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This paper introduces and analyzes a viscosity iterative algorithm for an infinite family of nonexpansive mappings {T;};; in the
framework of a strictly convex and uniformly smooth Banach space. It is shown that the proposed iterative method converges
strongly to a common fixed point of {T}};}, which solves specific variational inequalities. Necessary and sufficient convergence
conditions of the iterative algorithm for an infinite family of nonexpansive mappings are given. Results shown in this paper represent
an extension and refinement of the previously known results in this area.

1. Introduction

The variational inequality problem was first introduced by
Hartman and Stampacchia [1]. This problem has achieved
increasing attention in many research fields, such as mathe-
matical programming, constrained linear and nonlinear opti-
mization, automatic control, manufacturing system design,
signal and image processing, and complementarity problem
in economics and pattern recognition (see [2-4] and the
references therein). Nowadays, the theory of variational
inequalities and fixed point theory are two important and
dynamic areas in nonlinear analysis and optimization.

One promising approach to handle these problems is
to develop iterative schemes to compute the approximate
solutions of variational inequalities and to find a common
fixed point of a given family of operators. There is a vari-
ety of techniques to suggest and analyze various iterative
algorithms for solving variational inequalities and the related
optimization problems. The fixed point theory has played an
important role in the development of various algorithms for
solving variational inequalities.

In this paper, the purpose is to develop a new iterative
method for solving a specific variational inequality.

Let E be a real Banach space and K a nonempty closed
convex subset of E. Recall that a mapping f: K — K is said
to be a contraction on K if there is a constant & € (0, 1) such
that [| f(x) — f(V)Il < allx — y| for all x, y € K. We use IIg to

denote the collection of all contractions on K. That is, [T =
{f | f: K — Kisacontraction with constant «}. A mapping
T : K — Kissaid to be nonexpansive if [Tx — Ty < [|x— y|
for all x, y € K. We denote by F(T') the set of fixed points of
mapping T that is, F(T) = {x € K : Tx = x}.

Iterative methods for nonexpansive mappings have
recently been applied to solve convex minimization problems
(see [5-8] and the references therein). A typical problem is to
minimize a quadratic function over the set of the fixed points
of a nonexpansive mapping on a real Hilbert space H:

xlg}:i(rTl) (Bx,x) —h(x), @)

where B is a linear bounded operator defined on H, F(T) is

the fixed point set of the nonexpansive mapping T', and h is a

potential function for yf (i.e., h'(x) = yf(x) for all x € H).
LetT : K — K be a nonexpansive mapping. For given

f € g and t € (0,1) define a contraction mapping th :
K — Kby

T/ x=tf(x)+(1-t)Tx, xcK. )

It follows from Banach’s contraction principle that it yields

a unique fixed point z, € K of th ; that is, z, is the unique
solution of the following equation:

z, =tf (z,) + (1 -t) Tz, (3)
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Moudafi [9] first proposed the viscosity approximation
method and proved that if E is a real Hilbert space, then the
sequence {z,} converges strongly to a fixed point x* of T in
K which is the unique solution to the following variational
inequality:

(I-f)x",x=x") >0,

In 2004, Xu [10] extended Moudafi’s results [9] to the
framework of uniformly smooth Banach spaces and proved
the strong convergence of both the continuous scheme and
iterative scheme. Very recently, Yao et al. [11] introduced the
following iteration scheme:

x € F(T). (4)

X, = x € K chosen arbitrarily,

Yn = ﬁnxn + (1 - ﬂn) Txn’ (5)

Xnt1 :(xnf(xn)"'(l_‘xn)yn’ f€ HK’ nz0,
where the sequences {«,} and {f,} ¢ [0, 1]. By using the vis-
cosity approximation method, they proved that the approxi-
mate solutions converge strongly to a solution of a variational
inequality under some mild conditions.
Let {T,}72, : K — K be an infinite family of nonex-
pansive mappings and let y;, ,, . . . be real numbers such that
0 <y, < 1foreveryi € N (the set of positive integers). Let
I be the identity operator on a real Banach space E. For any
n € N, the mapping W,, is defined by

U,

nn+

Un,n = YnTnUn,nJrl + (1 - Yn) I,

1 =1L

Un,n—l = Yn—lTn—lUn,n + (1 - Yn—l) I’

Upie = ViTiUppar + (1= y) L, (6)

Upk-1 = Vee1 Tieea Ui + 1=y L

Us, = 11U, + (1-m)L
W,=U, =nTU,, + (1-y)IL

Such a mapping W, is called the W-mapping generated by
T,T, 1 ....Tyand y,, Y,_1>- . .> ¥ (see [12]). Nonexpansivity
of each T; ensures the nonexpansivity of W,,.

