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We present a new numerical algorithm for two-point boundary value problems. We first present the exact solution in the form of
series and then prove that the n-term numerical solution converges uniformly to the exact solution. Furthermore, we establish the
numerical stability and error analysis. The numerical results show the effectiveness of the proposed algorithm.

1. Introduction

It is well known that many problems can be presented by the
following two-point boundary value problems:

[y 0] = f(xy), xe@©),
y(1)=b,

where « € [0, 1], a, and b are finite constants.

Problem (1) arises from many fields of applied math-
ematics and physics, such as nuclear physics, economical
system, chemical engineering, and underground water flow.
Therefore, this problem has attracted considerable attention.
For example, Aziz and Kumar [1, 2] presented a finite
difference method based on nonuniform mesh to solve this
problem. Kumar [3, 4] presented a second order spline finite
difference method to solve (1) by using a spline function.
Rashidinia et al. [5] presented a parametric spline method for
(1). For these references, please see [6-10].

In this paper, we propose a new numerical algorithm to
solve (1) by using the reproducing kernel theory. By homoge-
nizing the boundary value conditions, (1) is converted into
a nonlinear operator equation. We show that the solution
of (1) is equivalent to the solution of the operator equation,
and its exact solution y(x) can be represented in the form
of series. Furthermore, we prove that the n-term numerical
solution y,(x) converges uniformly to the exact solution.

1
y(0) =a,

Then, numerical stability and error analysis of the method are
presented. Numerical results show that this method has high
accuracy.

The paper is organized as follows. In Section 2, funda-
mental definitions and theorems of the reproducing ker-
nel theory are given. In Section 3, the nonlinear operator
equation is constructed. The new numerical algorithm is
presented in Section 4. In Section 5, we apply our method
to linear and nonlinear numerical examples and illustrate
the applicability of the presented method. Section 6 ends this
paper with a brief conclusion.

2. Fundamental Definitions and Theorems

In this section, we show some fundamental theories of the
reproducing kernel space [11, 12].

Definition 1. Let H denote a Hilbert space, which is com-
posed of functions defined on an abstract set D and admits
a reproducing kernel K(x, y). That is, for each fixed y € D,
K(x, y) belongs to H as a function in x and for any f € H,

(f @), K(xy)y=rf()- )

We call (2) the reproducing property of K(x, y).
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Theorem 2. Let H be a Hilbert space; let {g;(x)};°, be a
complete function system; that is,

0, i#}j,

<cp,- (x),9; (")>H - {1, i=j; ©

then K(x, y) = Yo, ¢;(x)9;(y) is the reproducing kernel of H.

Proof. In fact, Vf(x) € H; f(x) = Y2, a;9;(x), a; € C. In
view of (2) and (3), we have

(f (), K ()= Dap (), ) ¢ ()9 (y)>
i=1 i=1 H
(4)

= Yag ()= £0).
i=1 D

Definition 3. The reproducing kernel space W,"[0,1] is
defined as follows.

W'0,1] = {f(x) | f ™1 (x) is an absolutely continuous
function, £ (x) € L*[0,1],x € [0,1]}.

The inner product and norm are defined as, respectively,
Vf(x), g(x) € W,"[0,1],

m—1 . . 1
<f(x),g(x)>wzm = Zfl 0) 4 (0) + L ™ (x) g™ (x) dx,
i=0

If GOl = J<f GO £y
(5)

Theorem 4. W,"[0,1] is a complete space with respect to
I e
Proof. Ifthe reproducing kernel K(x, y) of the space W,"[0, 1]

exists, in view of (2) and Cauchy-Schwartz’s inequality, we
have

fO) = (F K@ 7w < 1l 1K (6 3)

= Al (K G 3) K (6 7)) (6)

= | flwy VK (3 »)

which shows that f(y) is a bounded linear function on
W,"[0,1]. Hence, there exists a Cauchy sequence {f,(x)} €
W,"'[0, 1]. By (2) and Cauchy-Schwartz’s inequality, we obtain

= [(£ 0 = £ )L K (53D

< 13 = fy g K G5 3

= 1£ 0 = fon GOl (K (3, 3), K (%, 3) )y

< £ @) = fon @)l VK (3 9)-

7)

Abstract and Applied Analysis

Therefore, there exists f(x) € W,"[0,1] such
that lim, , f,(x) = f(x). Furthermore, we have

lim, | ol fullym = Ifllyp and lim,  (for Gy =
(f, g)WZm. So the proof of Theorem 4 is complete. O

3. Structure of the Nonlinear Operator

Now, we show the method to solve (1). By transformation, we
have

Ky () +ax Ty (0 =[x 0] = flny).  ©)
That is,

Y (x) Faxy () = xf (x,9),

" ! (9)
y () +ax)y (x)=g(xy),
where a(x) = ax™! and g(x, y) = x*f(x, y). Let
Ly=y"+a(x)y, 0<x<1, (10)

with L : W23 [0,1] — W21 [0,1]. By homogenizing the
boundary value conditions, (1) can be converted into the
equivalent nonlinear operator equation:

Ly:g(x,y), 0<x<1,

y(0)=y(1)=0.

