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In a recent paper (Zhang (2013)), the author claims that he has proposed two rules to modify Ibragimov’s theorem on conservation
laws to “ensure the theorem can be applied to nonlinear evolution equations with any mixed derivatives”” In this letter, we analysis the
paper. Indeed, the so-called “modification rules” are needless and the theorem of Ibragimov can be applied to construct conservation
laws directly for nonlinear equations with any mixed derivatives as long as the formal Lagrangian is rewritten in symmetric form.
Moreover, the conservation laws obtained by the so-called “modification rules” in the paper under discussion are equivalent to the

one obtained by Ibragimov’s theorem.

1. Introduction

Noether’s famous theorem about symmetries and conserva-
tion laws is now almost a century old and has been discussed
in literally hundreds of papers and is covered in many text-
books, for example, in [1, 2]. Noether’s theorem allows one
to construct conservation laws for differential equations fol-
lowing a straightforward algorithm. Although Noether’s
approach provides an elegant algorithm for finding conser-
vation laws, it possesses a strong limitation: it can only be
applied to equations having variational structure. However,
a large number of differential equations without varia-
tional structure admit conservation laws. Recently, Ibragimov
proved a result in [3] which allows one to construct con-
servation laws for equations without variational structure.
Essentially, Ibragimov’s theorem is an extension of Noether’s
theorem by introducing formal Lagrangian to get rid of the
variational limitation. There have been abundant papers on
constructing conservation laws using Ibragimov’s theorem;
see [4-9] and references therein.

In [10], to construct conservation laws for some nonlinear
equations with higher-order mixed derivatives, the author
proposed two so-called “modification rules” to modify Ibrag-
imov’s theorem and gave “new” formulae of conservation

laws for ANNV equation and KP-BBM equation. The two
rules in [10] are uncalled for and illusive; indeed, Ibragimov’s
theorem can be applied to construct conservation laws
directly for nonlinear equations with higher-order mixed
derivatives. To do so, we only need to rewrite the correspond-
ing form Lagrangian in symmetric form. Moreover, by direct
calculations, we find that the conservation laws obtained by
so-called “modification rules” in [10] are equivalent to the one
obtained by Ibragimov’s theorem.

For simplicity, we only illuminate our statement for the
ANNY equation [10, (1)] in the following section.

2. Formulae of Conservation Laws for
ANNYV Equation and the Equivalence

In this section, we first apply Ibragimov’s theorem to con-
struct conservation laws for ANNV equation [10, (1)]

Uy + Uy = Sl thy, = 3, U, = 0. (1)

yt
The form Lagrangian of (1) and the corresponding adjoint
equation is

L=v (uyt + Uy = Sl — 3uxuxy), ()
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where v is the solution of the adjoint equation. We rewrite L
in the symmetric form as follows:

< = v[% (uy,+uty)

1

+ Z (uxxxy + uxxyx + uxyxx + uyxxx) (3)

—Buy,u, - ;u (uxy + uyx)] .

For any Lie point, Lie-Bicklund, and nonlocal symmetry of

D,
0
Val—+n—+1—-+¢d—; (4)
x )y u
from Ibragimov’s theorem, we obtain the general formulae

of conservation laws for the system consisting of (1) and the
adjoint equation as follows:

_DX(‘gu“) _Dy (guw)
Doy (%) = Do (2,

~ Dy (%, )]

D [, + Dy (%) + D (0]

X:E$+W[$ux

1,01, 5]
+ D W) [-D, (2, )] + D,y W)
]

x [—Dx (:ZMW) +D,, (W) [—Dx (:ZHW)]

Doy W)%, +Dy (W,

W) Z,

Dy iy -
Y=nZ+W|2, -D,(2.,.)-D:(<.,,)
Dy (Z,..)] o
+ D, (W) [guyx +D,, (guw)] +D, W) Z,,
+D, W) [-D, (2., )]+ Do W 2,
T=:Z+W(-D,%, )+D, W%, , ()

where W = ¢ — §u, — nu, — 7u, is the Lie characteristic
function, & is the formal Lagrangian in the symmetric form
given by (3), and £, = 0.Z/ow. Thus, the conservation laws
for (1) can be derived from above formulae (5), (6), and (7) if
Lie symmetries of (1) are known. For example, let us construct
the conserved vector corresponding to the generator

0

=g (y) 5 (8)
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as follows:

3 3
X, = X (») U,u,,v—3g () Ui"x =59 () UylhyVy

w

1
+-9 ()’) UyVixy = 59 (y) UsyVy ~ Zg’ (y) UyVix

4 2

3 1 3
+ Eg’ (y) UtV — Zg (y) UyyVix + Eg (y) Uy Uy, V

1 1 1
-9 (y) UsxyVy + 21} ()/) Uyy + Eg ()/) Vlyyy
3
- _g ()/) UsxyV — Zg ()/) UsxyyVs
9)
1
Y, = 29 () (Zutyv + Vi, — VU U, — 6V U,
= OUL V., + 20V, UV (10)