Shimoji and Takahashi [12] first introduced an iterative
algorithm given by an infinite family of nonexpansive map-
pings. Furthermore, they considered the feasibility problem
of finding a solution of infinite convex inequalities and
the problem of finding a common fixed point of infinite
nonexpansive mappings. Bauschke and Borwein [13] pointed
out that the well-known convex feasibility problem reduces
to finding a point in the intersection of the fixed point sets of
a family of nonexpansive mappings. The problem of finding
an optimal point that minimizes a given cost function over
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the common set of fixed points of a family of nonexpansive
mappings is of wide interdisciplinary interest and practical
importance (see [14]). A simple algorithmic solution to
the problem of minimizing a quadratic function over the
common set of fixed points of a family of nonexpansive
mappings is of extreme value in many applications including
set theoretic signal estimation (see [14, 15]). It is now one of
the main tools in studying convergence of iterative methods
for approaching a common fixed point of an infinite family of
nonlinear mappings.
Cho et al. [16] proposed the following iterative scheme:

Xy = x € K chosen arbitrarily,
Yn = ﬁnxn + (1 - ﬁn) ann’ (7)

Xny1 = ‘xnf (xn) + (1 - (xn) V> f € HK’ nz0,

where {W, } is defined by (6) and the sequences {«,} and {f3,,}
are in [0, 1]. Under some conditions, they proved the strong
convergence of the sequence {x,} defined by (7) and extended
the results of [11].

Motivated and inspired by the earlier methods proposed
in the literature and their convergence, we consider the fol-
lowing two-step viscosity approximation method for finding
common fixed point of an infinite family of nonexpansive
mappings {T;};°}:

xg=x €K,
Yn = bnxn + (1 - bn) ann’

Xpt1 = (an (yn) + ﬁn'xn + (1 -, ﬁn) Wnyn’ Vn >0,

(8)

where {«,}, {b,}, {8,}, and {«, + B,} € (0,1) and f € II. By
using viscosity approximation methods, the purpose of this
paper is to study necessary and sufficient conditions for the
convergence of the iterative algorithm (8) for finding approx-
imate common fixed points of an infinite countable family of
nonexpansive mappings {T;};°,. The results presented in this
paper extend and improve some recent results.

2. Preliminaries

Let E be a Banach space with dimension E > 2 and let E* be
its dual. The modulus of convexity of E is the function 6y :
(0,2] — [0, 1] defined by

. 1
0 (&) =inf {1 =2 v+ ¥l Il = ] = 1Jx - v = ¢}
)
A Banach space E is uniformly convex if and only if §z(e) > 0
forall e € (0,2]. A Banach space E is said to be strictly convex
if

x|l =|y| =1 for x# y implies < 1. (10)

Ix + ]
2
Suppose that {x, } is a sequence in E; then x,, — x (resp.,
x, — x) will denote strong (resp., weak) convergence of the
sequence {x,,} to x.
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Let the value of f € E* atx € Ebe denoted by (x, f). The
normalized duality mapping J from E into 2% " is defined by

J) ={f €E": (. f) = IxI” = | '}, vxeE ()

where E* denotes the dual space of a real Banach space E.

