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we present a first supercloseness analysis for higher order FEM/LDG coupled method for solving singularly perturbed convection-
diffusion problem. Based on piecewise polynomial approximations of degree k (k > 1), a supercloseness property of k + 1/2 in DG
norm is established on S-type mesh. Numerical experiments complement the theoretical results.

1. Introduction

In this paper we are interested in the construction and
validation of high-order finite element approximations to
problems of type

_su”—bu'+cu=f in Q=(0,1), M
1
u(0)=u(l)=0,

where 0 < ¢ <« 1 is a small positive parameter and b, c,
and f are sufficiently smooth functions with the following
properties:

b()=B>0,  c(x)>0, c(x)+%b'(x)2c0>0,
Vx € Q,

2)

for some constants 3 and ¢,. This assumption guarantees that
(1) has a unique solution in H*(Q)Nn Hé(Q) forall f € L*(Q)
[1]. Typically the solution of (1) has an exponential boundary
layer at x = 0.

Problem (1) is a simple model problem that helps under-
standing the behavior of numerical methods in presence of

layers in more complex problems like the Navier-Stokes equa-
tions in fluid dynamics or convection diffusion equations in
chemical reaction processes.

The smallness of & causes global unphysical oscillations
if standard discretization schemes on general meshes are
applied. To obtain accurate results without high computa-
tional cost, problem (1) is usually solved by strong stability
numerical methods on the layer-adapted mesh, such as
Shishkin-mesh (S-mesh) [2] or Bakhvalov-Shishkin mesh (B-
S mesh) [3, 4]. In [5], a bilinear Galerkin finite element
method was applied to (1) using a S-mesh, and it was shown
that ||u—ué’a1||1’€ O(N'InN), where |- e is the e-

weighted energy norm, u is the exact solution, and uy),, is the
computed solution. On the same method using a B-S mesh [4]
improved this result to O(N 1. Roos and Linf [6] provided
the so-called S-type mesh which was a class of generalized
Shishkin-mesh including S-mesh and B-S mesh.

A popular stabilization technique is the discontinuous
Galerkin (DG) methods which were introduced in the early
1970s for the numerical solution of first order hyperbolic
problems. Simultaneously, but quite independently, they were
proposed as nonstandard schemes for the approximation
of elliptic and parabolic problems. The DG methods on S-
meshes for solving singularly perturbed problems (SPPs)
were considered in [7-15]. Xie and her collaborators [8-10]
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investigated the superconvergence and uniform superconver-
gence properties of the local discontinuous Galerkin (LDG)
method on S-mesh for 1D and/or 2D convection-diffusion
type SPP. Zhu et al. [13] proved the uniformly convergence
properties of the LDG methods with higher order elements
on S-mesh for general 1D convection-diffusion and reaction-
diffusion type SPPs. And recently Zhu and Zhang [14, 15]
analyzed the uniform convergence properties of the LDG
methods with bilinear and higher order elements on S-mesh
for 2D SPP, respectively. On the other hand, the uniformly
convergence of the NIPG method with bilinear elements
on S-mesh was analyzed by Zarin and Roos [11] for 2D
convection-diffusion type SPP with parabolic layers. In order
to reduce the degrees of freedom of NIPG method, Roos and
Zarin [7] and Zarin [12] analyzed the uniformly convergence
of FEM/NIPG coupled method with bilinear element on
S-mesh for 2D convection-diffusion type SPP with expo-
nentially layers or characteristic layers. LDG method has
much more advantages than the others in the DG methods
family [16], but it also has more degrees of freedom than the
others. By this motivation, Zhu and his collaborators [17, 18]
analyzed the uniformly convergence property of FEM/LDG
coupled method with linear/bilinear element on S-mesh
for 1D/2D convection-diffusion type SPP with boundary
layer. Recently, Zhu and his collaborator [19] analyzed the
uniformly convergence property of higher order FEM/LDG
coupled method on S-mesh for 1D convection-diftusion type
SPP with boundary layer.

