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An unfitted discontinuous Galerkin method is proposed for the elliptic interface problems. Based on a variant of the local
discontinuous Galerkin method, we obtain the optimal convergence for the exact solution u in the energy norm and its flux p
in the L* norm. These results are the same as those in the case of elliptic problems without interface. Finally, some numerical

experiments are presented to verify our theoretical results.

1. Introduction

Elliptic interface problems are often encountered in many
multiphysics and multiphase applications in science com-
puting and engineering. For example, second order elliptic
equations with discontinuous coefficients are often used to
model problems in material sciences and fluid dynamics
when two or more distinct materials or fluids with different
conductivities, densities, or permeability are involved. It is
well known that, when the interface is smooth enough, the
solution of elliptic interface problems has higher regularity in
individual material or fluid region than in the entire physical
domain.

To numerically solve such interface problems, first we
need to generate a mesh. One approach is to use a body
fitted mesh. However, for those problems where the interface
moves with time, repeated remeshing of the domain to obtain
a fitted mesh is very costly. Another one is to use an unfitted
grid independent of the location of the interface. This tech-
nique is particularly preferred to simulate time-dependent
problems with moving interfaces. The major advantage for
using an unfitted mesh is that it avoids repeatedly remeshing
the domain for fitting the moving interfaces.

As for fitted mesh method for elliptic problems with
interface, Chen and Zou in [1] considered the finite element
method for solving elliptic and parabolic interface problems,
and almost-optimal error estimates in the L* norm and

energy norm were obtained. In [2], the authors studied a
class of discontinuous Galerkin method for elliptic interface
problems, which was shown to be optimally convergent in L*
norm. Recently, a high-order HDG method was presented to
solve elliptic interface problems by Huynh et al. in [3], which
was extended to solve Stokes interface flow in [4].

Various unfitted grid methods for interface problems
have been proposed in the literature. Finite difference meth-
ods are very popular unfitted grid methods due to their
simplicity, for example, the immersed interface method [5, 6],
the immersed boundary method [7], the boundary condition
capturing method [8], and many others. And there exist
many works for finite element methods on unfitted grid as
well. Babuska in [9] studied the elliptic interface problem on
unfitted mesh and derived suboptimal convergence behavior.
Li et al. proposed an immersed interface finite element
method in [10], which modified the basis functions near
interface to satisfy the homogeneous jump conditions. Later,
this method was applied to elliptic and elasticity interface
problems with nonhomogeneous jump conditions in [11, 12].
Recently, an unfitted finite element method based on Nitsche’s
method was presented by A. Hansbo and P. Hansbo in
[13] and optimal order of convergence was proved without
restrictions on the location of the interface relative to the
mesh, which was used to solve incompressible elasticity with
discontinuous modulus in [14]. More recently, Massjung
in [15] considered an hp unfitted discontinuous Galerkin
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method which was viewed as a generalization of Hansbo’s
method in [13]. An optimal convergence rate with respect
to h and a suboptimal convergence rate with respect to p in
energy norm were proved. Later, Wu and Xiao also presented
an unfitted hp interface penalty finite element method, which
was extended to the three dimensional case in [16].

The local discontinuous Galerkin (LDG) method was
proposed by Cockburn and Shu in [17] to solve general time-
dependent convection-diffusion problems. Later, the method
was carried to elliptic problems for mixed discontinuous
Galerkin formulation by Castillo et al. in [18]. The purpose of
this paper is to extend the LDG method to a class of elliptic
problems with a smooth interface. However, employing an
unfitted mesh method, the interface can divide regular grid
cells into degenerated subcells. If this situation happens, the
standard inverse estimates can no longer be valid. In this
paper, we use the weighted average instead of the arithmetic
average in the classic LDG method to retrieve the inverse
estimates (see Lemmas 8 and 10). Thus, we propose an
unfitted discontinuous Galerkin method, based on a variant
of LDG method. We prove the optimal convergence rate of
the method for the exact solution u in the energy norm and
its flux p in the L* norm, respectively.

The rest of this paper is organized as follows. In Section 2
we propose our DG method and present some necessary
preliminaries. We prove optimal order error estimates for
our DG method in Section 3. In Section 4, some numerical
experiments are presented to justify our theoretical results.
Finally, conclusions are given in Section 5.