Let S(E) = {x € E : |x|| = 1}. The norm || - || of E is said
to be Géteaux differentiable (and E is said to be smooth) if the
limit

lim I+ eyl - lixl (12)
t—0 t

exists for all x, y € S(E). The norm is said to be uniformly
Gateaux differentiable if, for all y € S(E), the limit is attained
uniformly for each x € S(E). The norm || - || of E is said to
be Fréchet differentiable if, for all x € S(E), the limit exists
uniformly for each y € S(E). The norm || - || of E is said to be
uniformly Fréchet differentiable (or E is said to be uniformly
smooth) if the limit is attained uniform for all x, y € S(E).
It is well known that (uniform) Fréchet differentiability of
the norm E implies (uniform) Géteaux differentiability of
norm E. It is known (see [17]) that if E is smooth, then
the normalized duality mapping J is single-valued and norm
to weak star continuous. And we know that if the norm of
E is uniformly Géteaux differentiable, then the normalized
duality mapping is norm to weak star uniformly continuous
on each bounded subset of E.

Let C and D be nonempty subsets of a Banach space E
such that C is nonempty closed convex and D ¢ C; then a
mapping P : C — D is said to be a retraction if Px = x
for all x € C. A retraction P : C — D is said to be sunny
[18] if P(Px + t(x — Px)) = Pxforall x € C and t > 0 with
Px + t(x — Px) € C. A sunny nonexpansive retraction is a
sunny retraction, which is also a nonexpansive mapping. In
a smooth Banach space E, it is well known [18] that P is a
sunny nonexpansive retraction from C to D if and only if the
following inequality holds:

(x—-Px,J(z—Px)) <0, VxeC, zeD. (13)

Concerning W,, the next lemmas play a crucial role for

proving our main results.

Lemma 1 (cf. [12]). Let K be a nonempty, closed, and convex
subset of a strictly convex Banach space E. Let T}, T,,... be
nonexpansive mappings of K into itself such that (-, F(T,)
is nonempty and let y,,v,, ... be real numbers such that 0 <
Y, < b < 1foranyn > 1. Then, for any x € K and k € N, the
limitlim, _, (U, ;x exists.

Using Lemma 1, we can define the mapping W of K into
itself as follows:

Wx = nangOan = nli_pgoUn)lx, Vx € K. (14)

Such a mapping W is said to be the W-mapping generated
by T},T,,... and y,,y,,.... Throughout this paper, we will
assume that 0 <y, <b < 1foralln > N.

Lemma 2 (cf. [12]). Let K be a nonempty, closed, and convex
subset of a strictly convex Banach space E. Let T}, T,,... be
nonexpansive mappings of K into itself such that (>, F(T,,)
is nonempty and let y,,y,, ... be real numbers such that 0 <
Yy <b<1foranyn>1. Then FW) = (.2, F(T,).

We also need the following lemmas for the proof of our
main results.

Lemma 3. Let E be a real Banach space and let | : E — 2
be the normalized duality mapping then for any x, y € E the
following inequality holds:

I+ 3 < Ixl” +2(pj(x +9)), jlx+y) ef(x+{)-)
15

Lemma 4 (cf. [19], Lemma 2.5). Let {a,} be a sequence of
nonnegative real numbers satisfying the following relation:

Gpyy < (1 - )Ln) a, + /\nan + Uy N2 0, (16)

where (i) {A,,}  [0,1], Y02, A, = 00 (ii) limsup,,_, .0, < 0;
(iii) p, = 0, Y0201, < 0. Then {a,} converges to zero asn —
0.

Lemma 5 (cf. [20]). Let {x,}, {y,} be two bounded sequences
in a Banach space E and 3, € [0,1] with 0 < liminf, , 3, <

limsup,, _, B, < 1. Suppose that x,,,, = By, + (1= B,)x, for
all integersn > 0 andlim sup, _, . (1,.1 = Yl =%, —x,1) <

0. Then lim,, _, llx,, — v, = 0.

It follows from [10, Theorem 4.1] that we have the
following results.

Lemma 6 (cf. [10]). Let E be a uniformly smooth Banach
space. Let K be a nonempty, closed, and convex subset of E,
andletT : K — K be a nonexpansive mapping with F(T) #0
and f € Ilg. Then the sequence {x,} defined by

x,=tf (x)+ (1 -1)Tx, (17)

converges strongly to a fixed point of T ast — 0. If we define
P:IIx — F(T)by

P(f):=limx, Vf ell, (18)
then P(f) solves the following variational inequality:

((T-H)P(f).J(P(f)-p)) <0,
Vfell, peF(T).