A supercloseness property is a useful tool to prove
superconvergence by postprocessing. Recently, Franz [20]
numerically studies the supercloseness properties for higher
order finite element methods and the streamline diffusion
finite element methods on 2D Bakhvalov-Shishkin meshes.
By the authors’ knowledge, there is a few works about uniform
supercloseness result of higher order DG method for solving
SPP on S-type mesh. In this paper, we are interested in
uniformly convergence properties and supercloseness prop-
erties of higher order FEM/LDG coupled method for 1D
SPP of convection-diffusion type on S-type mesh. The paper
is organized as follows. In Section 2, we introduce the S-
type mesh and the FEM/LDG coupled method. The stability
and error analysis of the FEM/LDG coupled method with
higher order elements on S-type mesh is given in Section 3.
A numerical example is presented in Section 4. It aims to
validate our theoretical result.

In the sequel with C we will denote a generic positive
constant independent of the perturbation parameter ¢ and
mesh size.

2. The S-Type Mesh and the FEM/LDG
Coupled Method

2.1. The S-Type Mesh. Let N be an even integer. Denote by
A the transition parameter which indicates where the mesh
changes from fine to coarse. This parameter is given by

1 1.
/\=min{z,k+ >

slnN]», (3)
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where our trial space, which is defined below, comprises
functions that are piecewise in %* for some integer k > 1.
Notice that ¢ <« 1; here and below we take A = ((k +
1.5)/B)eIn N. Moreover, we suppose that ¢ < N~! which is
realistic for this type of problems.

Let Ty = {I]- =(xj_,x;) 1 j= 1,..., N} be a partition of
the domain Q. Let 7 = {Ij = (xj,l,xj) :j=1,...,N}bea
partition of the domain Q and H = 2(1 — 1)/N. We choose

E25%(1) monn 3

o= P N (4)

/\+<j—§)H, j:§+1,...,N,

where ¢ is a monotonically increasing mesh-generating
function satistying ¢(0) = 0 and ¢(1/2) = In N. Given an
arbitrary function ¢ fulfilling these conditions, a S-type mesh
is defined.

We define a mesh-characterizing function y that is closely
related to ¢ by

¢=-Iny, (5)

which is monotonically decreasing with w(0) = 1 and
y(1/2) =N ! Table1 gives some examples of S-type meshes
introduced in [6].

Denote the length of any subinterval I; by h; = x; — x;_;.
Some properties of S-type mesh are given in the following
lemma.

Lemma 1 (see [21]). Assume that the piecewise differentiable
mesh-generating function ¢ satisfies the conditions

!
()
max (/)' (t) < CN or equivalently max |1l’ ' < CN.
te[0,1/2] te[0,1/2] l//(t)
(6)

Let xj, j =0,1,...,N/2 be the points for a S-type mesh. Then,
the estimates,

_ Bx; N
1 ! J :
hJSCSN max|w'-exp(m), _]—1,...,?,
(7)
X m
h;"exp(—ﬁgj 1>SC(£N_lmax|1//") R j=1,...,§,
m € [0,k + 1.5],
(8)

hold true.

Remark 2. Taking 0 = k + 1.5, the proof of this lemma is
similar to the statements given on page 142 of [21]. From (6)
we can also get a simpler bound

N
=L~ (9

h; < CeN ™' max¢' < Ce,
2

Set T = (I} and 73 = {1}
u(x;) and u(xJT) the values of u at x i from the right cell and
the left cell of x, respectively.

. We denote by
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2.2. The Weak Formulation of the FEM/LDG Coupled Method.
The S-type mesh defined in Section 2.1 is fine on Q; = [0, A]
and coarse on ), = [A, 1]. We discretize problem (1) by using
the FEM on Q, where the mesh is fine enough and strong
stable LDG method is used on coarse mesh part Q,. The
derived method is the so-called FEM/LDG coupled method.
The motivation to this coupled approach is to construct a
numerical scheme with strong stability property but has less
degrees of freedom than LDG method.

Let u' = ulg, i = 1,2, and q = (uz)’ in Q,.
Rewrite problem (1) as the following equivalent transmission
problem:

—e(u!)" —b(u!) vt = f inQ

g- () =0 inq,

—eq —b(i?) val = inQ, (10)
w () =’ (),

!
(u') W) =q0),
with boundary conditions
u' (0)=u? (1) =0. (1)

Let us now denote by %*(K) the space of polynomials of
degree at most k on K and define the finite element space 7
and 73, as follows:

7y = {Vl eH' (Q)):v' (0) = 0,v' [ € P*(K),
VK € Ty}, 12)

7=V e’ (Q,): VIx € P*(K),VK € Ty, }.

