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We introduce the modified iterations of Mann’s type for nonexpansive mappings and asymptotically nonexpansive mappings to
have the strong convergence in a uniformly convex Banach space. We study approximation of common fixed point of asymptotically
nonexpansive mappings in Banach space by using a new iterative scheme. Applications to the accretive operators are also included.

1. Introduction

Let E be a real Banach space, C a nonempty closed convex
subset of E, and T : C — C a mapping. Recall that T is
a nonexpansive mapping [1] if [Tx — Ty|| < [|x — y|| for all
x,y € C, and T is asymptotically nonexpansive [2] if there
exists a sequence {k,} withk,, > 1forallnandlim, _, k, =1
such that |[T"x — T"y|| < k,|lx — y| for all integers n > 1
and x, y € C. A point x € C is a fixed point of T provided
Tx = x. Denote by Fix(T) the set of fixed points of T’ that is,
Fix(T) = {x € C: Tx = x}.

Iterative methods are often used to solve the fixed point
equation T'x = x. One classical iteration process is introduced
in 1953 by Mann [3] which is well known as Mann iteration
process and is defined as follows:

Xpp1 = 0%, + (1-a,) Tx,, n>0, 6))

w
where the sequence {a,} is chosen in (0, 1) and the initial
guess x,, € C is arbitrarily chosen.

There exists rich literature on the convergence of Mann
iteration for different classes of operators considered on
various spaces. Mann’s iteration method (1) has been proved
to be a powerful method for solving nonlinear operator
equations involving nonexpansive mapping, asymptotically
nonexpansive mapping, and other kinds of nonlinear map-
ping; see [3-11] and the references therein.

It is known that Mann’s iteration method (1) is in general
not strongly convergent for nonexpansive mappings. So to get
strong convergence, one has to modify the iteration method
(1). In this regard, we will show the modified iteration in
Section 3.

Motivated and inspired by the research going on in these
fields, we suggest and analyze now new modified Mann’s iter-
ation for finding the common fixed point of the nonexpansive
mappings and asymptotically nonexpansive mappings in
Banach space. We propose the modified Mann’s iteration
and consider the strong convergence of the approximate
solutions for nonexpansive and asymptotically nonexpansive
in Banach space.

We suggest and analyze the following iterative:

x,€C
Yn = :ann + (1 - ﬁn) Txn’

Zy = VoXn (1 - YH) an’

Xpe1 = O Yp + (1 - (xn) Rzn’

chosen arbitrarily,

2)

n=0,
x,€C
Yn = ﬁnxn + (1 - /jn) Tnxn’
Zp = YuXn + (1 - yn) Snxn’

Xpp1 = O Y + (1 - (xn) Zp»

chosen arbitrarily,

3)

n>0,
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x,€C
Yn = :ann + (1 - ﬂn) ]l,nxn’

Zy = VnXu t+ (1 - Yn) ]Z,nxn)

chosen arbitrarily,

(4)

Xpe1 = OV + (1 - ‘xn) ]3,nzn’ nz0,

and if there exists two sequences {x;} and {x;'} generated by

x, € C chosen arbitrarily,
! !
Yn = :ann + (1 - ﬂn) Tnxn’
zp =y, + (1= 9,) 8", 5)

x:z+1 =02, + (1 - an) Y

"

Xpp1 = %Y + (1 - ‘xn) z,, nz0,

x, € C chosen arbitrarily,
Yn = ﬁn'x; + (1 - ﬁn) ]l,nxrlv
2y = Ynx;,/l’ + (1 - Yn) ]2,nxfl1” (6)

x;z+1 =02, + (1 - (Xn) Yo
x:z,ﬂ =0yt (1 - ‘xn) Zp1n 2 0.

Our second modification of Mann’s iteration method
(1) is adaption to (2) for finding a zero of an m-accretive
operator A, for which we assume that the zero set A(0) 0.
Our iterations process {x,} is given by (4), and sequences
{x;} and {x:,'} are as follows (6), where, for each r > 0,
J. = (I + rA)™" is the resolvent of A. We prove that not only
{x,} defined by (4) but also {x;} and {x;'} generated by (6)
converge strongly to a zero of A under certain assumptions
in a uniformly Banach space.

We write x, — x to indicate that the sequence {x,}
converges strongly to x. Using F is to denote the set of
common fixed point of the mappings T, S, and R, and using F
is to denote the set of common fixed points of the mappings
T and S.