(1)

For any y(x) € W23[0, 1] and each fixed point x € [0, 1],
¢ (x) = K(x;9), v; (x) = L"¢; (x), (12)

where {x;}:°, is a different dense point set on [0,1], L™ is the
conjugate operator of L, and K(x, y) is the reproducing kernel
of W;[0,1]. In terms of the property of (2) and the inner
product, we obtain

)y (D)yye = (¥ (), L7 () e
= (Ly (1), ()
= (Ly (), K (x5 )y
=Ly (x;),

Therefore, we can see that the solution of (1) is equivalent to
the solution of (11).

(13)

i=12,....

4. Solving the Problem

Through the normal orthogonal process, {Wi(x)}?zol of
W,"[0, 1] can be derived from {y;(x)};°,. That is,

y; (x) = Zﬁik‘/’k ()5 (14)
k=1

where f3;; are the orthogonalization coefficients.
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Theorem 5. If {x;};°, is the different dense point set on [0,1]
and y(x) is the exact solution of (11) in W23 [0, 1], then

y(x) =

lM8

Z Bid (x> y (%)) ¥; (x). (15)

Proof. Since y(x) € W3 [0,1] and {wl(x)}l , is a normal
complete orthogonal system then y(x) can be expanded by
Fourier series with the normal orthogonal basis; namely,

y(x) =) (y (), (x) ¥, (x). (16)

i=1

Because W; [0, 1] is complete, y(x) is uniformly convergent
in the sense of || - ||W23. Note that y(x) € W;[O, 1]; y(x) is
absolutely continuous, in terms of (2) and (14); we obtain

y(x) =Y {y (), (%) ¥, (x)

i=1

i=1

= Z y (), Zﬁlkwk (x)>w, (x)

Z ZBik (y (%), v (%)) ¥; (x)

i=1 k=1

Z Zﬁik (y (%), L (x)) ¥; (%)

i=1 k=1

17)

3 Y Bu (Ly (), 9 (9) B ()

i=1 k=1

=Y Y By (0, K (0, ) ¥, ()

i=1 k=1

8

Z Z/ikLJ’ (%) ¥, (%)

8

Z Z 9 (X y (%)) ¥ (%)

i=1 k:

The proof is complete. 0

By truncating the right hand of (15), we obtain the
approximate solution of (11); namely,

noi

Yn (%) = ZZ k9 (%0 y (%)) ¥, (%), (18)
i=1 k=1

where y, (x) is the n-term intercept of y(x) in (15). In view of
the completeness of the reproducing kernel space, y,(x) —
y(x)asn — oo.

Next, in order to discuss the uniform convergence of the
approximate solution, for any fixed y,(x) € W3 [0,1], y,(x) =
Yo ay(x) with a; = Zk 1/31k9(xk y(x;)); we construct an
iterative sequence { ¥,(x)}. That is,

a = 3119(361’)’0 (1)),

a = Zszg (X Yer (x1))

k=1

:Bmg("l’yo (x1)) +Bzzg (%2 1 (%2)) 5 (19)

n

- ZBnkg (xk’ Yn-1 (xk)) .

Theorem 6. Assume the following.
(a) {x;}2| is a different dense point set on [0, 1].
(b) {Wi(x)}:.fl is a normal orthogonal system.

(c) ”)’n(x)”w; is bounded.

(d) g(x, y(x)) € W21 [0,1], for any y(x) € W;[O, 1], x €
[0,1].

Then the iterative formula y,(x) converges uniformly to the
exact solution y(x) of (11).

Proof. By y,(x) = Y, a;y,(x), we have y,.,,(x) = y,(x) +
Api1 ¥,y (x). In view of the orthonormality of { Wi(x)}ffl, we
have
[wer GO = 30 () + sy O
= ||yn (X)"2 + ||an+1Wn+1 (X)"2

=y @I+,

2 2 2
= "yn—l (x)" + an + an+1 (20)
n+l
2 2 2 2
:al +---+an+an+1 = Z(Zi.

In view of the boundedness of || yn(x)llwza, we have Y°| ozi2 <
00.Letn >mandm,n — oo, owingto (y,— ¥,_1) L (¥, —

Ypoa) L oo L (¥pe1 — V); We obtain
"yn_ym”z
= "yn “Vn1 T Yn1 T Yn2 T Vi _ymnz

= "yn - yn—l"2 + "yn—l - yn—Z"2 +--t ||ym+1 - ym”2

= a7, I + @@y GO+ + O W O

m+1= Za

i=m+1

2 2
—an+an1

(21)
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FIGURE 1: R.M.S of the exact solution yk(x) and the approximate solution y’;(x) (k=0,1,2).