The space 7}, is a standard conforming finite element space,
whereas the functions in 73, are completely discontinuous
across interelement boundaries.

We will search for approximate solutions (U}\], UIZ\], Qy) of
(10) and (11) in the finite element space "7}\, X ‘Wi, X Wij that
satisty (10) and (11) in a weak sense. The FEM/LDG coupled
method (see more details in [17, 22]) for problems (10) and
(11) is defined as follows: find (Ull\,, UIZ\], Q) € 7/11\] x%lz\,x%i]
such that

Ll [S(U}\]), + bUll\]] (vl),dx + J;)l (c + b') UII\]vldx ”
13

- (eQu +b03) W7 ) = [ pia,

for all test function v! € 7}\,, and

J Quwdx + J Ulz\,w'dx - 612\] (xj) w (x]_)
b b (14)

+ ﬁf\] (x]q) w (x;-'_l) =0,

[ (cau+b02) () ax
I
b [ (4 ) URvdx - (Qu +BOR) () (%))
I
# (eQu +0O3) (%) v (1) = | £
I.
J (13)
for all test function (w,?) € %12\, X Wi, and for all I j €
g %\,, where Uf\,, UIZ\,, and QN are the numerical fluxes, which

approximate the traces of UIZ\, and Qy on the boundary of the

elements of 7 3,. To complete the specification of the method,
it only remains to define the numerical fluxes.

The Numerical Fluxes. We use the following notation to
describe the numerical fluxes at the interior nodes. The
average and jump of the trace of smooth function v € L*(€),)
at the interior node x; are given by

[y - 22705,

[v ()] = v () = v ()
respectively. We now define the numerical fluxes Uy, and Qy
by

(16)

'U}\,()L), if j = g
_ {UR ()} - v [UR ()]
Ux (xj) =] 17)
ifj:§+l,...,N—l,
0, if j=N,
i + 2 + 1 f N
Qu(A") +a(Uy (A1) -Uy ), ifj=—
fQn ()} +v[Qu (x))]
Qul)={ +alvd(x)]

N
if j=—+L..,N-1,

[Qy (17) - alU3, (17), if j=N.

(18)
Here the scalars &« = a(x) and y = y(x) are auxiliary

parameters. Their purpose is to enhance the stability and
accuracy properties of the LDG method (see [23, 24]).



The numerical flux associated with the convection is the
classical upwinding flux; namely,

N
Uy (x7), ifj=—,...

0% (x;) = M) =5 (19)
0, if j=N

3. Stability and Error Analysis of the FEM/LDG
Coupled Method

This section is devoted to the existence and uniqueness of
the solution of the coupled method (13)-(15) with numerical
fluxes (17)-(19) and its corresponding error analysis. Firstly,
we rewrite our method in the primal form by eliminating Qy
following Arnold et al. [16]. And then we get stability of the
FEM/LDG coupled method, if the stabilization parameter «
is taken of order O(1/H). Under this condition, we obtain the
higher order uniform convergence of the coupled method.

Primal Formulation. Let us introduce the space

V= {v el*(Q):v = VIQi,vi € %;,,i = 1,2},
(20)
7 (N) = [H* (Q) N Hy ()] + 7'y

where

Hy (@) ={ve H' (Q): vl =v,i=1,2,
(21)
v (0) =0,v*(17) = 0}.

Forv € 7'(N), we define Z, (v) as the unique element in 7/%1
satisfying

J &, (v)rdx
QZ

N-1

= 2 PENAr )by [ (=)])

j=N/2+1

) (1) - () - A7) r (1),

(22)
forallr € ‘W?\,
As a result, from (14) we get
Qu=(U3) +2,(Uy) in 72, (23)

Similar to the definition of &,(v), for v € Z'(N), we define
Z,(v) as the unique element in 7%, satisfying

N-1

2, b)) [7 ()] r ()

