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We study the minimax inequalities for set-valued mappings with hierarchical process and propose two versions of minimax
inequalities in topological vector spaces settings. As applications, we discuss the existent results of solutions for set equilibrium
problems. Some examples are given to illustrate the established results.

1. Introduction and Preliminaries

Let X be a nonempty set in a Hausdorff topological vector
space, Z a Hausdorft topological vector space, and C ¢ Z
a closed convex and pointed cone with apex at the origin
with int C # @; that is, C is properly closed with int C # @ and
satisfies A\C € C, forallA > 0;C+C € C;and C N (-C) =
{0}. The scalar hierarchical minimax inequalities are stated as
follows: for given mappings F, G : X x X = R, under some
suitable conditions, the following inequality holds:

min U max UF(x,y) < max UG(x,x).

xeX yeX xeX

(s-Hi)

For given mappings F,G : X x X =3 Z, the first version
of hierarchical minimax theorems states that under some
suitable conditions, the following inequality holds:

Max UF(x,x) C Min<co<UMu§1xUF(x,y)>> +C.

xeX xeX yeX
(Hi-1)

The second version of hierarchical minimax theorems
states that under some suitable conditions, the following
inequality holds:

Max UG(x, x) € Min UMu?XUF (x,y) +C. (Hi-2)

xeX xeX yeX

These versions, (Hi-1) and (Hi-2), arise naturally from
some minimax theorems in the vector or real-valued settings.
We refer to [1-4] and the references therein.

The notations we use in the above relations are as follows.

Definition 1 (see [1, 3]). Let A be a nonempty subset of Z. A
pointz € Aiscalled a

(a) minimal point of Aif AN(z—C) = {z}; Min A denotes
the set of all minimal points of A;

(b) maximal point of Aif An(z+C) = {z}; Max A denotes
the set of all maximal points of A;

(c) weakly minimal point of Aif AN(z—int C) = @; Min,, A
denotes the set of all weakly minimal points of A;

(d) weakly maximal point of A ift An (z + intC) = 0;
Max,, A denotes the set of all weakly maximal points
of A.

We note that, for a nonempty compact set A, both sets
Max A and Min A are nonempty. Furthermore, Min A ¢
Min, A, MaxA ¢ Max,A, A ¢ MinA + C,and A ¢C
Max A — C. Following [3], we denote both Max and Max,,
by max (both Min and Min,, by min) in R since both Max
and Max,, (both Min and Min,,) are the same in R.

We present some fundamental concepts which will be
used in the following.
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Definition 2 (see [5, 6]). Let U, V be Hausdorft topological
spaces. A set-valued map F : U = V with nonempty values
is said to be

(a) upper semicontinuous at x, € U if for every x, € U
and for every open set N containing F(x,) there exists
a neighborhood M of x, such that F(M) c N;

(b) lower semicontinuous at x, € U ifforanynet{x,} c U,
x, — Xp Yo € T(x,) implies that there exists net
y, € T(x,) such that y, — y,;

(c) continuous at x, € U if F is upper semicontinuous as
well as lower semicontinuous at x,,.

We note that if T' is upper semicontinuous at x,, and T'(x,)
is compact, then for any net {x,} c U, x, — x,, and for any
net y, € T(x,) for each v there exists y, € T(x,) and a subnet
{y, } such that y, — y,. Werefer to [5, 6] for more details.

Definition 3 (see [3, 7]). Let k € intC and v € Z. The
Gerstewitz function &, : Z — R is defined by

&, (w)=min{t e R:u e v+tk-C}. 1)

Some fundamental properties for the Gerstewitz function
are as follows.

Proposition 4 (see [3, 7]). Let k € intC and v € Z. The
Gerstewitz function &, : Z — R has the following properties:
(@) &,w)>reutv+rk-C;
b) &, (w) 2r o u¢v+rk—intC

(¢) &, () is a convex, continuous, and increasing function.

We also need the following different kinds of cone-
convexities for set-valued mappings.