2. Preliminaries

This section collects some lemmas, which will be used in the
proofs for the main results in the next section.

Lemma 1 (see [8]). Let {a,}, {b,}, and {6,} be sequences of
nonnegative real numbers satisfying the inequality

a1 <(1+6,)a,+b, n>1 (7)
If Y2, 8, <ocoand Y2\ b, < co, then
(1) lim
2) lim

a, exists;

n—00"n

> oody = 0 whenever liminf, | a, = 0.

Lemma 2 (see [12]). Suppose that E is a uniformly convex
Banach space and 0 < t, < 1 for alln € N. Let {x,} and
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{y,} be two sequences of E such that limsup, _, lx,ll < r,
limsup, | Ny, <randlim, _, Jllt,x,+ 1 —t,)y,ll = r hold
for somer > 0; thenlim,, _, . llx,, — y,ll = 0.

Lemma 3 (see [10]). A mappingT: C — C with a nonempty
fixed point set F in C will be said to satisfy Condition (I).

If there is a nondecreasing function f : [0,00) — [0, 00)
with f(0) =0, f(r) > 0 forallr € (0, 00) such that ||x — Tx|| >
f(d(x, F)) forall x € C, where d(x, F) = inf{||lx—pll : p € F}.

Lemma 4 (see [13]). Given a number r > 0, let E be a
uniformly convex Banach space; then there exists a continuous
strictly increasing function ¢ : [0,00] — [0, co] with ¢(0) =
0, such that

ox + y + el < Al +

+yllzl* = Ao (|x - y]),

forallA,pu,y € [0,1] and x, y,z € Esuch that |x| < r, ||yl <r
and |z| < r.

Lemma55 (see [14]). Let{w,}, {f,} be sequences of nonnegative
real numbers such that Y o2 &, = 00. If Y2, &, B, < 00, then
liminf, |, f3, =0.
Lemma 6 (see [15]). ForA > 0, u > 0, and x € E, the following
identity holds

pen () o

3. Convergence to a Common Fixed Point of
Nonexpansive Mappings

In this part, we prove our main theorem for finding a
common fixed point of nonexpansive mappings in Banach
space.

Theorem 7. Let C be a nonempty closed convex subset of a
uniformly convex Banach space E, and let T, S, and R be three
nonexpansive commuting mappings of C satisfying Condition
(I) and F + 0. Given that {e,)}, {8,}, and {y,} are sequences in
(0,1) such that Y o, < 00, Y. Y, 3, = 00, Y.(1-7,) < o0 forall
nx1

Define a sequence {x,}.>, in C by algorithm (2); then
{x, )0 strongly converges to a common fixed point of T, S, and
R.

Proof. First, we observe that {x,} is bounded; if we take an
arbitrary fixed point q of F, noting that ||y, — gl < |lx,, — gl
and |z, — gl < llx,, — gll, we have

"xn+1 - q" = “(Xnyn + (1 - (Xn) Rzn - q"
Sy "yn - Rzn“ + “Rzn - q” (10)

< (1+2a,) [x, - ql -

By Lemma land ) «, < 00, lim x, — qll exists. Denote

n~>oo"

lim [lx, —q] = c. (1)
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Hence, {x,,} is bounded, so are {y,} and {z,,}. Now

”xn+1 - CI“ = "“nyn + (1 - an) Rzn - qn

(12)
< ay ”yn - Rzn" + "Zn - q" .
Since ||z, — gll < llx,, — gll, this implies that
nango "Zn - q" = nango "xn - q” =c (13)
Moreover, ||Sx,, — gl < ||lx,, — gll implies that
lim sup ||an - q|| <c. (14)
n— oo
Thus,
c= lim |z, -q|| = lim |y,x,+(1-y,)Sx, 4|
(15)
= lim |y, (x, - q) + (1= ,) (Sx, - 9)|,
given by Lemma 2 that
Jim [Sx,, = x,|| = 0. (16)
By (10) and ) «,, < 0o, then we have
"xn+m - q" < (1 + 2“n+m—1) ||xn+m—1 - CI"
< 62“”+m_1 "xn+m—1 - q"
17)
S cae
<X % x, — g .
That is,
||xn+m - q" <M “xn - q” ’ (18)

where M = e2X% % for all m,n € N, for all q € F and for
M > 0.