J bZ, (v)rdx =
2, j=NJ2+1

b r () (V) -2 (),
(24)

forallr € “7?\].
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Following [19], using the lifting operators Z,(-) and
Z,(-), the flux form FEM/LDG coupled method (13)-(15)
with numerical fluxes (17)-(19) can be rewritten as the primal
form: find Uy, € 7" such that

Ay (Unsv) = By (Unsv) + €y (Ups v)

+ 8y (Unsv) = Fn (),

(25)
Vv eV

with

B (w,v) = L e(w'+2, W)V +2, (v)dx,
FyW) = J fvdx,
Q

Gy (w,v) = L bw (v' +%, (v)) dx + JQ (c + b') wvdx,

N-1

Sywry= ¥ eafw (x)][v(x))]
j=N/2+1
+eaw’ (17)v* (17)
+ea (w1 ) -w’ (A+))
X (vl ) -+ (A+)).
(26)
Here, &, (-) and &, (-) have been defined in L*(Q) by a trivial
extension.

From the following lemma, the primal formulation is
consistent.

Lemma 3. Let u be the exact solution of the problems (10) and

(11). Then the primal form (25) has the Galerkin orthogonality
property
dyu-Ugv)=0, YveZy. (27)

Proof. The proof is similar to Lemma 3.1 in [19]. O]

Stability Analysis. To consider the stability of the primal form
9 > we define the following norms and seminorms for v €
Z'(N):

2 2 2 2 2
HvIlE = vlo.q + elvly n + eVl + VG

> 10

2
2 ( 1)’”

% = (v +

Wy " 0,0,

j=N/2+1 0L
2 RS 2 2 2,1-1)2 1 2/7+v)\2
v, = oc[v (xj)] +oc(v (1 )) +(x(v A)=v(A )) ,
j=N/2+1
2 1 N 2 2 1 2, —\2
=3 Y () [Pl + S (200)
j=N/2+1

. %b W (" = (),
(28)

where || - ||, p is the usual Sobolev norm defined on region D.
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According to [25] (page 422), when the coefficient « =
OH _1), there exists a constant C > 0, such that

1 M]pq <ClWl, veZ (N). (29)

Lemma 4. If« = O(1/H), there exists a constant C > 0, such
that

dy ) 2 ClIVIE,  Yve?y. (30)
Proof. The proof is similar to Lemma 3.2 in [19]. O

From Lemma 4, we easily get

[l < €l /N0 (3D

which implies the uniqueness of the solution to (25). Further,
since (25) is a linear problem over the finite-dimensional
space 7'y, the existence of the solution follows from its
uniqueness. Consequently, by (23), we get the existence and
uniqueness of the solution to the problem (13)-(15) with
numerical fluxes (17)-(19).

Remark 5. In fact, following [25] or [8], for any & > 0, we
can prove the existence and uniqueness of the solution to
the problem (13)-(15) with numerical fluxes (17)-(19). In this
paper, we are only interested in the special case « = G(H ™).

Error Analysis. We are now going to provide a e-uniform
estimate for the error u — Uy in the norm (28). The error
analysis presented in this paper relies on a priori estimate of
the exact solution of (1) and a special interpolation which was
firstly introduced in [26].

Lemma 6 (see [27, Lemmal.9]). Letq be some positive integer.
Consider the boundary value problem (1) with the assumption
of (2). Its exact solution u can be composed as u = S+ E, where
the smooth part S and the layer part E satisfy

—e8" —bS' +cS=f,
(32)
—¢E" —bE' +cE=0,

|E(l) (x)' <Ce’! exp <_ﬁ_x>
€ (33)

for0<l<gq.

s @] =

Next we introduce a special interpolant in [26] that will be
useful later. On each element K = [x;_y, x;], we define k + 1
nodal functionals ./ by

/Vo(w)=w(xj,1), ./Vk(w)=w(xj),

) (w) = ;l rj (x—x) w@dx (34

J——— Xi-1
xJ x]_l Jj

I=1,...,k-1.
Now a local interpolation . yw |€ F*(K) is defined by

N (Fgw-w)=0, 1=0,...,k (35)

which can be extended to a continuous global interpolation
SJw eV via set
SJw|g = Ixw, VK eTy. (36)

Obviously, if k = 1, this special interpolation is just the
Lagrange linear interpolation.