(19)
In particular, if f = u € K is a constant, then (19) is reduced

to the sunny nonexpansive retraction from K onto F(T):

(P(w)-u,J(P(w)-p)) <0, uek, peF(T). (20)

3. Main Results

In the sequel, F = (), F(T;) denotes the set of common fixed
points for a family of nonexpansive mappings {T;};").



Lemma?7. LetE be a real strictly convex and uniformly smooth
Banach space. Let K be a nonempty, closed, and convex subset
of E and let T; be a nonexpansive mapping from K into itself for
i € N. Assume that F = (2, F(T;) #0 and f € Tly. Suppose
that the sequences {«, }, {8,}, {b,}, and {a,, + 3,,} in (0, 1) satisfy
the following conditions:

0, Y2, = o0 and 0 <

no ool < limsup, | B, < 1;

-b,| =0andliminf,_, b, > 0.

(1) lim,, _, o,
lim inf

(2) hmn — 00 |bn+1

Let the two-step viscosity approximation iterative scheme {x,}
be defined by (8). Then

(i) the sequence {x,} is bounded;

(ii) lim,, _, oo 1,041 — 2,1 = 0;

(iii) lim,, _, o IIWx,, — x, | = 0.

Proof. (i) We should prove that |lx, — pll < max{|x, -
pll, A/ (1-a)l f(p)—pli} for alln > 0 and given p € F and so
{y.b 1z, b {f (x )} AW, x,.}, {W, 3,}, and {W, 2, } are bounded.

Indeed, take a given p € F. It follows from (8) that

1y, = pll = 6, (x = p) + (1 = B,) W,x,, - p)|
b bﬂ ”xn _P" +(1 - bn) ||ann —P” < “xn —P"
(21)
It follows from (8) and (21) that
||xn+1 - P“ = "‘xn (f (yn) - P) + ﬁn (xn - P)
+ (1 -, = ﬁn ( ”
<a,(If () = f (P + ||f p)-pl)
+ﬁn "xn _P“ + (1 -y _ﬁn) “yn _P"
<(-o) e - pl+ el -p P

ta,|f(p)-pl=(1-0-a)a,)

Bl + a1 (9) -
< max s, - ol —— [ () - I}

By mathematical induction, we obtain that

1
I, - pl < max {Jxo - pl. = 1F () - pl} @)

for all n > 0. Hence, {x,} is bounded and so are {y,}, {z,},

{fxh (Wox,}s (W, p,), and (W2, ).
(ii) Putting I, = (x,,.1 — B,x,)/(1 — B,), we have

B, VYn=0. (24)

Xp+1 = ﬁnx + (1
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Then we have

l —1 = Xny2 ~ ;Bn+1xn+1 Xni1 ﬁn Xy

! 1- :8n+1 R 1- ﬁn
= ( Xnr1 (f ()’m) +1)’n+1)
( ﬁn+1)

%n (f (yn) B Wnyn) +
1-8,

- 1_"[;:“ (f Gpor) -

+1}’n+1) ( _:8n+1)71
(l_ﬁn)Wnyn

+1yn+1)

(yn) - Wnyn)

+ (Wn+1yn+1 - Wn+1yn) ( n+1Vn — Wnyn) >

_yn" - " 1 X1 T (1 n+1) n+1%n+1

- bnxn - (1 - bn) ann“

- xn" + (1 - bn+1)

||yn+l

< bn+1 Hxn+1

“ w1 X1 — Wi Xy, "

#1Bur = Bl (beall + (Wl + (1 = b1)

X [Wix, = Wox, |
< s = %all + 1Basr = Bl (] + W)
|| 1% ann".
(25)

Since T; and U, ; are nonexpansive, from (6), we obtain

(Woir2w = Wou| = 11 [T Upi1 2% = TyU x|
<1 U122 = Upa x|
=11 11 TUne13%0 = 12 ToU 5%,
<1172 [Uni1,3%0 = Unsa|
= 172 [ T5U 1,42 = 13 TsUpa |

S NeYs ” ni1,4%n Un,4xn”