Let us now end this section with some notation to be used
in this paper. We will use the standard notations for Sobolev
spaces and norms in this paper (see [19, 20]). In particular, for
abounded open set Q in R%,if Q = [J7, Q;and Q; N Q; =
0 (i+ j), we denote by Hk(UZZ1 Q;) the Sobolev space of
functions u such that ul, € Hk(Qi), where Hk(Q,-) denotes

the standard Sobolev spgice with norm || - [, . As usual

1/2
we define the broken norm: |- [l o (Z:Zl | - ||i’Q.) / .

Throughout the paper, the generic constant C is always
independent of the mesh parameter h.

2. Discontinuous Galerkin
Method and Preliminaries

Let Q be a bounded domain in R* with convex polyg-

onal boundary 9Q and Q" ¢ Q an open domain with C*
boundary T = 0Q" ¢ Q. Let Q7 = Q\ Q" (see Figure1).
We consider the following elliptic interface problem:

-V-(BVu)=f inQ'UQ,
on 0Q),
on T, ¢))

u=0
[ul]=0

ou
s I,
[ﬁ an] g on
where n is the outward pointing unit normal to Q" and

[u] = u'lp —u|} is the jump of u across the interface T,
where u* is the restrictions of u on Q*. For the sake of
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FIGURE 1: Domain €, its subdomains Q*, Q7, and interface T.

simplicity, we assume that the coefficient f3 is a positive and
piecewise constant; that is, Bl = 8+ > 0.

Regarding the regularity for the solution of the interface
problem (1), we state without proof the following theorem.

Theorem 1 (cf. [1]). Assume that f € L2(Q) and g € HY(T).
Then problem (1) has a unique solution u € H*(QtuQ), and
the following a priori estimate holds:

lulbarua < C(1floq + 9l ) @

By introducing the flux p = BVu, the interface problem
(1) can be rewritten into a first order system as

lp:Vu in Q" uQ7,

B

-V-p=f inQ'uQ,
[ul=0 on T, )
[p'nj=g onlI,
u=0 on 0Q.

Let 7, be a shape regular and locally quasi-uniform
simplicial triangulation of (), generated independently of the
location of the interface T'. For the definition of shape regular
and locally quasi-uniform, we refer to [20, 21]. Suppose 7, to
be made of straight triangles T with diameter /. As usual, let
h := maxycg, hr. The set of edges of the triangulation 77, is
denoted by &, and &}, is the set of interior edges of 7. For
any element T € 7, denote the part of T in Q" by T*; that
is, T* = TN Q*. Foranyedgee € &, lete” = enQ*. We call
the elements whose interiors are cut through by I' “interface
elements”, and denote the set of the interface elements by 7.
For an interface element T' € 7}, assume that I'; is the part
of interface I' intersecting T'. For the geometrical features of
the interface I', we give the following plausible assumptions
(cf. [13,15]).

Assumption 2. We assume that I' intersects the boundary 0T
of an element T' € I, exactly twice and each (open) edge at
most once.

Assumption 3. Let I, be the straight line segment connect-
ing the points of intersection between I and 0T. We assume
that I'; is a function of length on ', in local coordinates:

Trp={(&n):0<E<|Tpy|, n=0},

Lr={(&n):0<&<Tp ], =08} @
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Assumption 4. Suppose thate = T, N T, with T}, T, € T ;

then there exist triangles S; ¢ T} and S; < T; such that
+ + +

e =8NnS; and

|SE| + |82 = Cle®[. )

To formulate our numerical scheme, first we define two
usual discontinuous finite element spaces as

Vi ={v, € L*(Q) : vl € B (T), VT € T},

6
W, = {Qh e(r? (Q))2 : ©

Qlr € P(TY, VT € 7.},

where P, (T) denotes the space of polynomials of degree less
than or equal to k (k > 1) on each element T
We define our discontinuous finite element spaces as

Vi, = {vh :Vlgs = vj,, where vy € Vh}, -
— 7
W, = {‘Ih tqplg: = qz, where qi € Wh}.