The following error estimate is adapted from Lemma 7 of
[26].

Lemma7. The special interpolant has the following properties:
((w - fw)',v;\,)K =0, Yvnye7y
k+1-1
lw = Jwl g < Chy " Wi,k
1=0,1,...k+1, YweH" (K), (37)
k
lw - jw”L"O(K) < ChKJrllwIk-f-l,oo,K’

Yw e WL (K),

where K is any element of partition I - and hy is the length of
element K.

Lemma 8. Assume that the piecewise differential mesh-
generating function ¢ satisfies (6). Let the exact solution u = S+
E of the problem (1) be decomposed into a smooth and layered
part, respectively, 7S and JE are the interpolants of S and E
on a S-type mesh respectively. Then, one has Su = IS + SE
and the estimates

v = Full o,

< {C(Nl maxll//'I)k+1 ifi=1, (38)
~leNTE ifi=2,

Ju = Full iy < C(N " max]y'])", (39)

IS— .78, o < CN¥, (40)

|E- 7Bl g <Ce (N maxly!|), (@D

|E - JE| o, < CN"*, (42)

Proof. Our proof is based on arguments given by Tobiska
[26]. The linearity of the interpolation operator implies fu =
J(S+E)=7S+.J7E.

(i) The proof of (38): by Lemma 1, Lemma 7, and (33), we
have

IS = FSllpeo(qy < CN~®HY, (43)

Bx j-1 ) (44)
€

k+1
IE = FEllpeoqr < Ch; " |Elky1 001,

< Ch’fr1 g kD exp (—

k+1

SC(Nf1 max|u/") )



forany I; = [x;_;, x;] € Q. Hence, we obtain

IE - FElo, < C(N " max|y'|)". (49)

From (33), we get

ﬁx)
El(q,) < C max exp { ——
IEl oo () xe[A1] p< €

(46)
=Cexp <—@> < CN~®+19),
>

Consider the element K = [x]q) xj] C Q,. The local nodal
functional can be estimated by

IN; (E)| < Cexp (—ﬁxgj_l ) ; (47)

thus, we have from the local representation,

k
JE|g = ZNi (E) ¢;, (48)

i=0

the estimate

X PBxi_
T Ell eoxy < Z |Ni (E)l ’ ”(Pi"L‘”(K) < Cexp (_ 8] : )

i=0

A .
< Cexp <—ﬁ—> < CN~®+19)]
&

(49)

where we used [¢;]| ox < G @ are basis functions on

element K. And then, we obtain [|.7E|lje(q,) < CN(k+19)
Combining this with (46), we get

IE = FEl(q,) < IElloq,) + 17 Elloq,)

(50)
< CN~H1),
Collecting (43), (45), and (50), we conclude

lu— Fulieo@,) < IS = ISl + IIE = FElo(q,

< NS = ISl ) + IE = FEl 0 (q,)
C(Nf1 max'l//'DkH, ifi=1, e

on, if i = 2.

(ii) The proof of (39): by (38), we easily get
lu = Fulzy < I = Tl - 101"

(52)

k+1

< C(N_1 max't//D .

(iii) The proof of (40): by Lemma 1, Lemma 7, and (33),
we easily obtain

IS~ 7Sl q < CN*. (53)
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(iv) The proof of (41): let X = (xj + xj_l)/Z. Then on
the fine part of the mesh, we have

E-E,

2
|1,Ij

2k 2
< Chj |E|k+1,1j

2By 2Bx.
< Chtkeke (exp <_&> ~exp (_ﬁ))
& &€

< Cs_l(N_1 max |1//'|)2k exp (%)

h 2Bx;_
Xsinh<&>exp<_m>,
& &€

where we have used Lemma 7 and (7). From (9) we get h ; /e <
C, and therefore sinh(/Shj/s) < Cﬁhj/s forj = 1,...,N/2.
The representation

(54)

h, t
&WJ’ ¢ (t)dt forj=1,...,§ (55)
&€ t;

j-1

yields
|E- Eflifj
< Ce! (N max |‘/’I|)2k xp ((sz%)
< Ce ' (N max |V/'|)2k xp ( (szﬁlg) 8> 14 (ltj)

t; 2Bx..
X J : —y' (t)dt exp (—M>
t €

j-1

< Ca_l(N_1 max |1//'|)2k th —y/' (t)dt exp (%)
t
2k
< Cs_l(N_1 max |1//'|) J —y' () dt,
t