Next, we prove that {x,}7~ is a Cauchy sequence.

Since q € F arbitrarily and lim,,_, llx, — gl exists,
consequently, d(x,,, F) exists by Lemma 3. From Lemma 3
and (16), we get

Jim f(d (x,, F)) < lim_|x, - Sx,[ = 0. (19)

Since f : [0,00) — [0,00) is a nondecreasing function
satisfying f(0) = 0, f(r) > 0 for all r € (0,00), therefore,
we have lim,, _, , d(x,, F) = 0.

Let ¢ > 0; since lim,,_, o, d(x,,F) = 0, therefore, there
exists a constant n, such that, for all n > n,, we have
d(x,, F) < ¢/2M. There must exist p; € F, such that

d(x,p) < 5o 20)

From (18), it can be obtained that, when n > nyand m € N,
“xn+m - xn“ < "xn+m - P " + “xn - pl”
<2M |x, - pi| (21)

£2M-i=£.
2M

This implies that {x,}~ is a Cauchy sequence in a closed
convex subset C of a Banach space E. Thus, it must converge
to a point in C; let lim, _, x, = p.

For all e > 0, as lim, , ., x, = p, thus, there exists a
number #n, such that, when n, > n,,

., - 2l < 5 (22)

In fact, lim,, , o, d(x,, F) = 0 implies that using number
n, above, when n > n,, we have d(x,, F) < €/8. In particular,
d(xnz, F) < €/8. Thus, there must exist p € F, such that

., =l =d (x,,7) < 5 (23)
From (22) and (23), we get
(Nl
= ||Sp—§+8xn2 —pt+p-x, +x, —p+§—8xnz|'

<lsp =2 + e, = 7] + |, = Pl + 25, =7

<lp=Bl+3 %, - 7] + x., - ]
<4, ~ 2| + 2], - 7

4e  2e
<—+—=€

8

(24)

As € is an arbitrary positive number, thus, Sp = p.
Let

Uyl = VnXn + ﬁnTxn + (1 - ﬁn - YH) Txn' (25)

Then we have

[l
= [t + BT, + (1= By = 1,) T, —
< Yullxu = al’” + Bl Tx, — al” (26)
+ (1= B, =) |Tx, = al” = vuBog %, — T, |

< ”'xn - q“z - erﬂn(p "xn - Txn” >

hence,
Ynﬁnq) “xn - Txn” < "xn - q"2 - "un+1 -9 |2> (27)
for g € F. Summing from »n = 1 to co, we have
Z)/nﬁn(/) "xn - Txn“
n=1
< Y (I =al = Ity = al)
n=1
(28)

(o0}
< ZKZ ||unJrl - xn”

n=1

iy (1-3,),

n=1



where K = sup, il x, — g Il}; since 2221(1 - 7,) < 00, we
get

Zynﬁn(f' ”xn - Txn” < 4K22 (1 - Yn) < 0. (29)
n=1

n=1

Since Y2, y.B, = 0o, from Lemma5, we get
liminf, |, ollTx, — x,|l = 0. Hence,

lim inf |Tx,, - x,| = 0. (30)
Since T and R are nonexpansive mappings, we have

|1 = X |
= |Tx,,; - RTx, + RTx, + a,RTx,
~a,RTx, — 0,3, = (1 - ;) Rz, |

< || Txp1 = RTx, | + (1 - o) |RTx,, = Rz, |
+ ot |RTx,, =,

< s = Ry + (1 - @) [ Tx,, = 2,
+at, |RTx,, = ,

< ay [y, = R +2(1 = at) [z, = x, | (31)
+ (1 - a,) |Tx, = x|
+ 0, [ Tx, = || + o, [|Rx, = x|

< o, [y = x| + 260, [Rx, - x, |
+2(1 = a,) (1= y,) 1S, = x|
+ (1= a,) [ Tx, — x| + o0, B, | T, = x|

< ||Tx, = x| + 200, |Rx, - x|

+2 (1 - (Xn) (1 - YH) ||an - xn" .