Following the notation of [22], let e be an interior edge
shared by two triangles T, and T, in 7. For a scalar valued
function v, piecewise smooth onJ, w1th V= vITj, we define

the jump and the weighted average of v as

(VN
N =V + vy

o+ o+
=l T,

0
onec &,

[[Vi]] = anl + Vinz)

(8)

Similarly, for a vector valued function w, piecewise smooth
on J ), withw; = W|T , we set

{{W )y = Wy + 15 w5,

on ec&),

[Ww'] =w; -n; +w, - n,,

{tw "

e xox o
=W W,

)

where n; is the unit normal of e pointing towards the outside
of T; and pt;fr = |S;Tr|/(|Sf| +1851), j = 1,2. If e is an edge on
the boundary of (), we define on e

[v] = vn, {wh, =w, (10)

where n denotes the unit outer normal of e pointing towards
the outside of Q.

For the weight average across interface I' of any piecewise
smooth function v discontinuous on I, we set

vy =

where A" + A~ = 1 whose specific definitions will be given in
Lemma 10.
For simplicity, for T* = TN Q* and e* = eNQ™, we define

VATV, WY =2+ ANy, 1)

v, wyp = v w )T+ +(v,w ),

(o), (12)

=0 w)e + (v, w), .

Following [18], testing the problem (3) by q;, € W, and
v, € V), respectively, using integration by parts and noting
the identities [qv] = [vI{{q}}, + {v}}*[q] and [vw] =

{w}, [v] + {v}"[w], we obtain our DG method: find (q;,, u,) €
W, x V},, such that

2 (g, + L o0
= Y (U} [an), - Y, (fw}" [aw -n]), =0,

0 go
ee%h TeT h

Z (Pr> VVh>T— Z <{{Ph}}w> [[Vh]]>e

TeT, €%,

=Y (o nl [y,

TeT;

4, A1)
- Z (fivi)r + Z (!]>{Vh} )rT’

TeT, TeTs,

s v,

(13)

for all (q;,,v;,) € W;, XV}, where y > 0 is the stabilization
parameter.
We define the bilinear and linear forms

a(Ph)qh <ﬁPh’CIh> >
TeTy,

b (v Pw) = Z P VVi) 7~ Zg(HPh w [[Wz]])e
)
' (14)
= L u 1%
clunn) = 3 (5 ). h]1>
¢ 3 )
F(v)= Y (fovdr+ Y (9 )y,

TeT, TeTs

And integral by parts yields that

b(w,q,) = ~ Z (4, V- qp) p + Z( uyt} [[%]De
TeT ), e€ &y
+ Z ({”h}w’ [‘Ih‘n])rT‘
Tégz (15)

Hence, our DG approximation can be written as the
following mixed variational problem: find (q;, u;,) € W, xV,,,
such that

=0 th € Wh’
Vuh € Vh’

a (P ) — b (> q1)

b (P> vi) + ¢ (> vi) = F (v)

For the exact u of the interface problem (1) and p = Vu,
using Theorem 1, we have [u] = 0, [p] = 0 on e € &),

and [u] = 0, [p-n] = g across I. Then the following
consistency property holds:

(16)

a(p,q,) - b(u.q,) =0,

17
b (puvy) + () = F (1), )



4
Let the mesh-dependent norm || - |||, be defined by
1
vl = X 19%ulloz + X ﬁllﬂvh]]llé,ei
TeT ), e€E),
1 2 (18)
+ — v .
2 il

Theorem 5. Suppose that the stabilization parameter y is pos-
itive; then the DG method (16) defines a unique approximate
solution (py,uy,) € Wy, x V..

Proof. Since (16) is a square system, it is enough to show
uniqueness. Let f = 0, g = 0. Setting q;, = p;, and v;, = u,
adding the two equations of (16), we have

a(pp>pn) + ¢ (o) = 0, (19)

which deduces p;, = 0, [1,] = 0 on &), and [u;,] = 0 across
I'. As a consequence, the first equation of (16) becomes

Z (Vuy,,q,) =0 Vq, € W), (20)

TeT,
Hence, taking q;, = Vuy, implies Vu;, = 0. Since [u,] = 0
on &) and [u,] = 0 across I, we conclude that u;, = 0. This
completes the proof. O

The following lemma comes from the famous Steins
extension theorem.