(56)

since v > 0, 1//' < 0and exp(ﬁhj/s) < C by (9). We sum the
overall subintervals in the layer region to get

|E - Elﬁ,nl < Ce ' (N"" max |w’.)2k (V/ -y (%» (57)

< CS_I(N_1 max |1//")2k,

where y(0) = 1 and y(1/2) = 1/N are used.
(v) The proof of (42): by triangle inequality

|E - JEl;q, < |Elq, +|TEli 0, (58)



Abstract and Applied Analysis

we estimate IEILQ2 and IJEILQZ, respectively. From (33), we

obtain
1 - 2 1/2
|El 0, < C(J € 2exp<—ﬂ>dx>
A I3

< e exp <_ A ) (59)

&

< G VANKHL).
An inverse inequality yields
|7El} q, < CNIJEll2q,) (60)

and it remains to bound ||.ZE| 12(0,)- Consider the element
K = [x;_4,x;] C Q,. From local representation of JE| it
follows

k
IFEl k) < Z IN; (B)| - loill 2 iy

i=0
X

<CN'? exp <—h>,
€

where we used [|¢;]l 25y < CN_I/zll(ﬁ,-IILz(g) < CN7'2, Here
K is the reference element of K and @, are the basis functions
on K. Summing up we get

2 2
IFEl 20, = Y. I7El w0
KcQ,

N 2Bx;_
<CN™! Z exp(— ﬁjl).

j=NJ2+1 €

(61)

(62)

Recall that the mesh size on the coarse mesh has been denoted
by H and satisfies 1/N < H < 2/N. Integrating the inequality

o (2o
o(Z)en( )

for x € [xj_l,xj]

over (x~,1,x]-) and summing up for j = N/2 +2,...,N, we

j
X; 2
J ) exp <—ﬂ> dx,
x; £

obtain
j-1

N~ exp (—2/3);—]_1) < exp (2/37H>

N 3 exp (_Zﬁle )

j=NJ2+2 €

2BH\ (! 2
Sexp( P )J exp(—ﬂ>dx
€ XN/2+1 €

2
28H > exp <_ Bxnjae1 ) dc
€

&

Ssexp(

< CSN_Z(k+1'S).
(64)

Therefore, we get

+ CeN-2k+19)

2[x
I7Elz(q,) < CN" exp (—@)

(65)
<C (N’1 + s) N2k

And then, we have

_ 2 _
| 7ElLq, < CN(N"" 4 &) N9 < ok (66)

Combining this with (59), we conclude (42). O

The following statement is the direct consequence of
Lemma 8.

Theorem 9. Under the conditions of Lemma 8, one has n =
u — Ju satisfies

il < (N max]y'|)" (67)
for S-type mesh.

Proof. Since u — Fu is continuous in Q, we have ||, = 0 and
Inl. = 0. Then, [I4llI? = I4llg o, + elnl; y- From (40), (41), and
(42) of Lemma 8, we obtain

81/2|u—=7”|1,9
< &2 (|S— ISl +I|E —JE|LQl +|E - JE|1,QZ) (68)
< C(N_1 maX|1/’")k'

Using this together with (39), we easily conclude the result of
Theorem 9. O

Now we turn to estimate [[|&]l],.
Lemma 10. Under the conditions of Lemma 8, one has
J ps-T9t df son Pl o)
Q

k+1/2

Uﬂb(E—fE)E'dx

< CCV,(N_1 max |1//")

0

(70)

where Cy=1+ (N max|1//'| In N)l/z.

Proof. (i) The proof of (69): by Lemma 8 and integrating by
parts, we get

”Q b(S-.75) E'dxl

< IS = ISl ()

N
> | e
=171

<N |3 88 () - 00 ()] - | P

j=

—_



N
<CNTE Y [0 () - ) (x1.4)]
j=1

L ON[p

12(Q) ”E"LZ(Q)'
(71)

Recalling that £ = Fu — Uy is continuous in (), we have
[E(xj)] =0,j=0,...,N/2—1. And then,

N

2[5 (x;) - @) (1))

j=1

< b(x0) [€ (o)

N-1

+ 2 b (x;)|[§(x5)]] + 0. () [& ()]

i1

- Dbl

s< i b(xj)>1/2

j=NJ/2
N-1 5 12
><< Y bxp[E(x;)] +b(xN)E(xN)2>
j=N/2

< CN'?g|..