Definition 5 (see [1]). Let X be a nonempty convex subset of
a topological vector space. A set-valued mapping F: X = Z
is said to be

(a) above-C-convex (resp., above-C-concave) on X if, for
all x;,x, € Xandall A € [0,1],

F(Ax; +(1-2A)x,) CAF(x;)+(1-A)F(x,)-C
(resp, AF (x;) + (1 =A)F(x,) € F(Ax; + (1 = A) x,) = C);
2)

(b) above-naturally C-quasiconvex on X if, for all x, x, €
XandallA € [0,1],

F(Ax; +(1-1)x,) Cco{F(x)UF(x,)} -C, (3)

where co A denotes the convex hull of a set A;

(c) above-C-convex-like (resp., above-C-concave-like) on
X (X is not necessary convex) if, for all x;,x, € X
and all A € [0,1], there is an x’ € X such that

F(x") CAF(x))+ (1 - ) F(x,)-C

(4)
(resp., AF(x,)+(1-A)F(x,) CF (x') - C) :
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We note that whenever F is a scalar functionand C = R,
the mappings in Definition 5 reduce to the classical ones. The
following theorem is a special case of the scalar hierarchical
minimax theorem by Lin [8].

Theorem 6. Let X be a nonempty compact convex subset
of real Hausdorff topological vector space. Let the set-valued
mappings F,G, H : X x X = R such that F(x, y) ¢ G(x, y) C
H(x, y) forall (x, y) € XxX; UyeX F(x,y)and|]J,cx H(x, y)
are compact for each x € X and for each y € X and satisfy the
following conditions:

(i) x = F(x,y) is lower semicontinuous on X for each
y € Xand y — F(x, y) is above-R_ -concave on X for
each x € X;

(ii) x — G(x, y) is above-naturally R -quasiconvex for
each y € X, and y — G(x, y) is lower semicontinuous
on X for each x € X;

(iii) x — H(x, y) is lower semicontinuous on X for each
y € X, y — H(x,y) is above-R , -concave on X for
each x € X, and y — H(x, y) is lower semicontinuous
foreach x € X.

Then one has

min U max UF(x, y) < max U min UH(x,y). (5)

xeX yeX yeX xeX

Lemma 7. Let F : X = R be such that max|]J,y F(x),
max | J,x max F(x), and max F(x) exist for all x € X. Then

max UF (x) = max U max F (x). (6)

x€X x€X

Proof. By using the similar technique of Lemma 3.3 [9], we
can show that the conclusion is valid. O

2. Scalar Hierarchical Minimax Inequalities

We first state the following scalar hierarchical minimax
inequalities.

Theorem 8. Let X be a nonempty compact (not necessarily
convex) subset of a real Hausdorff topological space. Let the
set-valued mappings F,S,T,G : X x X = R with nonempty
compact values such that

(i) (x,y) — F(x,y) and (x,y) — G(x,y) are upper
semicontinuous on X X X;

(ii) x — maxS(x, y) is convex-like for each y € X, and
y — max T(x, y) is concave-like on Y for each x € X;

(iii) for all (x,y) € X x X, max F(x, y) < maxS(x,y) <
max T'(x, y) < max G(x, y).

Then the relation (s-Hi) holds.

Proof. From (i), we know that both sides of (s-Hi) exist. For
anyr € R,

r > max UG(x, x). )

x€X
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Define M : X = X by
M (x) ={y € X: maxF(x,y) >r} (8)

for all x € X. By (i), the set M(x) is closed for all x € X. We
claim that the whole intersection

ﬂ M (x) (9)

xeX

is empty. Indeed, if not, there exists y, € [),cx M(x) such
that, for all x € X, maxF(x,y,) > r.In particular, we
choose x = y,; then max F(y,, y,) = r which, with the aid
of condition (iii), contradicts the choice of r. Hence, by the
compactness of X, there exist x, x5, ..., x,, € X such that

Xc|JX\M(x;)). (10)
i=1
Let
N(x)={y e X:maxT (x,y) > r} (11)

for all x € X. Then, by (iii), we have

m
X c[J(X\N(x). (12)

i=1
This implies that, for each y € X, thereisx; € {x;,x,,...,x,,}

such that

max T (xio,y) <7, (13)

Define two sets as follows:

L,: =cof{(maxT (x,y), maxT (x,, ),
coomaxT (x,,,y)) e R™": y e X},
(14)
Ly, = {(21,20,--,2,) ER" 1z, > 1
Vi=1,2,...,m}.