“UxyVax + uxxyvx) >

1 1
Ti=59()uyv, - g (y)u, v=39()uy,y. W)
We should point out here that the conservation laws
obtained in [10] (Xyy; Yy, Thyj)s (Xoj1 Yo Toj1)s (X350
Y31 T5j1)> (Xyji> Yajio Tujy) (7 = 1,2,3,4) are equivalent to
our result (X,,Y,,T)) given above if we transfer the terms
DJ,(- -+), D(--+) from X, Y, to each other and transfer the
terms Dy(---), D, (--+) from Y}, T} to each other, respectively.
To explain the fact, in general, we show the equivalence of
the formulae of conservation laws (5), (6), (7), and the ones
(Xjj» ;> T;j) in Theorem 3.1 in [10].
Now let us consider the formulae of conserved vector
(X,Y,T) of (1). Observe the facts that in (5)

~WD, (ffux) +D, (W) 2,

=D, (Wyuxy) - 2WD, (Sfuxy) :

WD, (2,.)=D, WD (2., )]
-D,W)D,.(Z,..)
D,(W)Dy %, =D,[D,W)D, (2, )]
D, W)D,(Z,..),
Dy W) D, (Z,ny) = D, [P W) 2, |
~Dy W&,

WDy (Z,) = WD (Z0,.) = WDy (a,..).

Dx (W) nyguxxxy = Dx (W) Dyx‘gu

>
XXyx

(12)
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in (6)
~WD,(2,,)+D, (W) Z,
-p,[w2,,|-2wD,(2,,),
wp, (%,,)=D.(W%,,)-D.W) 2, ,
D, WD, (2, )=D.[wD,. (2, )]
~WD,.. (%0, )
D,.W)D, (2, )=D.[D.w)D,. (2, )]
-D,W)D,.(Z,,.)>
DWZ,,, =D [DaW 2, ]
D WD, (%),

and in (7)

-wp, (2, )+D, W) Z,,
=-p,[wz, |+20, W) 2,
-p,[wz, |-2wp,(2,).
Thus, we have that
X=t2+WZ, -WD,(2,.)-2wD,(2,,)
+D,(W)¥Z, -4D,, (W)D, (5/” u>
+4D,y W) 2, +4D,W)D,.Z,
+p,[wz, |-3p,[wp,. (2, )]
+20,[D,W)D, (2, )]
-p,[D.W 2, ]|

Y=L+ W%, -2WD,(Z,,)

uyt

(13)

(14)

+2D, (W) .Sfuxy —4WD,, (‘guﬂxy) - D, [Wg“yX]

+3D, [WDxx (zuw)] ~2D, [Dx W) D, (£,
+D, [Dxx (W) guxxxy] + Dy [Wg“yt] i

T=tZ+2D,W)Z, -D, [WSfu[y] .

)l

(15)

Therefore, we can deduce the conserved quality as follows:

X= Eg + Wgux - WDX (guxx) - ZWD}V (g”w)
+D,(W)Z, —4D,,(W)D, (55’)
+4D,,, W) Z,  +4D,(W)D, 2, .,
(16)
Y =0Z+W%, -2WD, (2, ) +2D, W) Z,_
- 4‘/Vvaxx <guxxxy> >
T=1Z+2D,(W)Z,, .

Rewriting above result in L, we have

X =¢&L+WL, -WD, (L, )-WD,(L,,)

XX

+ Dx (W) L“xx N ny (W) Dx (Luxxx)’ )

L

Usexx:

+ Dxxy (W) Lumy + Dy W)D

(17)
Y = gL+ WL, —~WD, (L, )+D, (W)L,

- WD, (L., )
T=1%+D,W)L,
this is the result (X,,,Y;,, Ty;) = (X1, Y, T") + (B), B!, 0) in
[IO]Similarly, if we rewrite (5), (6), and (7) in the following
way:
X=(L+WZ, -WD, (2, )+D,(W)Z,
—~4wD,,, (Z.,.)+2D, W) 2,
+4D, (W) D, (2., ) +4Dsy W) 2.,
-p,[wz, |+D,[wD.. (2, )]
-p,[D.. W2, |-20,[D.WD, (2, )]
Y=L +W%, -2WD, (2, )+2D,(W) %,
~4D,,W)D, (2, )+D[w2, ]
b (Wb, (2, )]+ Dy [P0 2,

+20,[D,W)D, (2, )| -D[w=, ],

T=1z-2wD, (2, )+D,[W2, |,
(18)



then the conservation law (X,Y,T) can be deduced in L as
follows:

X=E&L+WL, -WD, (L, )+D,(W)L,_
- WDxxy (Luxxxy> + Dy (W) Luxy

+D, (W) D, (L, )+ Dy W) L,

>
XXy XXXy

(19)
Y =L+ WL, -WD, (L, )+ D, (W)L,

-D,.W)D, (L, )
T=1-wD,(L,,);

this is the conservation law (X3, Y3, Ty3) = (xHvhTh +
(BY, B}, 0)in [10].

Adopting the same procedure as above, we see that all the
conservation laws (X;;,Y;;, T;;) obtained in Theorem 3.1 in
[10] can be deduced from our result (X,Y,T) given by (5),
(6), and (7); we have checked them and omit the details here.

3. Conclusions

In this letter, we have analyzed the paper [10]. We see that the
two so-called “modification rules” in [10] are needless and
Ibragimov’s theorem can be applied to construct conserva-
tion laws directly for nonlinear equations with higher-order
mixed derivatives. By direct calculations, we have found that
the conservation laws obtained by the so-called “modification
rules” in [10] are equivalent to the one obtained by Ibragi-
mov’s theorem. Therefore, Ibragimov’s theorem on conserva-
tion laws need not be modified.
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