< Y1Y2Y3 Yn “ n+1, n+1x Un,n+1xnn

n
S MHY:"
i-1

(26)
where M > 0isa constant such that [|U, .., %, ~U,, .., %[l <
M for all n > 0. Similarly, we have

n
” n+1Vn _Wnyn" < MlHYi’ (27)

i=1
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where M| > 0isaconstant such that [|U,,,; .11 7, U, .1 ¥l <
M, for all n > 0. Combining (25), (26), and (27), we have

“lﬂﬂ - ln“ - “xn+1 - xn”
Xn
- 1-— I;I (”f (ynJrl)" + ||Wn+1yn+1")
n+1
(x}’l
+ (17 Gl + [Wazal)

1 _ﬁn
+ “yn+1 - yn“ + “Wn+1yn - Wnyn”

X1

A -8 (28)
X (“f (ynﬂ)" + ||Wn+1yn+1”)

o (7 Ol 1ol

+ Ibn+l - bnl ("xn" + "ann")

+

+ (M + M,) ﬁy,-.

i=1
From conditions (1), (2),and 0 < y, < b < 1, we get
lim sup (.1 =2, = [6ir = xa])) < 0. (29)

It follows from Lemma 5 that lim
(24), we obtain

Xpt1 — Xp = (1 - ﬁn) (ln - xn) . (30)

Thus, we get that lim, _, llx,.,; — x,| = 0 holds.
(iii) Observe that

I, — x,|l = 0. Noting

Yl—’OO”

e = Wl = 001 = %,
< [0 = W |
= [l (f () = W) + B (3 = Wix,,)
+(1-a, = B,) Wy, = W)

< o, [|f () = Woka| + By [0 = W, |
+ (1 =0, = B,) [Woy, = Wot,|

< o [Lf () = Wkl + By [0 = Wok|
+ (L=, = B) [yn = x|

= a, | f () = Woa + By %0 = W, |
+(1=a, = B,) (1= b,) [, = W, |

= a, |If () = W + (1 - o, (1-B,))
x [ = W = (1= B,) b, [0 = Wox, |

(31)

which implies that
(1 - ﬁn) bn "xn - Wn'xn" < “xn+1 - xn”

(32)
+a, ("f (yn) - ann" + "xn - ann") :

Since 0 < liminf, , B, < limsup, B, < 1 and
lim inf b, > 0, there exists an integer n, > 1 such that

n—-oo n

a<f,<b, b,z2a, Vnzn (33)

for some constants a,b € (0, 1). Hence we conclude that, for
all n > ny,

a (1 - b) "xn - ann” < (1 - ﬁn) bn ”xn - annn

< "xnﬂ - xn“ T, ("f (yn) - ann"

+|x, = Wox, ) -
(34)

Since lim,, , &, = 0 and lim,, , [Ix,,; — x,l = 0 and {x,},
{y,}, and {W,x,} are bounded sequences, we have

nILHgO ”xn - ann“ =0. (35)

On the other hand, we have
||Wxn - xn" < ||Wxn - ann” + ||ann - xn“ . (36)
Since lim,, _, . ,W,x = Wx for any x € K and for any ¢ > 0,
there exists a positive integer N,, such that [Wx—-W, x|| < € for

allx € {x,}andforalln > N,,. In particular, |[Wx,-W,x || < e
for all n > N,. Thus we have that

[Wx, -W,x,| —0 (n— 00). (37)

This together with (36) implies
Jim W, —x, | = 0. (38)
This completes the proof. O

Theorem 8. Let E be a real strictly convex and uniformly
smooth Banach space. Let K be a nonempty, closed, and convex
subset of E and let T; be a nonexpansive mapping from K into
itself for i € N. Assume that F = (.2, F(T;) #0 and f € Tlg.
Suppose that the sequences {a,}, {,}, 1b,}, and {a, + B,} in
(0, 1) satisfy the following conditions:

M lim, o, = 0, Y2, = o0 and 0 <
liminf, _, B, <limsup, , B, <L
(2) lim,, , 18,1 — b, = 0 andliminf, b, > 0.

