v, (A))|"“] dx.
So
lim_ J 0|67 (v, W) dx = 0. (42)

Combing (36) and (34), we have
1
T (v, V) = EJ Vv, )|Pdx
RN

+ % JRN o.)|G_1 (v, (/\))|2dx

A G
_p+1 J-RN|

so we get a contradiction since J,(v,(1)) — ¢ > 0. Thus,
{v,(A)} does not vanish and there exist k, R > 0, and {y,} €
RY such that

(43)

(v, W) dx — 0,

as n — o0,

n— 00

lim J v, (W)2dx > k > 0. (44)
BR(yn)

Define v,(A) := vﬁ and 'ﬁ,’}(x) = Vﬁ(x + ,). Since {vﬁ} is
a Palais-Smale sequence for Jj, {Vﬁ} is also a Palais-Smale
sequence for J, with /;(#) = 0if 7' — ¥ in H'(RY).
Since {Vﬁ } does not vanish, we have that # # 0 is a nontrivial
solution of (1). O

From Lemma 6, we see that, for almost all A € [1/2,1],
there exists a solution v(A) to the following Schrédinger
equation:

~Av=h(x,v), xeRY, (45)
where
_ 'w) g wf
B (x,v) = (46)
R R MG

Therefore, we can choose {A j} C [1/2,1] such that A i~
= v(/\j), we have ]/’\j("j) = 0. We can deduce
that v is a solution to (13) if we show that J'(v) = 0. To prove
this, in view of Lemma 6, we first check that {v j} is bounded
in H'(R").

1. Setting v;



Notice that the Pohozaev identity implies that the solu-
tions of (45) satisfy

EJ V| dx+_J |G‘1(v)| dx
RN

2N
) Pi 1 jRN |G71 (v)'Pde

Lemma 7. The sequence {vj} is bounded.

(47)

Proof . Since vjisa solution to (45) with A = /\j, by (47), we
have

G2 24,

= % JRN 'ij|2dx + % JRN cu|G_1 (vj)'zdx

by ) N
—p:llw & )

= Vv dx+— a)G_1 ~2dx
Vi

—[EJ' 'Vv|dx+ J. |G71
2N 2 JgN

>—J 'Vv|dx,

(Vj)'zdx]

(48)

which implies that .[[RN |ij|2dx is bounded. On the other
hand, together with (41), we have

(p+1)c,-0=(p+1) ] (v))
-1, (v)G6 (v)a (G (v))

p+1l 2(k+2)-2y2(2+x)
> —
B 2 K (49)

X JRN |ij|2dx

p-1 1 2
+ 5 JRNw|G (vj)| dx.
Since _[ [Vv|?dx is bounded, so _[ w|G (v )Pdx s
RN J > RN J

bounded. To verify that {vj} is bounded in H'(RY), we start
splitting

J wvidx = J wvidx + J wv? dx, (50)
Ry 7 {x:lv;|=1} / {x:lvyl<1} !

since

22
. 2

J wvidx < CJ v dx < C(J |ij| dx) ,
vz vz} 7 RN

-1 2 ,
J-{levjlgl} CU|G (Vj)| dx > v dx,

@)
w
g (D) Jeyyyy

(51)

s0 [l v; 1= (fuu (IV7,1* + wv})dx)"/? is bounded. O
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Lemma 8. Assume that N > 3, w > 0,and2 < p+1 < 2%,
Then (1) has a nontrivial solution.

Proof. The boundedness of {v]-} in HY(RY) follows from
Lemma 7; we have that {Gil(vj)} is bounded in L*(RY) for
2 < s < 2*. Then for any y € C°(R"), we have

I (vi)v =T (v) v
G (VJ)|P
a6 ()"

| v dx (52)

(v)

e[
<(1-2)] e
<(-) (]| o
(R

g(G
G! (V_)|P><((p+1)/p)>
)

since

B ((p+1)/p) pl/(p+1) 1/(p+1)
(L s e (L) <o
RN RN

(53)

so])'tj(vj)q/—]'(vj)y/ — 0asj — 003 thuswehave]'(vj) —
0as j — oco. By knowing that

(54)
<[5 ) s
since
(;_ff) ” RN|G71 (v dx — o, (55)
so limsup;_, ,J(v;) = limsupj—?oo]/\j(vj), and e dis.
0 or

tinguish two cases. Either limsup;_, /] Aj(vj) >
limsupj_)oo],\j(vj) <
lim suijOOI(vj) := ¢ > 0 and the result follows from
Lemma 6.