Since Y «,, < 00, Yoo (1 = y,) < 00, it follows from Lemma 1

that lim, _, ITx,, — x| exists. Therefore, from (30), we get
Jim [Tx, - x,| = 0. (32)
Let

Vpe1 = VYnXn T ﬁnRxn + (1 - ﬁn - Yn) Rxn' (33)
Using the same argument we can get

lim inf [Rx, - x,| = 0. (34)
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Since R is a nonexpansive mapping, we have

IR%p1 = X
= |Rx,;; — Rx,, + Rx,, + o, Rx,,
~a,Rx,, = 0,3, = (1 - ) Rz, |

< [ter = 2l + (1= ) [, = 2

+ 0y Ry = x| + o 7 = x|
< 0t [|Rx, = 5| + 208, [, = x|

+ (1= a,) [Ra, = x| + (1 - ) [z, =,
< R = x| + 200, 19, = x| +2(1 - 1) |12, = %,
= |[Rx,, = x| + 200, (1= B,) [ Tx,, = x,,|

+2 (1 - an) (1 - Yn) "an - xn” :

(35)

Since Y o, < 00, Y.(1 —,) < 00, it follows from Lemma 1
that lim,, , [IRx,, — x,,|| exists. Therefore, from (34), we get

Jim [Rx, — x,| = 0. (36)

Then using the same argument, we can show that {x,} >,

converges strongly to a common fixed point of T, S, and R.
O

4. Convergence to a Common Fixed Point of
Asymptotically Nonexpansive Mappings

4.1. There Exists One Sequence {x,}. In this part, we prove
our main theorem for finding a common fixed point of
asymptotically nonexpansive mappings in Banach space in
the case of one sequence.

Theorem 8. Let C be a nonempty closed convex subset of
a uniformly convex Banach space E, and let T and S be
two asymptotically nonexpansive mappings of C satisfying
Condition (I) and F+0. Given {a,}, 1B}, and {y,} are
sequences in (0,1) and {k,} with k,, > 1 such that ) «, < 00,
(-, <ocoand ) (k,—1) <ooforalln>1.

Define a sequence {x,},o, in C by algorithm (3); then
{x, )02, strongly converges to a common fixed point of T and

Proof. First, we observe that {x,} is bounded; if we take an
arbitrary fixed point q of F, noting that [y, — qll < k,llx,, -4l
and ||z, — gl < k,llx,, — gll, we have
"xn+1 - q" = “‘xnyn + (1 - (xn) Zn = q"
<oy "yn - q“ + (1 - an) “Zn - q” (37)
B (1 +kn_ 1)“’%—‘1"‘
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By Lemma land ) (k,— 1) < 00, thus, lim,, _, , llx,,— ¢l exists.
Denotelim, _, lx,—gll = c,and putk,, = supik, :n>1} <
00. Hence, {x,} is bounded, so are {y,} and {z,}. Now

”anrl - q“ = "“nyn + (1 - an) Zp = q“

38)
Sy ”yn - zn" + "Zn - q" .
Since ||z, — gll < k,llx,, — qll, this implies that
nlLrIéo "Zn - q” = nli_)néo "xn - q” =c (39)
Moreover, ||S"x, — gl < k,llx,, — gl implies that
lim sup [$"x,, - g < c. (40)
Thus,
€= nlgréo ||Zn - q” = nhjlgo ”}/nxn + (1 - Yn) Snxn - q"
) (41)
= nangO “yn (xn - q) + (1 - YH) (S Xn — Q)" >
given by Lemma 2 that
Jim IS"x,, - x,|| = 0. (42)
Now,
"Zn - xn” = "ann + (1 - yn) Snxn - xn"
) (43)
< (1 - yn) "(S Xn — xn)" :
Hence, by (42),
lim ||z, - x,[ = 0. (44)
Also note that
”xn+1 - xn" = "‘Xnyn + (1 - (xn) 2y = xn"
(45)
s, ”yn - xn” + (1 - an) ”Zn - xn" >
so that condition ) «,, < 0o and (44) give
,,h_{lgo |1 = ] = 0. (46)
Next, we show lim,, _, . Ilx,,; — Sx, [l = 0.
We have
|lxn+1 - an+1 “
< ”xn+1 - Sn+1xn+1” + "Sn+1xn+l - Sn+1xn"
+]s" %, - an+1||
< | Xne1 — Sn+1xn+1“ + koo ||xn+1 - xn" (47)

+ koo [|1S"x, = Xy |
S ”xn+1 - Sn+1xn+1” + 2koo "xn+1 - xn"

+ koo |8, = x,] -

Hence, by (42) and (46), we get

lim |x, - Sx,| = 0. (48)

n—00

By (37) weassume thatk,, = 1+7,,s0 ) 1, < cofor ) (k,—1) <
00, and now,

|lxn+m - q” < (1 + rn+m—l) “anrm—l - q"

< el "xn+m—1 - q“

(49)
<eZ5 i x, — g
That is,
"xn+m - q” <M “xn - q" > (50)

where M = eXn i for all m,n € N, for all q € F and for
M > 0.