Lemma 6 (cf. [19]). There exist two extension operators E* :
H* QY — H*Q) for all nonnegative integers k such that

(E*) |q: = v, IE* V]| gy < ClVleaey,  (21)
where v € H*(QY).

Next, we state a standard approximation lemma.

Lemma 7 (cf. [20, 21]). Let u € H*(T). Then for m =
0, 1 there exists a linear continuous operator I1 : HYYT) —
P(T) such that

| = Tpad], o < CHE ™ utlly o (22)
= Thpe] ooy < CHE DUl 7 (23)
= Tyl o < CHEY utllyy - (24)

The following two lemmas are variant inverse estimates
involving interface I' which play important role in our
analysis.

Lemma 8 (cf. [15]). Fore € &), lete = T,NT,; then forq € Wy,
the following inverse inequality holds:

2
ltathule: < Cle™ ™ Y llall 7. (25)

i=1
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Lemma 9 (cf. [15, 16]). The following estimate holds for either
i=+ ori=—, foranyv e P(T):

-1/2
Wlor, < CHE P vllg gv. (26)

By Lemma 9, we can immediately obtain the following
result.

Lemma 10. Let T € T; then there exists a positive constant
C such that

N llor, < Chy P lg s Wy e B(T),  (27)
where
% if (26) holds for both T* and T*,
=91 if (26) holds only for T, (28)
0 if (26) holds only for T.

Lemmall. Let T € I} and v € HY(T); then we have
Wlor, < C (B IWloz +hi? Wl r) - (29)

Proof. Under Assumptions 2 and 3, the trace inequality (29)
follows from Lemma 3 in [13] and a scaling argument. [

3. Error Estimate of Our DG Method

Now, we define interpolation operator IT by II| := II; and
I := (I, IT). Let§, = p*~TE*p", #, = IE*p*-p; and &, =
u* —TIE*u*, . = IIE*u™ — u;. To obtain the convergence

result, we need to show the following approximate error
estimates.

Lemma 12. Suppose that u € H*'(Q* U Q") and p «

(H Q" U Q)’; then the following approximate estimates
hold:

Y e + 3, gl

TeT ), ec&),
1 2 2%k 2 (30)
+ Z h_“[gu]"o,rT < Ch™ [[ullies1,0v00->
TeT
> el + 2 et IE
TeT,, ecd), (31)

+ Y g [l < CHM B g

go
TeT h

Proof. We only need to show inequality (30); inequality (31)
can be shown similarly. For the first term on the left-hand side
of (30), by the inequality (22) from Lemma 7 we obtain

Il = NE*u* ~ TIE*w* | .

< |E*u* ~ DB | < CH* | E*w? |,
(32)

Summing over all triangles, it follows by Lemma 6 that

O Eullor < CH* 2l gron- (33)

TET
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Next, we estimate the second term on the left-hand side of
(30) as follows. Suppose thate = T} N T, with T}, T, € T ;
using the inequality (23) from Lemma 7 yields

1 2
eI, -

||[[E ut —TIE*u +]]|

le*|

< [E*u* - TME*u*] [y, OY
2
S Cth”Ei“i "k+1,TIUT2'
Summing over all edges, using Lemma 6 implies that
Y allEdle < Mt goa- G

e€d),

Similarly, due to the inequality (24) from Lemma?7 and
Lemmas 6 and 11, we find

1
2 I, < Il G6)

Teg "'

Thus the inequality (30) follows combining (33)-(36), which

completes the proof. O

Next we present a priori error estimate of the exact
solution u in the energy norm || - |||, anditsflux p inthe L2-
norm.

Theorem 13. Let (p,u) be the solution of (3) and (py,
uy,) the solution of (16), respectively. Then, for (p,u) €

(H*Q" U Q_))2 x H* QT uQ"), the following error estimate
holds:

[P = Palo.arua- + [l =wull,

X (37)
< Ch" (Ipll.grua- + el r0rua-) -

Proof. By using the consistency property (17), we have

a (’11;: ‘lh) ~b(Hpqy) =a (fpa (Ih) =0 (8w an),
b (’1p’ Vh) +c(Mpvy) =b (£p’ Vh) +c (&)

Setqy, = Mps Vi =1, I (38) to give

(38)

a (1) + ¢ (1,

a(&pmy) = b(Eony) +b(Epr) +c(Epry)-
(39)