Then the two-step viscosity approximation iterative scheme
{x,} defined by (8) converges strongly to P(f) € F, where P(f)
is the unique solution of the following variational inequality:

(I=H)P(f).J(P(f)-p)) <0

Proof. Tt follows from Lemma 6 that there exists a solution
P(f) of a variational inequality:

(T=£)P(f).J(P(f)-p)) =0

fellg, peF. (39)

Vfellg, peF
(40)

That is, P(f) = lim, _, yx,, where x, is defined by (17).



We first show that lim sup,, _, . (P(f)— f(P(f)), J(P(f)—-
x,)) < 0, where P(f) = lim,_, ;+x, with x, being the fixed
point of the contraction:

x — tf (x) + (1 —t) Wx. (41)
Then, we can write
xt—xnj=t(f(xt)—xnj)+(1—t)(Wxt—xnj). (42)

Suppose that a subsequence {xn]_} cf

FW)T @) -x)
= lim (P(f)~f(P(£).](P(f)~x,))

x,} is such that
limsup (P (f) -
(43)

and x, — p for some p € E. It follows from (38) that
lim JHOOII - Wx,, || = 0. Putting
fi@®= - Wx,,

X, - Wxnj

X (2 ||xt —-x, |+
]

it follows from (42), Lemma 3, that

)—0 (j— ),
(44)

2 5 2
<(1-t) "Wxt =X,

o (10 o)

<(1- t)z("Wxt -Wx,

'lxt - an

I

+ "Wxnj - X,

26 (f (%) = x0T (% - x,))
v 2t (3 x0 (% - %, )
A0
+20(f ()= x0T (%= x,,))

2

<(1- t)2||xt =Xy,

+ 2t||xt - X,
]

(45)
The last inequality implies that
t 2 1
<xt —f(xt),](xt —xn/_)> < E“xt =X, |+ ij ®.
(46)
Letting j — oo and noting (44) yield that
t
hm n sup <xt (%), ](xt - x, )> < EMZ’ (47)

where M, > 0 is a constant such that M, > ||x, — Xy, |I* for all
n>0andt € (0,1). Taking t — 0 in (47) and noticing the
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fact that the two limits are interchangeable due to the fact that
J is uniformly continuous on bounded subsets of E from the
strong topology of E to the weak™ topology of E*, we have

lim sup <P

j—oo

—FPU)T(P()-x,)) <0 (ag)
Indeed, letting t — 0, from (47) we have

lim sup lim sup <xt f(x), (xt - xnj)> <0.  (49)

t—0 j—o00

Thus, for arbitrary € > 0, there exists a positive number &,
such that, for any ¢ € (0,6;), we have

lim sup <xt (x), ]('xt xnj)> << (50)

j—o oo 2
Since x, — P(f)ast — 0, the set {x, — xnj} is bounded
and the duality mapping J is norm-to-norm uniformly

continuous on bounded subset of E; there exists §, > 0 such
that, for any t € (0,6,),

KP()=r (). T(P(H)-x,))
(= 100 (5|
=[P -FUNT(P(-x,)-T(x-x,))
+(P(N= U= (= f )T (%= x,))]
<[P - F@UNT(P(F) =) T (2= x,))]

+1P(£) = £ (P(f)) = (i - <.
(51

e - =,

Choose § = min{d;,d,}; we have, forall t € (0,8) and j € N,

(P(N-F®(I(P()-x,))

. (52)
< <xz _f(xt)’](xt —xn/_)> Ty
which implies that
iimsup (P ()~ £ (P (1)1 (P(£)-x,,))
i (53)

< lim sup <xt
j—oo

f(x) ,](xt - xnj)> + g
This together with (50) implies that
timsup (P(f) - f(P(£),](P(f)-x,)) <€ (50)
j— oo

Since € is arbitrary, we have that lim SUP; _, oo (P(f)-f@(f),
J(P(f) - x,)) 0.
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Next, we claim that lim, _, llx, — P(f)l = 0. Indeed,
notice that (35) implies that
"yn - xn" = (1 - bn) "ann - xn" = “ann - xn" —0
as 1 — 00.
(55)
It follows from (8) and Lemma 3 that
%51 = P (NI
= "(1 -, ﬁn) (Wnyn - P(f))
+ﬁn (xn - P(f)) T, (f (yn) - P(f))"2
< "(1 -, = /jn)( nVn P(f)) + :Bn(xn - P(f))"2
+ 20, (f (y) = P(f) ] (%01 = P (£)))
S((1_0671_ n) " nVn~ P(f)||+ﬁn “x P(f)“)z