Combining this with (71), we can easily get (69).
(ii) The proof of (70): by Cauchy-Schwarz inequality,

”Q b(E - TE)§'dx| < CIE - Tl lE]. 0,

(73)
+CIE = TEl 20,8, 0,
where by Lemma 7,
1/2
IE = FEl 2, < || IE = TEl 0,
k+1 74)
_ +
< C(slnN)l/z(N 1max'l//’D ,
and from (33), (65),
IE - FEll;2(q,) < IEl20,) + 1-7El 2,
< C81/2N—(k+1)
(75)

i C (N—I/Z + 81/2) N k+15)

<C (81/2N—(k+1) + N—(k+2)) )

Thus, we obtain

H b(E - JE) E'dxl
Q
< e [an M) (N maxfy|) "+ NV g

+CONE2e] o

Abstract and Applied Analysis

<C [(m N)2(N" max |1//|)k+1 + N_(k“)]

x [IEll. + N Nl 2,

<c[an M) (N maxy|)" + N e,
_ k+1/2
< CCW(N 1max'll/’D |||f|||s>
(76)
where C,, =1+ (N"'max|y'|In N)I/Z' H

Remark 11. The factor C,, is bounded by a constant for all
meshes listed in Table 1. But there also exists counterexample
that C,, increases with the increasing of N; see [21] for details.

Theorem 12. Under the conditions of Lemma 8. Assuming o =
O(1/H), then & = Fu — Uy satisfies

lEll. < cC, (N~ max |y/|)"". 77)
Proof. By Lemma 3 and Lemma 4, we first obtain
CllEN < o 6.8 = oty (1.8)

= ~By (1:€) = En (1,8) — Sn (1:).

By the definition of .u, we have 77(x;) = 0, j = 0,1,...,N.
Consequently,

B (1) = | en' (£ +2,®) dx,

(78)

Gy 8) = | bre'ds .

+I (c+b');1§dle1 +1,
Q

Sn(1,8) =0.

Firstly, we consider the term % y(1,£). By Lemma 7,
Lemma 8, and (29), we have

| % (n.6)] = UQ en' &, (§) dx| < Ce|f

sl
< Ce'* (IS = FSlyq, + |E- TEl,q) |€].
< G N IEll.
(80)
Now consider the term & (#, £). By Lemma 10, we get

IL| < lL b(S- 79 ¢ dx|+ HQ b(E - TE)E'dx
<C [N‘("“”’ +C, (N max |y/|)"“/2] (-

4]

By (39), the second term in the right hand side of (79) can be
easily estimated with