Next, we prove that {x,}7° is a Cauchy sequence.

As proved in Theorem 7, it is easy to see that {x,} >,
is a Cauchy sequence in a closed convex subset C of a
Banach space E. Thus, it must converge to a point in C; let
lim,_, ., x, = p.

For alle > 0, as lim, _, , x,
number #n, such that, when n, > n,,

= p, thus, there exists a

€
2+2k,

|, - p < (51)

In fact, lim,, _, , d(x,, F) = 0 implies that using number
n, above, when n > n,, we get d(x,,F) < €/(2 + 6k,,). In
particular, d(xnz,?) < €/(2 + 6k,,). Thus, there must exist
pe F, such that

%, =P =d(x.,.P) = (52)

€
2+ 6k,
From (51) and (52), using the same argument in Theorem 7,
we get Sp = p.

Now, we return to prove lim, x, —Tx,|| = 0.

It is easy to see that lim, _, Iy, — x,ll = 0, and then
combined with (44), we have lim, _, llz, — vl = 0; thus,

n—>oo”

lim, , llz, — gl =1lim, _, |y, — ql, and then we get
Jim |y, - g = lim |x, - q] =c. (53)

Moreover, | T"x,, — q II< k,, || x,, — q |l implies that

limsup |T"x, - 4 < & (54)
thus,
Jim [[x, = T"x,| = o. (55)

Therefore, we have
,,li_,rréo "xn - Txn" =0. (56)

Thus, we can show that {x,}  converges strongly to a
common fixed point of T' and S immediately. O



4.2. There Exist Two Sequences {x;} and {x;'}. In this part, we
prove our main theorem for finding a common fixed point
of asymptotically nonexpansive mappings in Banach space in
the case of two sequences.

Theorem 9. Let C be a nonempty bounded closed convex
subset of a uniformly convex Banach space E, and let T
and S be two asymptotically nonexpansive mappings of C
satisfying Condition (I) and F #0. Given {a,}, {B,}, and {y,}
are sequences in (0,1) and {k,} with 1 < k, < oo such that
Y, <00, B, <00, fB, >y,and Y (k,—1) < oo forall
nx1

Define two sequences {x.}20, and {x|}2, in C by the
algorithm (5); then {x;}zcz’o and {x;'}fio strongly converge to
a common fixed point of T and S.

Proof. By the boundedness of C, we obverse that both {x}
and {x/'} are bounded; if we take an arbitrary fixed point g of
F, noting that ||y, — gl < knllx; —glland ||z, — ¢l < anIx;' —4l,
we have

xilﬁl - q" = “‘xnzn + (1 - an) Yn— q"
< oy [z, = yull + 13— al
57)
=(1+a,k, +k,—1) “x; - q"

+ ok, “x;' - q“ .

By Lemmal and Yo, < o0, Y(k, — 1) < o0, thus,
lim, _, Oollx:l — g|| exists. Denote

Jim [, -a] = ¢ (59)
Similarly, we have
Jim e g =" (59)

Since both {x;} and {x:[} are bounded, put k,, = supfk, :
n > 1} < co. We get that {y,} and {z,,} are bounded. Now

"x:Hl - q“ = "(ann + (1 - (xn) Yn— q“

(60)
< ay ”zn - yn" + "yn - q” :
Since [y, — gl < anIx:l — glI, this implies that
nangO ||yn - q|| = nlLrIgO "x:l - q” =c. (61)
Moreover, ||T"x,'1 —ql < kn||x; — gll implies that
lim sup "T"x; - q“ <. (62)
n—oo
Thus,
! .
¢ = lim |y, -4|
= lim B, +(1-B,)T"x, -] (63)

Jim B, (x, - )+ (1= B,) (T"%, - q)|.
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given by Lemma 2 that

lim ”T”x:1 - x;” =0. (64)

n— 00

Also note that

!

!
||xn+1 - xn”

az, +(1-a,)y, -x " (65)

< a [z, =yl + (1= B,) (1", - x1)]

so that condition ) «,, < 0o and (64) give

!