By the concave-like property of T, we can see that these two
sets are disjoint. For each y € X, by the separation theorem,
there exists nonzero vector (7,, 75, . . ., T,,) € R™ such that

m m
Y rmaxT (x,y) < ) 1,2, (15)
i=1 i=1

for all (z1,2,,...,2,,) € L,. Then, Y", 7; > 0O and 7; > 0 for
alli = 1,2,...,m. Let§; = 7,/ Y 7, foralli = 1,2,...,m.
Then we have

m

i@i max T (x;, y) < ZSizi. (16)

i=1 i=1

For each i = 1,2,...,m, by taking z;
max S(x;, ¥) < max T(x;, y), we have

r and noting

Y8, max S (x,, y) <1, 17)

i=1

for all y € X. Since the mapping x +— max S(x, y) is convex-
like for each y € Y, there is x,, € X such that

max S (xy, y) < 7. (18)

Since max F(x, y) < maxS(x, y) for all (x,y) € X x X, we
have

max F (xy, y) <71, (19)

for all y € X. By Lemma 7, we know that

min U max UF (x, y) < max UF (%0, ¥)

xeX yey yeX
(20)
= max U max F (x,, y) < 7.
yeX
Therefore, the relation (s-Hi) holds. O

Theorem 9. Let X be a nonempty compact convex subset of
a real Hausdor{f topological vector space. Let the set-valued
mappings F,G : X x X = R with nonempty compact values
such that

(i) (x,y) — F(x,y) and (x,y) — G(x,y) are upper
semicontinuous on X X X;

(ii) y — max F(x, y) is quasiconcave for each x € X; that
is, for each x € X, the set {y € X : maxF(x, y) > r}is
convex in X;

(iii) for all (x, y) € X x X, max F(x, y) < maxG(x, y).
Then the relation (s-Hi) holds.

Proof. By (i), we know that both sides of (s-Hi) exist. Choose
any r € R satisfies

r > max UG(x,x). (21)

xeX

Define W: X = X by
W(x)={y e X:maxF(x,y)>r}, (22)

for all x € X. By (ii), the set W(x) is convex for all x € X. By
(iii), we have

max F (x, x) < max G (x, x) < max UG(x, x) <r. (23)
xeX

Hence,
x ¢ W(x), (24)

for all x € X. By the upper semicontinuity of F, we know
that the mapping x — max F(x, y) is upper semicontinuous
for each x € X. Thus, for each x € X, W(x) is closed;
hence it is compact. In order to claim that the mapping
x +— W(x) is upper semicontinuous on X, we only need
to show that the mapping x — W(x) has a closed graph.
Since, for any net {(x,, y,)} < Graph(W) we have the net
{(x,> y4)}. converges to some point (x, ¥,). Then, for each «,



max F(x,, y,) > r. Since the mapping (x, y) — max F(x, y)
is upper semicontinuous, we have

max F (x,, ¥,) > lim sup max F (x,, y,) > 1. (25)

Thus, (x,, y,) € Graph(W). Suppose that W (x) # @ for all x €
X. Then, by Kakutani fixed point theorem, the mapping W
has a fixed point which is a contradiction to (24). Hence, there
is an x; € X such that W(x,) = 0. From this, we know that

r > min U max UF (x,y). (26)
xeX yeYy
This implies that the relation (s-Hi) holds. O

The following examples illustrate Theorems 8 and 9.

Example 10. Let X = {0} U {1/n : n € N} and f(x) =
xz,g(y) =1 —y2 forall x, y € X. Define F,5,T,G : X x X =
R by F(x, y) = [0, ()9, Sx, ») = [-1, f()g(y) + 1],
T(x,y) = [2, f(x)g(y) + 2], and G(x, y) = [3, f(x)g(y) +
3]. Obviously, all conditions of Theorem 8 hold. Hence the
relation (s-Hi) holds. Indeed, by simple calculation, we can
see that

min U max UF(x, y) =0,
xeX yeX
(27)
13
m G(x,x)=—.
ax U (x,x) 1
xeX
Example 11. Let X = [0,1]. The mappings f,g,F,
and G are the same as in Example 10. Then, all condi-
tions of Theorem 9 hold. We can see that both values of
min (J,ex maxJ,ex F(x, y) and max(J,cx G(x, x) are the
same as those in Example 10. Hence the relation (s-Hi) holds.