< CCV,(N_1 max |1;/'|)k+1/2

k+1

11| < Cllly o q < CN ™ max fy/[) €] (82
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TABLE 1: Some examples of mesh-generating and mesh-characterizing functions of S-type meshes.
Name o(t) max ¢' w(t) max |1//|
S-mesh 2tIn N 2InN N 2InN
B-S mesh —In(1 - 2t(1 - 1/N)) 2N 1-2t(1-1/N) 2
Polynomial S-mesh @2H)™InN 2mIn N No@” C(nN) 1m
Modified B-S mesh t/(q-1t),q=1/2(1+1/InN) 3In*N etla? 3/(2q) <3
TaBLE 2: History of convergence of the FEM/LDG coupled method, & = 107°.
e = uylll, ety = unlll,
k N S-mesh B-S mesh S-mesh B-S mesh
Error In-ord Error ord Error In-ord Error ord
16 2.060e — 01 — 9.204e — 02 — 3.539¢ — 02 — 6.912e — 03 —
32 1.304e - 01 0.97 4.750e — 02 0.95 1.429¢ — 02 1.93 2.069¢ — 03 1.74
64 7.868e — 02 0.99 2.412e - 02 0.98 5.217e - 03 1.97 6.378e — 04 1.70
1 128 4.599e — 02 1.00 1.216e — 02 0.99 1.785e — 03 1.99 2.051e — 04 1.64
256 2.630e — 02 1.00 6.101e — 03 1.00 5.846¢ — 04 2.00 6.845e — 05 1.58
512 1.480e — 02 1.00 3.057e — 03 1.00 1.854e — 04 2.00 2.344e — 05 1.55
16 4.230e — 02 — 8.054e — 03 — 6.413e — 03 — 7.305e — 04 —
32 1.740e — 02 1.89 2.151e - 03 1.90 1.681e — 03 2.85 1.022e — 04 2.84
64 6.406e — 03 1.96 5.553e — 04 1.95 3.744e — 04 2.94 1.360e — 05 291
2 128 2.198e — 03 1.98 1.410e — 04 1.98 7.518e — 05 2.98 1.777e — 06 2.94
256 7.199¢ — 04 1.99 3.554e — 05 1.99 1.409¢e — 05 2.99 2.325e - 07 2.93
512 2.280e — 04 2.00 8.919% — 06 1.99 2.510e — 06 3.00 3.267e — 08 2.83
This, combined with (81), yields where |(-, )| ay isa problem-related norm defined by
1 1INK+1/2
[@x (18)] < OO, (N max )L 9y gz et + e () el +
Collecting (78), (80), and (83), we conclude Theorem 12. [J o (86)

Remark 13. Uniform convergence of higher order LDG
method on 2D Shishkin-mesh was considered in [15]. From
Theorem 3.1 of [15], a similar result can be obtained as our
Theorem 12. From Theorem 3.1 and Remark 3.3 of [15], we
can find the following conditions must hold: 0 < C;; < 0(1)
on&or0<Cy; <O(N)on&PandC,, =00on &\ &> Here
C,, is a parameter in the definition of numerical fluxes, and
&, & are unions of some edges of elements. In our paper, a
parameter « in (18), which plays the same role as C,;, takes
value as « = O(1/H). This does not fulfill the condition of
Theorem 3.1 of [15].

The combination of Theorem 9 and Theorem 12 leads to
our main results directly, that is, the following.

Theorem 14. Let u and Uy be the solutions of the continu-
ous problem (10) and the discrete problem (25), respectively.
Assume that the piecewise differential mesh-generating func-
tion ¢ satisfies (6). Taking « = O(1/H), then
- k
[l - Uy, < CCp(N"" max [y/|)". (84)
Corollary 15. Let (Qy, Uy) be the solution obtained by the
coupled method (13)-(15) with numerical fluxes (17)-(19).
Under the assumption of Theorem 14, one has

g - Quott = Uyl < CCV,(N_1 max '1//'|)k, (85)

Proof. From (23), we have g — Qy = (? - Ulz\,)’ - Z,(U).
Since & (u) = 0, we obtain g — Qy = (u? - UIZ\,)’ + & (u-
Upy)- In terms of (29), we conclude |(g — Qn,u — Uy)ly, <
Clllu = Uylll,>» which implies the conclusion.

4. Numerical Experiments

In this section, we numerically verify the sharpness of our
theoretical findings. In our numerical experiments, we take
a=1/H, 3=1/2in (17) and (18).

Example 16. We solve the model problem (1) with b = 3 — x,
¢ = 1, and taking f such that the exact solution is

u(x) = (1 - e’zx/s) sin (1 - x), (87)
which exhibits a boundary layer with the width O(eln(1/¢))
at the outflow boundary x = 0.

In the following, “In-ord” denotes the exponent r in a
convergence order of the form O((N 1 n N)), while “ord”
denotes the exponent r in a convergence order of the form
O(N™).

The errors [[|u — upll, and [|lu; — uylll, for the FEM/LDG
coupled method with higher order kth elements are shown
in Table 2. We have chosen ¢ = 107 in our calculations on
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S-meshes and B-S meshes. From Table 2, we observe that the
numerical results for |[u — uy|||, agree with those predicted
in Theorem 14. Note that the closeness errors |[lu; — uylll,
have a supercloseness property of order k+1 if kth polynomial
is used. This phenomenon indicates that the supercloseness
result of order k + 1/2 proved in Theorem 12 is not optimal.
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