Jim "x,'ﬁ1 - x| =0. (66)
We have
||xfl’l+1 - Tx:zﬂ ||
< i T |+ 7, -0
+ "T’1+1 :1 - Tx:m"
= ||x:1+1 - Tnﬂ'x:wl" (67)
N EEE A ' T"x! - x;HH
< ||x:1+1 - Tn+1x:1+1|| + 2koo ||x:«z+1 - x;“
+kg "T"x; - x;" .
Hence, by (64) and (66), we get
lim |x), - Tx;| =0, (68)

n—o0
and then we assume thatk,, = 1 +r,,s0 Y r, < oo for ) (k, —
1) < co; now by (57), we obtain that

]
||xn+m - q”

< (1 + (xn+m—1) (1 + rn+m—1) “xlﬁm—l - q" + Sn+m—-1

!
Xntm-1 "~ q“ T Spem-1

<. (69)

< e‘xmmfl ermmfl

znﬂnfl n+m-1
i=n % eXi=n L6

<e

!
X~

me—l « Z(Hm—l r_"+m_1
+ e~ tesn ! Z Sis
i=n

where s; = ak;l|x! — gll.
By Y «, < 0o and the convergence of {r,}, that is,

o -al <t (ol + 3 ). oo

n+m—1

n+m—1
where M = eXi-n % elion s = oc,-killx;'—qﬂ, forallm,n €
N, q € Fand for M > 0.
Next, we prove that {x;}izo is a Cauchy sequence.
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Since q € F arbitrarily and lim, _, 0ollx; — gl exists,
consequently, d(x,,F) exists by Lemma 3. From Lemma 3
and (68), we get

nleréof (d (x;,ﬁ)) < lim "x; - Tx),

n— 00

=0. (7))

Since f : [0,00) — [0,00) is a nondecreasing function
satisfying f(0) = 0, f(r) > 0 for all r € (0, 00), therefore,
we have

lim d(x,,F) = 0. (72)

Let & > 0, since lim,_,,, d(x/,F) = 0and Y s; < 0o,

therefore, there exists a constant rn, such that, for all n > n,,
we have

d(x;,F) < i, 020:51- < i, (73)

in particular,

!
d (xno,F) < 3 (74)
There must exist p, € F such that
!
d (Xno, pl) < W (75)
From (70), it can be obtained that, when n > n,,
! ! ! !
Xpem ~ X < ||xn+m - pl" %~ Pl“
ny+m—1
!
<oM{ e, -pil+ X s (76)
Jj=no
<2M (i + i) =e.
3IM  6M

This implies that {x}*°, is a Cauchy sequence in a closed
convex subset C of a Banach space E. Thus, it must converge
to a point in C; let lim,, _, . x = x.

For all ¢ > 0, on lines similar to Theorem 8, from

x/ = x/, it can be proved that [Tx' — x'|| < €. As e

limn—»oo n
is an arbitrary positive number, thus, Tx' = x’. Similarly, we
have limn_,oolle;' - x;'|| =0, and then Sx" = x” (x;' - x"
asn — 00).

Finally, we prove x' = x"'.

Let w,,; = &, T"x, + (1 — &,)S"x}, and put [x]' - gl >
||x; — 4|, for all n > 1. Then,

.1 ~al < ik, |, =
+(1- o)k, |*! - q
< k, max {"x:, - ‘Z” , “x;' - q”}

"
<k, "xn - q"

7
We have lim,, _, o, [lw,,,; — gll < lim,,_, . [lx — gll. Now,
"x::ﬂ - q” = "anyn + (1 - “n) Zp = q”
(78)

+ "och"x; +(1-a,)S"x) - q"

=P

(an; + (1 - (Xn) X;I" + "wnﬂ - q” :

Since ) f3, < oo and the boundedness of {x;} and {x;'}, we
get

lim |w,,, -q| = ¢’ (79)

n— 00

Moreover, | T"x,~q|| < k,|lx,~qll and |S"x;~qll < k,llx; =4l
imply that

. n_ /! " . n I "
lim sup “T X, - q" <c, lim sup "S X, —q” <c.
n— 00

o (80)
Thus,
"= lim fw,., - q]
= | T"x, + (1 - a,) S"x;, - q (81)
= o, (77, = q) + (1 - ) (8"x), — q)|
given by Lemma 2 that
Tim_[|$"x) - T"x,| = 0. (82)
So
Jim [l x|