20, (f (%) = £ (P(£))s] (s = P (1))
20, (f () = £ (%) ] (%01 = P(£)))
20, (f (P(f)) = P(f) ] (01 = P(f)))
< (1=) %, = PN + 20, |, - P(f)]
X [%per = P () + 200, |3 = x| %00 = P (f)]
20, (f (P(f)) = P(f) ] (%1 = P(f)))
< (1-a,) %, - P(f) + o,
< (Ixu = POI” + I = P (NI)
+ 200, ||y = 2| %01 = P (f)]
20, (f (P(f)) = P(f) ] (1 = P(f)))

= (1 —(2—(x)ocn+oci)||xn—P(f)"2

=P () +20a, ]y, ~ x|

+ oot [|x,,4q
x i = P ()] + 20, f (P (f)) = P (f)>
J (%000 = P(f))-
(56)
This implies that
|1 = P (I
< 1-Q2-a)a,
1-aa,
2 n
x [, = P () 1 oa
x [l = PO + 20 [y = x| [0 = P ()]

+2(f (P(f)) = P(f).] (%pes = P(£)))]

7
_ <1 2(1- oc)oc )” “ l_oc;a
X [‘Xn“xn - P(f)” + 20 "yn - xn"
X [xr = P ()]
+2{f (P(f)) = P(f):] (% = P(N)))]
<(1- 2 PO+ 2
X [och3 + 2« ||yn - xn" M;
+2(f (P(f)) = P(f).] (xpr -~ P(IN]
(57)
where M; = sup,,llx, — P(f)l. Set
A - 21-a)a,
1-oaxa,
%= T Mt o bl My (58)

+—<f(P(f)) P(f).T (i = P(f))) -

It follows from condition (1), (48), and (55) that A, — O,
Yoo A, =00,and limsup, _, 0, < 0. Then, (57) reduces to

"xn+1 -P (f)” < (1 - An) "xn - P(f)" + Ano-n' (59)

From Lemma 4 with g, = 0, we see thatlim, _, __[x,—P(f)|l =
0. This completes the proof. O

If f = u € Kisaconstant in Theorem 8, then we have the
following result.

Corollary 9. Let E be a real strictly convex and uniformly
smooth Banach space. Let K be a nonempty, closed, and convex
subset of E and let T; be a nonexpansive mapping from K into
itself fori € N. Assume that F = (.2, F(T;) #0 and f € .
Suppose that the sequences {«,}, {,}, 1b,}, and {a, + B,} in
(0, 1) satisfy the following conditions:

M lim, o, = 0, Y2, = o0 and 0 <
liminf, _, B, <limsup, , B, <L
(2) lim, _, ,1b,,; — b,| = 0 and liminf, | b, > 0.

Let {x,} be the sequence of successive approximations for the
iterative method defined by

xy=x €K,

Yo = byx, + (1-b,) W,x,, (60)

Xpt1 = “nu+ﬁnxn+(l_“n_ﬁn)wnyn’ Vn >0,

where W, is a mapping defined by (6). Then {x,} converges
strongly to x* € F, where x* = Pg(u) and P : K — Fis
the unique sunny nonexpansive retraction; that is, P satisfies
the following property:

(u=Pu,J(p-Pu)) <0, VpePF (61)



Theorem 10. Let E be a real strictly convex and uniformly
smooth Banach space. Let K be a nonempty, closed, and convex
subset of E and let T; be a nonexpansive mapping from K
into itself for i € N. Assume that F = () F(T;) #9 and
f € k. For given x,, € K, let {x,,} be the sequence of successive
approximations for the iterative method defined by

Vn >0,
(62)