By the completeness of W23 [0, 1], there exists y(x) € W23 [0,1],
such that y,(x) — y(x) in the sense of || - HWS asn — 0o0.
The proof is complete. O

Theorem 7. Error Analysis. Assume that the conditions of
Theorem 6 are satisfied; then the error of the numerical solution
is monotonically decreasing with the increasing of nodes; that
is, €,(x) — 0,asn — o0.

Proof. It is easy to see that

len GOl = lly ) = yus
00 n—1
= ZaiWi (x) = Zaiwl‘ ()
i=1 i=1 (22)
= Zaﬂi (x)|| = Z ay; (x)
i=n i=n+1
= [y =2 @ = e -
Thus we complete the proof. O

Now, we show the stability of the proposed method.

Theorem 8. For (11), if g(x, ¥) has a small perturbation 6, then
the proposed method is stable.

Proof. For the problem (11), if g(x, y) has a small perturbation

0, then Ly = g(x, y) + 6. Let ,(x) be the numerical solution
of Ly = g(x, y) + 6; in view of Theorems 5 and 6, we have

yn<x>=ZZ Bid (%0 ¥ () ¥ (x),

. (23)
P (x) = Z ZBik (g (xi ¥ (%)) + 0] Y, (x).
i=1 k=1
Hence,
1y ) = 7, O = 181 - |} Z B, ()| <161 M < e.
i=1 k=1

(24)

TaBLE 1: The M.A. error of Example 1.

N Method in [13] Method in [2] Method in [5] Our method
16 115 (-2) 2.10 (-2) 7.64 (—4) 9.91 (-5)
32 2.90(-3) 5.20 (-3) 215 (-4) 1.74 (=5)
64 728 (-4) 1.30 (-3) 555 (=5) 5.78 (~6)
128 1.82(-4) 3.30 (-4) 1.39 (=5) 151 (=6)
256 — — — 3.55 (=7)
That is, Ve > 0, 36 = &/ M, such that

1y (20) = 7, ) < e. (25)
Therefore, the method is stable. ]

5. Numerical Examples

5.1. Example 1. Consider the following linear two-point
boundary value problem [5]:

xf“(x"‘y')l = pxP? ((x +p-1+ ,Bxﬁ) ¥,

y(0) =1, y(1) =e.

(26)

The exact solution is y(x) = exp(xﬁ) witha = 0.5and 8 = 4.
The maximum absolute errors (M.A. error) are tabulated in
Table 1; the Root-mean-square errors (R.M.S) of the exact
solution yk(x) and the approximate solution y}rf (x) (kK =
0, 1,2) are shown in Figure 1. From the numerical results, we
can see that the present method produces better approximate
solution than [5] and the error of the numerical solution is
monotonically decreasing with the increase of nodes.

5.2. Example 2. Consider the nonlinear singular two-point
boundary value problem [14, 15]:

" 1 ! y<l y)
+ — =e — —e€ 5
4 ny 2

y(1)=

(27)
y(0) =1n2,

The exact solution is y(x) = In(2/(1 + x?)). When
N = 8,16,32,64,128,256, the maximum absolute errors
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TaBLE 2: The M. A. error in solutions of Example 2.
X |y(x) — Padé[5/5](x)| method in [16] [y(x) = ¢10(x)| method in [14, 15] Our method
107! 4.432E - 04 1.734E - 17 8 3.956 (-6)
1072 1.368E — 04 0.000E - 00 16 9.822 (-7)
107 1.300E — 05 1.602E - 17 32 1.244 (-7)
107 1.219E - 06 1.077E - 17 64 6.325 (-8)
107° 2.659E — 06 8.279E — 18 128 2.333 (-8)
107¢ 2.803E - 06 2.212E-17 256 9.012 (-9)

(M.A. error) are tabulated in Table 2; the Root-mean-square
error (R.M.S) of the exact solution yk(x) and the approximate
solution y,’i(x) (k = 0,1,2) are shown in Figure 2. From the
numerical results, we can see that the error of the numerical
solution is monotonically decreasing with the increase of
nodes.

6. Conclusions

In this paper, we use the reproducing kernel iterative method
to solve a class of two-point boundary value problems.
By homogenizing the boundary conditions, the two-point
boundary value problem is converted into the equivalent
nonlinear operator equation. We prove that their solutions
are equivalent, the exact solution y(x) can be represented in
the form of series, and the n-term numerical solution y, (x)
converges uniformly to the exact solution y(x). Furthermore,
we show the analysis of error and stability for the method. At
last, numerical results show the high accuracy and the validity
of this method.
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