3. Hierarchical Minimax Inequalities

In this section, we will present two versions of hierarchical
minimax inequalities. The following theorem is the first result
satisfies the relation (Hi-1).

Theorem 12. Let X be a nonempty compact convex subset of
a real Hausdor{f topological vector space. Let the set-valued
mappings F, G, H : XxX = Z with nonempty compact values
such that F(x, y) € G(x,y) ¢ H(x, y) forall (x,y) € X xY
satisfy the following conditions:

(i) (x,y) +— F(x,y) is upper semicontinuous, y >
F(x, y) is above-C-concave on Y for each x € X, and
x +— F(x,y) is lower semicontinuous on X for each
yey;

(ii) x — G(x, y) is above-naturally C-quasiconvex for each
y €Y, and y — G(x, y) is lower semicontinuous on' Y
for each x € X;

(iii) y +— H(x,y) is lower semicontinuous and above-C-
concave on Y for each x € X, and x — H(x,y) is
lower semicontinuous on X for each y € Y;
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(iv) foreach y € Y,

Max LJXF (x,x) € Min L_J(H (x,y) +C. (28)
X€ X€

Then the relation (Hi-1) is valid.

Proof. Let I'(x) = Max,, ey F(x, y) for all x € X. From
Lemma 2.4 and Proposition 3.5 in [1], the mapping x +— I'(x)
is upper semicontinuous with nonempty compact values on
X.Hence|J, .y I'(x)is compact and so is co(|J,.x ['(x)). Then
co(|Jyex I'(x)) + C is a closed convex set with nonempty
interior. Suppose that v ¢ co(|J,x I'(x)) + C. By separation
theorem, there is a k € R, € > 0, and a nonzero continuous
linear functional € : Z — R such that

EW)<sk-e<k<Eu+o), (29)

forallu € co(|J,cx I'(x)) and ¢ € C. From this we can see that
EeC whereC* ={g:Zm— R:g()=0Vc e C},and
&(v) < &(u) for all u € co(|J,cx I'(x)). By Proposition 3.14 of
(1], for any x € X, thereisa y; € Y and f(x, y}) € F(x, y})
with f(x, y}) € T'(x) such that

Ef (%, ;) = max | JEF (x, ). (30)

yeYy

Let us choose ¢ = 0 and u = f(x, y) in (29); we have

E) <E(f (x,y;)) = max | JEF (x, y) 31)

yeyYy

for all x € X. Therefore,

& (v) < min | | max | JEF (x, y). (32)

xeX yey

From conditions (i)-(iii), by applying Proposition 3.9 and
Proposition 3.13 in [1], all conditions of Theorem 6 hold.
Hence, we have

& (v) < max U min UEH (x,9). (33)

yeY xeX

Since Y is compact, there is y' € Y such that

£(v) <min | JEH (x,y'). (34)
xeX
Thus,
v ¢ UH (x, y') +C, (35)
xeX

and, hence,

v NEnUH(x,y')+C. (36)

xeX

Therefore,

l\/gnUH(x,y')+CCco<UF(x)>+C. (37)

x€X x€X
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By taking into account condition (iv), we know that

MfXUF (x,x) C N{UinUH (x, y') +C. (38)

xeX xeX
Hence, the relation (Hi-1) is valid. O

The following example illustrates that Theorem 12 is valid.

Example 13. Let X =[0,1],C = Ri, and f: X = R define
[-1,0], y=0,
= 39
o) -{ 2] )

and F,G, H : X x X = R?define

E(xy) = {sin ()} x £ (),
G(x,y) = [O,sin(é—nﬂx[y—l,o], (40)
H(x,y)—[Osm( )] [y—lO]

forall (x, y) € X x X.

We can easily see that F(x, y) ¢ G(x,y) ¢ H(x,y) for
all (x, y) € X x Y and conditions (i)-(iii) of Theorem 12 are
valid. Now we claim that condition (iv) holds. Indeed,

UF(x,x):<U{sm( ™)) )U( 1.0)

xeX x€(0,1]
= (([0, 11 x oy [ J ({0} x [-1,0])).