In the second case, we define the sequence {zj} c HY(RM)
by z; =t;v; witht; € [0, 1] satisfying

0. In the first case, we get

Iy, (z) = maxy, (tv;) (56)
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(ifforaj e N, t defined by (56) is not unique, we choose

the smaller possible value). By construction {zj} ¢ HY(RY)
is bounded. Moreover by the definition of (56), we have

djlj (tV])
0= —u

t=t

G (z)

1 2
= E |: JRN 'VZJ-| dx + jRN wmzj dx (57)

j
_Aj |G 1(ZJ)|P Zjdx] i
(67 (z))

) ]ij(zj)zj = 0. Then following the proof above, we have
]'(zj) — 0and liminfj_mo](zj) = liminfj_,oo]lj(zj). On
the other hand, by the proof of Lemmas 3 and 2 (6), there
exists a constant C > 0 such that ];‘j(v)v >C | vI* + o vII*)
as v — 0, uniformly in j € N. Thus, since ]/,1.("1') = 0, there
isa > 0 such that || Vi |z a, for all j e N. Similarly, following
the proof of Lemma 3, we have ]Aj(v) > C || vII*+o(|| v|I*) with
C > 0asv — 0. Then recording that lim supjﬁm])tj(vj) <0,
we obtain from (56) that

lijnliorgf] (z) = hjrgiolgf]Aj (z;)=c >0. (58)

Using Lemma 6 again, we complete the proof of Lemma 8
which implies that u = G 1(v) is a solution for (1). O

Remark 9. In [14], the authors considered the existence of
solutions for the following quasilinear Schrédinger equation:

—div(g* W) Vu) + g () g' ) |Vul* + V (x)u = h (u),

X € IRN,
(59)

where the nonlinearity h is Hélder continuous and satisfies
the following conditions:

(hy) h(s) =0ifs<0;
(hy) h(s) = o(s)ass — 07;
(h,) there exists 2 < p < 2" := 2N/(N - 2) such that
()l < C(1 + g(s)IG(s)1P™);
(hs) there exists g > 2 such that for any s > 0, there
holds 0 < ug(s)H(s) < G(s)h(s).

If we take g*(t) = 1+ xt*/2(1 + *), V(x) = w, and h(u) =

[u]P'u, (59) turns into (1) with x = 1. We point out that the
existence result in [14] does not cover our result.

Now, we show that (k) is not satisfied for h(u) = lul?u
if2 < p+1 < 2% Infact, 0 < pug(s)H(s) < G(s)h(s) if and
only if

HH() _ G(9)
sh(s) ~ sg(s)

(60)

7
By Lemma 2 (5), we have
G (s) K
> . (61)
sg(s)  2k+4-22Q2+k)
Thus, we only need to show
H (s
HHS) - ; (62)
sh(s) ~ 2xk+4-22Q2+x)
that is
2 4-2+/2(2
£t ( +K)p¢§p+1, (63)
K
under the hypothesis h(s) = s”. Then, by (63), we have
2<2(6-2V6)<p+1<2', x=1,
(64)

4<p+1<2', k— o00.
Remark 10. In [14], (hs) is used to prove the boundedness of
(PS) sequence. In this paper, since (h;) does not satisfy our
condition, we obtain the boundedness of (PS) sequence by
using Jeanjean’s result [16].

4. Uniqueness

In this section, we study the uniqueness of the positive radial
solution of (13). We put

'@ e
f(s) = 1 - w 1 >
g(G' ()  g(G ) (65)
for s > 0, Ky (s) = Sch (is)).

We apply the following uniqueness result due to Serrin and
Tang [19].

Theorem 11. Suppose that there exists b > 0 such that

(1) f is continuous on (0,00), f(s) < 0 on (0,b], and
f(s) > 0fors>b;

(2) f e CY(b, ) and K}(s) < 0 on (b, 00).
Then the semilinear problem

—Au = f(u) in RN, u>o0,
(66)
u— 0as |x| — oo, 1 (0) = maxu (x),

has at most one positive radial solution.

Now we can see that f defined in (65) is of the class
C'[0, c0). Moreover, by the proof of Lemma 2, we have that
G s) is increasing and G '(0) = 0; then G''(s) > o.
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So —w + |GH(s)|P! > —w; then there exists a unique b such
that —w + |G 1(b)|P! = 0, and

-1
f(s) = ngl(sz)) (—w + |G71 (s).Pil) <0,
for s € (0,b],

G (s) -1 p-1 )
fs) = m(—mk} )| ) >0,

for s € (b, +00).

So (1) of Theorem 11 holds. From —w + |G 1(b)|P™! = 0, we
can also observe that b = G(w"/?™). Since G(s) is increasing

and Slingo (G(s)/s) = V(2 + x)/2, this implies that

1/(p-1)

b— oo iffw — 0. (68)

Lemma 12. Suppose N > 3 and p > 4~/2/(2 + ) — 2. Then
there exists ¢, = ¢y(p,«) > 0 such that if 0! *™ > ¢, then f
satisfies (2) of Theorem 11.

Proof. We observe that

Ki ()= —— (sf &) f" &+ &) [ (6)=sf'(5)"). (69)

.
f(s)?