Xn+1 = (xnf (xn) + ﬁnxn + (1 -0 /‘;n) ann’

where W,, is a mapping defined by (6), {«,}, {«, + B,} are
sequences in (0,1), and {B,} is sequence in [0,1) with 0 <
liminf,_, 3, <limsup,_, S, < 1. Then

(1) {x,} converges strongly to some common fixed point p €
Fifandonlyif ¥° a, = co and lim,_, ,a, = 0;

n=1"n n—00"'n
(2) if {x,} converges strongly to some common fixed point
z € F, for given f € Iy, P(f) = z = lim,,_, . x,,, then
P(f) is the unique solution of the following variational
inequality in F:
(I=N)P(f),J(P(f)-p)) <0, VpeF  (63)
Proof. (1) The sufficiency is obvious. Indeed, if we set b, =
1 for allm > 0 in (8), it follows from Theorem 8 that {x,}
converges strongly to some common fixed point p € F.
Now we prove necessity. Assume that {x,} converges
strongly to some common fixed point p € F. If weset 3, =0
in (62), we have

X1 = 0 f () + (1 — ) W, (64)
Therefore, we obtain that
% | f () = Wkl = %01 = W
< Jxer = 2l + Wk, = £

< "xn+1 —P“ + ”xn - P" — 0,

n — 0Q.

(65)

This implies that

hrI,rLSolipa” If (x,) = W,x,| = lirIlILSO%P“n If (p) - pll = o.
(66)

Notice that in general f(p) isnot equal to p. However, since f
is an arbitrary contraction, we get limsup,, _, . «, = 0. Thus,
lim,, , o &, = 0.

On the other hand, letusset f =0,,=0,K ={x € E:
lxll <1},andT; =1: K — Kin(62)foralli € N, whereIis
the identity operator. Clearly, 0 is the unique common fixed

point of {T;};°, and W,, = I for all n € N. Moreover, we have

Xn+1 = (1 - an) Xn = (1 _“n) (1 _‘xn—l)xn—l

BN

(67)
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Because x,, — 0 € F, we obtain

n

o= Jim -0l = i [T - )bl 9
Therefore, we get that [];°, (1-«;) = 0;equivalently, ¥ | «, =
0.

(2) Iflim,, _, ., x,, = z = P(f), for all f € IIg, we define a

contraction W, : K — K by

Wx =tf(x)+(1-t)Wx, VxeK. (69)
Banach’s contraction principle guarantees that W, has a
unique fixed point x, in K. It follows from Lemmas 2 and 6
that

Jim x, = limx, =P(f)=z€F, Vfelly, (70
and P(f) is the unique solution of the following variational
inequality in F:

((I=H)P(f),J(P(f)-p)) <0, VpeF %)

If we set 3, = 0in (62), we have the following result.

Corollary 11. Let E be a real strictly convex and uniformly
smooth Banach space. Let K be a nonempty, closed, and convex
subset of E and let T; be a nonexpansive mapping from K
into itself for i € N. Assume that F = (2, F(T;)#0 and
f € Ilk. Forgiven x,, € K, let {x,} be the sequence of successive
approximations for the iterative method defined by

Xp1 = 0 f (x,) + (1 -, )W,x,, ¥n>0, (72)
where W, is a mapping defined by (6) and {«,} is sequence in
(0,1). Then

(1) {x,} converges strongly to some common fixed point p €
Fifandonlyif 2, a, = 0o and lim,_, L&, = 0;

(2) if {x,,} converges strongly to some common fixed point
z € F, for given f € Iy, P(f) = z = lim, _, . x,, then
P(f) is the unique solution of the following variational
inequality in F:

((I=H)P(f).T(P(f)-p)) <0, VpeF  (73)

Remark 12. Corollary 11 improves Theorem 4.2 of [10] from a
single nonexpansive mapping to an infinite countable family
of nonexpansive mappings and generalizes the corresponding
results by Xu [19], Halpern [21], Lions [22], and Wittmann
[23] to the viscosity methods. And our iterative method
presented in this paper can be reviewed as a refinement
and modification of the iterative methods in the literature.
Moreover we show necessary and sufficient conditions for the
convergence of the viscosity iterative algorithm for finding
approximate common fixed points of an infinite family of
nonexpansive mappings.
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