Using (31) in Lemma 12 and e-Cauchy-Schwartz inequality,
we estimate the first term on the right-hand side of (39) as

a(sp"lp) Z <Ep”7p> Z (Ep’”p)T1

TeT ), TeT ),

1/2 1/2
2 2
(Zhln) (Zhke) @
TeT ), TeT,

2y 2 2
< Ch™lpliqrua +€ Z ||’7P||0 T+
TeT, '

For the second term on the right-hand side of (39), by using
(30) in Lemma 12 and trace inequalities from Lemmas 8 and
10, we obtain

b (&wtry)
-5 v, 3 (D,
3 (el 1),
=T;h(;,,vzu>r—e;f{{np}}w,uzun)f
- 3 (ol ),

1/2 1/2

( Tk ) ((Zroekn)
(2 wilnLE
(3 et

1/2 172
2 1
o Zmllenl ) (3 )
Tego T

Te?
2k 2 2
< Ch™|lullesy qrua- + € Z “"P”o T+
TeT, ’

(41)

Similarly, by using the approximate estimation (31), the third
term on (39) can be estimated as

b(fp’”u)
=T;h<£,,,m> e;(H o ),

-Zﬂiﬁ [n);,

- 3 @ (),
_Tg/: ({E n} T )

1/2 1/2
2
(Zlk) ()
TeT, TeT,
1/2
(L )
ecd),
1/2
2
(eegh ' >

12
2
5 el ol

TeT

1
| +|||[[11u



1/2
1
x<zgwma)
Tego ' T

2k 2
<Ch "p"k,QmQ-

. 1
8 —
ec®, |ei | 0,e*

+ ) ||V17u”(2),T+> :

TeT ),

1
"[[Uuﬂ”(z),et + Z E” [’714]"3,1}

go
TeT;

(42)

Then, by virtue of inequality (30) in Lemma 12, we bound the
fourth term on (39) as

c(Gond = T(FIaL0ul) + 3 G-Iy,

- ¥ (L1l 1) (). (D),

ecd),

1/2

s( gg|erww)
1/2

< Zg +| ” [[’714]]“06)

1/2
2
(Z &, ”o,rT)
TEP/"’

1/2
Y 2
X T u
Q%wmmg

2ky 2
< Ch™lullis 0rua- + &€ (s ) -

oy

et Tegy'T

(43)
Thus, combining (39)-(43) yields
a (np’ r’p) +c (’114’ I’Iu)
< cn* (”P"i,(z*usr + ||“"i+1,0+uof) (44)
2
te ) [Vilor
TeT,

By using the triangle inequality, we have
2
Ip = Pulloarua- + ¢ (o)

2k 2 2 2
< Ch* (Iplligron- + 1Wlkara) +€ . [1VAllor-

TeT ),

(45)

At the other hand, setting q;, = V7, in the first equality of
(38), we obtain

a(n, Vn,) - b (1, Vn,) = a (&, Vn,) — b (&, Vn,). (46)
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By the definition of b(, -), an integration by parts implies that

z ||V7]u”§,Ti =a (P ~Pn Vrlu) +b (Eu’ VI']u)

TeT,
+ z <{{Vﬂu}}w’ [[’114]]>e (47)
e€d),
+ Z un w’ nu])rT
TeTy

Using Lemmas 8 and 10 yields

> 191l < Clo - paloarar

TeT ),
+ Cth”u”kH,Q*UQ’ +c (le nu)
2
ve ) Vil

TeT ),
(48)
Combining (45) and (48), choosing ¢ enough small, from
the definition [|| - |||, and the triangle inequality, we can
arrive at

2 2
Ip - Pl + Il -

< O (Ipl v + 1l 0r00-)
which completes the proof. O

Using the standard duality argument, we can obtain the
following error estimate in the L* norm.

Theorem 14. Under the condition of Theorem 13, we have
4 = uilogrun- < CH (IPlarua- + Il arua) -
(50)
Proof. Consider the following so-called adjoint problem
-V-(BV¢) =u—-u, in QUQ,,
¢=0 on 0Q,
[] =0 on T, (51)

[ﬁgﬁ] 0 on I

Using Theorem 1, we get

[].000- < Cllu = #allo.0000- (52)

By introducing an auxiliary variable q = SV¢, we obtain

1 -
quwp inQ'uQ,

-V-q=u-uy,
$=0
[¢] =0
[q-n] =

inQtuQ,
on 0Q) (53)

on I,
on I.