= Jim 2, = 1 |z, = 3,
- Jim 1 (< - +)

-B, (x; - T"x:,) + (S"x;' - T"x:,) ,
(83)

!

ool X1 — xZH || = 0 for (64) and (82),
and it means x' = x"'. This completes the proof. O

so we obtain that lim

5. Application: Convergence to a Zero of
Accretive Operators

Let E be a real Banach space. Recall that an operator (possibly
multivalued) A with domain D(A) and range R(A) in E is said
to be accretive if, for each x; € D(A) and y; € Ax; (i = 1,2),
there exists a j(x; — x,) € J(x; — x,) such that

=y j(x = %)) 20, (84)



where ] is the normalized duality map from E to the dual
space E” given by

J(x) = {x* €E": {x,x") = |x|* = ||x*||2} , x€E. (85)
An accretive operator A is m-accretive if R(I +rA) = E for all
r > 0. Denote the zero set of A by

F:=A"(0)={zeD(A):0e¢ Az}. (86)

For an m-accretive operator A with F# 0 and C = D(A)
convex, the problem of finding a zero of A, that is,

find z € C such that 0 € Az, (87)

has extensively been investigated due to its applications in
related problems such as minimization problems, variational
inequality problems, and nonlinear evolution equations.

It is known that the resolvent of A, defined by

=(I+rA)7" (88)

for r > 0, is a nonexpansive mapping from E to C and it is
straightforward to see that F coincides with the fixed point
set of J, for any r > 0. Therefore, (87) is equivalent to the
fixed point problem z = J,z. Then an interesting approach to
solving this problem is via iterative methods for nonexpansive
mappings. We need the resolvent identity [15].

Theorem 10. Let E be a uniformly convex Banach space,
and let A be an m-accretive operator in E such that
Fix(J, ) N Fix(J, ) NFix(J,) = A(0)#0, ], : E — E
is nonexpansive commuting mappings for all r; > 0 (i =
1,2,3) satisfying Condition (I). Given {«,}, ,8,, , and {
are sequences in (0,1), such that Y «, < 00, Y y,B, = oo,
2.(1-v,) <coandr;, > & for somee > 0 foralln > 1.
Define a sequence {x,},, by algorithm (4); then {x,},>,
strongly converges to a zero of A.

Proof. Take any arbitrary g € A~ (0); it follows from Lemma
1thatlim,,_, [, — gl exists. From Lemma 2, it can be shown
that lim,,_, I, x, — x,[ = 0 (i = 1,2,3). Since J, : E —
E is nonexpansfve for all r; > 0, it follows from Lemma 6
that lim,, , ,lIJ, x,, — x,Il = 0. Therefore, all the conditions
in Theorem 7 are satisfied. The conclusion of Theorem 10 can
be obtained from Theorem 7 immediately. O

Theorem 11. Let C be a nonempty bounded closed convex
subset of a uniformly convex Banach space E, and let A be
an m-accretive operator in C such that Fix(J, ) (| Fix(J,)) =
AT0)#0, J, : C — C is nonexpansive for all r; > 0
(i = 1,2) satisfying Condition (I). Given {a,}, {B,}, and {y,}
are sequences in (0,1) such that Y «,, < 00, Y. 8, < 00, 3, > ¥,
andr;, > € for some e > 0 for alln > 1.

Define two sequences {x.}°, and {x/}2, in C by algo-
rithm (6); then {x;}iio and {x:l' Yoo, strongly converge to a zero
of A.

Proof. Only a sketch of the proof is given here.

Abstract and Applied Analysis

Take any arbitrary q € Fix( ]71) () Fix( I, ); it follows from
Lemma 1 that limn_)oolle'1 - gl and limn_,oollx;' — gl exist.

From Lemma 2, it can be shown thatlim,, , ., ||l',1 nx;—x; =0
" ’

and lim, [/, x - x|l = 0.Since J, : E — Eis
nonexpansive for all " > 0 (i = 1,2), it follows from lemma
2.6 thatlim,,_, ., IIJ;, x -X,, "N = Oandllmn_>oo||]r2 " ”|| =

Therefore, all the conditions in Theorems 7,8, and 9, are
satisfied and using the same argument in those theorems, the
conclusion of Theorem 11 can be obtained immediately. [
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