(41)

Hence, Max,, | J,.cx F(x, x) = {0} x [0,1].
On the other hand, | J,.x H(x, y) = [0,1] x [y2 -1,0].
Hence,

Min( JH (x,y) = (10} x [0, 1) | ({1} x [* - 1,0]).
xeX
(42)

Thus, condition (iv) of Theorem 12 holds. By Theorem 12, the
relation (Hi-1) is valid. Indeed,

Max UF(x,x) ={(1,0)},

xeX
MaxUF(x,y)— UF X, ) {sm(xn)}x[—l,O].
2

yeX yexX

(43)

Hence,
co UMaxUF(x,y) = UMaxUF(x,y)
xeX Y yeX xeX v yeX (44)

=[0,1] x [~1,0].

Thus,

Min <co UMHE}XUF(X, y)) ={(0,-1)},  (45)

xeX yeX

and hence the conclusion of Theorem 12 is valid.

Theorem 14. Let X be a nonempty compact convex subset
of real Hausdorff topological vector space. Let the set-valued
mappings F,G, H : X x X =3 Z such that F(x, y) ¢ G(x, y) C

x,y) for all (x,y) € X x X and satisfy the following
conditions:

(i) (x,y) + F(x,y) is continuous with nonempty
compact values, and y +— & F(x,y) is above-R, -
concave on X for each x € X and any Gerstewitz
function & ;

(ii) x — G(x, y) is above-naturally C-quasiconvex for each
y € X, and y — G(x, y) is lower semicontinuous on
X foreach x € X;

(iii) (x, ) +— H(x,y) is upper semicontinuous with
nonempty compact values, y — &, H(x, y) is above-
R, -concave on X for each x € X, and x — H(x, y)
is lower semicontinuous on X for each y € X and any
Gerstewitz function &;

(iv) foreach y € Y,
MwaxUG(x,x)CN{UinUH(x,y)+C. (46)

xeX xeX
Then the relation (Hi-2) is valid.

Proof. Let I'(x) be defined the same as that in Theorem 12 for
all x € X. From the process in the proof of Theorem 12, we
know that the set | . I'(x) is nonempty compact. Suppose
thatv ¢ (J,cx [(x)+C. Foranyk € int C, there is a Gerstewitz
function &, : Z — R such that

gkv (M) >0, (47)

for all u € [J,cx I'(x). Then, for each x € X, thereis y; € X
and f(x, y;) € F(x, y;) with f(x, y7) € Max, U,ex F(x, y)
such that

& (f (x,97)) = max | J&,F (x, 7). (48)

yeX

Choosing u = f(x, y;) in (47), we have
max UkaF (x, y) > 0, (49)
yexX

for all x € X. Therefore,
min U max UE,WF (x,y) > 0. (50)

xeX yeX

By conditions (i)-(iii), we know that all conditions of
Theorem 6 hold for the mappings &, F(x, y), &,G(x, y), and
&, H(x, y), and, hence, we have

max U min UEkVH (x,y)>0. (51)

yeX xeX



Since X is compact, thereisa y' € X such that

min UEkVH (x, y') > 0. (52)
xeX
Thus,
v ¢ UH (x, y') +C, (53)
xeX
and, hence,
v¢N£}inUH(x,y')+C. (54)
xeX

If v € Max|J,ex Min, Uyex F(x, y), then, by (iv), we have

RS N{UanH (x, y’) +C, (55)

xeX

which contradicts (54). From this, we can deduce that the
relation (Hi-2) is valid. O

4. Strong and Weak Solutions for SEP

In our previous work [10], we establish existence of solutions
for set equilibrium problems (SEP, for short). Let Y be a
Hausdorff topological vector space, and let K be a nonempty
compact convex subset of a Hausdorff topological vector
space. For a given mapping T : K = Y and a trimapping
F:TK x K x K = Z, a weak solution for (SEP) is a point
x € K such that

F(s,%,y) ¢ —intC, (56)

for all y € K and for some s € T(x). A strong solution for
(SEP)y is a point x € K with some s € T(x) such that

F(5%,y) ¢ —intC, (57)

for all y € K. A strong solution is obviously a weak solution
for (SEP) for the same mapping.