Journal of Applied Mathematics

Since [¢] = 0 on I'and [¢] = 0 on &, using integration
by parts and the consistency property (17), we deduce

= unlo qron- = (4= vy =)
=a(qp-py) - b($.p-pp)
+b(u—u,q)+c(pu—u,)

mh<ﬁﬁq,p Ph>
= 2 (VeP - Pu)y

+:z:<{{p—ph}}w,[[f¢]]>e
+T€Z;( {(p—pw) -0 [&]),,
+T§ (€ V (u—u)).. (54)
-3 (el fu ),
3 (faenl oo,

4, <|e+| [[‘f(p]] [[” ”h]]>
« 3 8] o),

Due to q = V¢, as in the proof of Theorem 13, an application
of Theorem 1 implies that

9
B[+ [E2| + ) |E
i=5

< Chl¢l,00v0- (IP = Prlogroa * [l = will,)-
(55)

Now we estimate E; as follows:

2 (st [8lD. + 2 (it [6]),

ecE, €€,
1/2
2
0,e*

E;

(Zment.) (2
(Z el )(Zmu [[s(pﬂuz,)m

<Ch (hk”P”k,Q*UQ’ + "P - ph”o,Q*uQ’) ||¢||2,Q*UQ"

(56)

Similarly,

|E4| <Ch (hk"P”k,Q*UQ’ + ”P - Ph"o,o*uo*) ”‘Pllz,mum'
(57)

R

0 o0

FIGURE 2: The numerical solution ona 64x64 uniform mesh for f3; :
3, =1:1000.

We now combine (54)-(57) and use (52) and Theorem 13 to
obtain

lu = tnlloqron < CH (IPllkarva + llkinarua-)> (58)

which completes the proof. O

4. Numerical Experiments

In this section, we consider the following nontrivial example
with a homogeneous jump condition (from [10, 13]). The
exact solution is given by

r .
/3_ it r <,
u(x,y) = rzl 2 (59)
— - —+—, ifr>r,
B B B 0

\/(x ~0.5)% + (y - 0.5)%, and on the domain Q =
(0,1) x (0, 1) we choose r, = 0.3. A simple calculation shows
that p(x, y) = (x, )"

We compute the order of convergence for e, = u — u,
and e, = p — p;, when piecewise linear polynomials are used
to approximate u and p, respectively. In Figure 2, we plot the
numerical solution for this example on a 64x64 uniform mesh
for B, : 5, = 1:1000. Figures 3, 4, 5, and 6 show the computed

order of convergence for ||e,, "())QIU‘QZ and e, | 0.0,00, when the

jump in the coeflicient is takenas 3, : 8, = 1:10,1:1000,10:1,
1000:1, respectively, in the log-log scale. These computed
results coincide with the theoretical results in Theorems 13
and 14.

where r =

5. Conclusions

In this paper, we have discussed an unfitted discontinuous
Galerkin method for elliptic problems with a smooth inter-
face. Based on a variant of local discontinuous Galerkin
method, we have obtained the optimal order error estimates
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FIGURE 3: The convergence rates of L* norm in the exact u and its
flux p for B, : 3, =1:10.
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FIGURE 4: The convergence rates of L* norm in the exact u and its
flux p for B, : B, =1:1000.

in the energy norm in u and its flux p. And by using the
standard duality argument the optimal convergence rate in
L? norm for u has also been derived. These presented results
are the same as that of elliptic problems without interface.
Finally, numerical experiments are given to confirm our
theoretical results. We note that the convergence behavior in
most existing works concerning the elliptic interface prob-
lems depends on the jump in the discontinuous coeflicients.
It will be one of our future subjects to design an efficient
numerical scheme that is robust with respect to the jump in
the discontinuous coeflicients.
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-3 =25 -2 -15 -1 -0.5
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FIGURE 5: The convergence rates of L* norm in the exact u and its
flux p for B, : 3, =10:1.
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FIGURE 6: The convergence rates of L* norm in the exact u and its
flux p for §;: 3, =1000:1.
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