Thus we have only to show that sff” + ff' — sf'2 < 0, for
s > b. Since

(G (s) - wG (s)

- (70)
fs) PI(IE)
SO

! _ 1 -1 p-1 gl (G_l (S))

f (S) - gz (G71 (S)) [p(G (S)) - (U:I - —g3 (G’l (5))
x[(67(5) -G (5)],
" _ 1 _ -1 p-2

f@)= G0 (S))P(P (G )

39, (Gﬂ (S)) -1 p-1
e [p(c7 )" - 0]
[d'cw) (o)

g G'(s) g (G)
x[(¢7 )" -G (9)].
(71)

Abstract and Applied Analysis

Then by complicated computations, we have

SO ©+FO ) -s(f ©)
B 1
-7 (G)

[ 2p-Ds(c )"
9(G ()

[(G‘1 ) - wG™! (s)]

+ [p(G’1 (s))p_1 - w]

. [er o) e
T 9(GTE) (GO -G (s)

) sg” (G—l (S))

[(G‘1 ) - wG™! (s)]

g (G (s)
- Sj((g—(f)))) [p(G )" - 0]
- % (67 9)" -G ()]
+—2S(gg3’ ((g_: ((SS)))))Z (67 ®)" -0 )] >
- m (67 @) -G (9] (Hy (9)+ Hy (5),
. (72)
T
ey e
9(G(9)) (G () -G (s)’
Hy () = - % (67 )" -G ()]
- % [p(6 )" - 0]
- —gg (fl ((;))) (67 9) -G 9]
¥ —25(; (g ((:)))))2 (67 )" -w6 (9)]-

(73)

For s > b, it follows that (1/g3(G_l(s)))[(G_l(s))17 -
wG!(s)] > 0. Thus it suffices to show that H,(s) + Hy(s) < 0,
for s > b, in order to prove that sf(s)f"(s) + f(s)f'(s) -
s(f'(s))* < 0.



Abstract and Applied Analysis

By (4) of Lemma 2 and lim, , ., ,g(t) = /(2 +x)/2, we
have

_ —2
H© . pp-1 (6'O)
S0g(GTl(s) s

lim
s— 00 SP*1

-1 p-1 _

500 sp-1

Clim
=0g(GT()

[ ©) " o]

* sP2 [(G‘1 (5))f - wG™! (s)]

:(Jzi;c)PI(P(P‘1)+P—p2)=o.

(74)

Thus, for sufficiently large b, we obtain H,(s) + H,(s) < 0 if
and only if H,(s) < 0 fors > b.
Next, we investigate the sign of H,(s). Firstly, we express

g" in terms of g and g, and since g(t) = /1 + xt2/2(1 + £2),
) g'(t) = (1/2g@®))(xt/(1 + %)% and

_g'(t) Kt N 1 K
297 (1) (1+2)* 290 (1+2)°
B 2t L Kt

L+ g(t) (1+ 1)

g// (t) =

(75)

(0 do_uo
g(t) t 1+

Thus we obtain

35(g' (67 )’
7 (G ()

sg' (G"1 (s))
G2 (G ()

H, (s) =

4sG™ (s) g' (G_l (s))
+
[1+(G )] (G (5))

< [(67 ) -G (9)] (76)
sg' (G_1 (s)) . o1
" A ]

gl (G—l (S))

_ m [(G_1 (s))P - wG™! (s)] .

9
We note that
(GO e J 2\
% P S\ V2+x )
. (77)
I p(G0)" —w \/ =)
Do sp1 —P( 2+K) ’
S0
lim —H2 ()
s—oo gP-3
(J 2 ) (g (61 9))°
= lim —————
2+ s=eo g3 (GTL(s))
) sy’ (G‘l (S))
- sir%qu (S) gz (G—l (S))
45'G71 (s) g' (Gi1 (s))
+ lim >
s [1 +(G71(s)) ]g3 (G (9)
o $q (G—l (s))
s20 g (G (s)
\/ T\ ) $q (G—l (s))
_p( 2+1c) o 7> (G (s)
(78)

Moreover, we have G '(s) ~ +2/(2+x)s, g(Gil(s)) ~
V(2 +x)/2, and g'(G"l(s)) ~ k(2 +x)/4)s > ass — oo.
Then, from p > 4+/2/(2 + k) — 2, we have

- Hy(s) (/ 2 Y
lim =
s—o0 gP73 2+

2\ 2
= x|2y——-1-2| <o,
2+K 2+K 2

so H,(s) < 0 for s > b if b is sufficiently large; that is, H,(s) +
H,(s) < 0fors > b. From (68), there exists ¢, = ¢,(p,x) >
0 such that if @/®V > ¢ then we obtain sf(s)f”(s) +
F) f'(s) = s(f'(s))* < 0for s > b= G(w"/P™), O

By Lemma 8, we can apply Theorem 11, Hence we obtain
the uniqueness of positive radial solutions of (13).
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5. Conclusion

By the discussion of Section 3, we have a nontrivial solution
of (1). Then using the result of Gidas et al. [20], we know that
the nontrivial solution is a positive radial solution with u —
0 as |x] — oo and u(0) = maxu(x). Combined with the
discussion of Section 4, we complete the proof of Theorem 1.
Thatis,if N > 3,x > 0, w > 0, and max{4+/2/(2 +«)-1,2} <
p+1 < 2%, there exists ¢;(p,x) > 0 such that if RACEPS
¢ (p> k), then the positive solution of (1) is unique.
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