We recall that a set-valued mapping Q : X — Z is called
a KKM mapping if co{x,,..., x,} ¢ [J, Q(xi) for each finite
subset {x;,...,x,} ¢ X.

Fan Lemma (see [11]). Let Q : X = Z be a KKM mapping
with nonempty closed values. If there exists an x, € X such that
Q(x,) is a compact set of Z, then [,cx Q(x) #0.

We first state that the existent result of weak solution for
(SEP) is as follows.

Theorem 15. Let Z be a finite dimensional space and the
set-valued mappings F and T are two upper semicontinuous
mappings with nonempty compact values such that,

(i) for each x € K, there is s € T(x) such that F(s, x, x) ¢
—int C;

(ii) for each x € K, the sets {(s, y) € TK x K : F(s,x, y) C
— int C} and T(x) are convex.
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Then (SEP) has a weak solution.
Proof. Define Q) : K = K by

Q(y) ={xeK:F(s,x,y) ¢ —intC for some s € T (x)},
(58)

forall y € K. By (i), y € Q(y) for all y € K. Hence the set
Q(y) is nonempty for all y € K. Next, we claim that the set
Q(y) is closed for all y € K. Let a net {x,} C Q converge to
some point x,,. Then there are s, € Tx, and z,, € F(x,,x,, ¥)
such that z, € Z \ (- intC). By the upper semicontinuities of
Fand T, the sets TK and F(TK x K x K) are compact. Hence,
there is a convergent subnet {zaﬂ} of {z,} that converges to
some point z,. Furthermore, the net {s%} has a convergent
subnet {saﬂy } which converges to some point s,. Again, by the
upper semicontinuities of F and T, we have z, € T(x,) and
zy € F(sy,zy, ¥). Since the set Z \ (—intC) is closed, z, €
Z\ (-intC). Hence, x, € Q(y), and, thus, Q(y) is closed for
all y € K. We next claim that the mapping QO : K = Kisa

KKM mapping. Indeed, if not, there exist x;, x,,...,x, € K
and x; such that
n
Xg € o {xy, %y, x,} ¢ UQ (x;). (59)

Then thereis x, = Y-, A;x; where " A; = 1 and A; > 0 for
alli=1,2,...,n.

Since x, ¢ i, Q(x;), foralli € {1,2,...,n}, choose any
s; € T(x,); we have

F (s;, x9,x;) € —intC. (60)
By (i),
so € T(x,)»
(61)
(50> %0) € {(s,x) €e TK x K : F (s, x,,x) C —intC}.
This implies that
F (sg, x¢> %) € —intC, (62)

which contradicts (i). Thus, the mapping QO : K = Kisa
KKM mapping. By the Fan lemma, the whole intersection

Moo (63)

yey

is nonempty. Any point in the whole intersection is a weak
solution for (SEP). O

For the existence of strong solution for (SEP), we propose
the following results.

Theorem 16. Under the framework of Theorem 15, in addition,
the mappings A,B,G : TK x K x K = Z with nonempty
compact values such that

(i) the mapping s — G(s,x, y) is upper semicontinuous
mappings for each x, y € K;



Abstract and Applied Analysis

(ii) both sets UseT(x) F(s,x,y) and UyeK G(s,x,y) are
compact for x, y € K,s € T(x);

(iil) the mapping s — max B(s,x, y) is concave-like for
each x, y € K, and the mapping y — max A(s, x, y) is
convex-like for each x, y € K, s € T(x);

(iv) for each x,y € K,s € T(x), maxF(s,x,y) <
max A(s, x, y) < max B(s, x, y) < maxG(s, x, y);

(v) for each y € K, there is an X € K with §, € T(X) such
that

maxG(Ey,a?,y) < max U min UG(S,%,)}). (64)
seT(%) yeK

Then (SEP) has a strong solution.

Proof. According to Theorem 15, we know that (SEP); has a
weak solution. That is, there is an x € K such that

F(5,,% x) ¢ —intC, (65)

for all x € K and for some s, € T(x). For any k € intC, from
Proposition 4, the Gerstewitz function &, satisfies

&oF (5,,%,x) 2 0. (66)

Hence, there is x € K such that, for each x € K,

max U EoF (s,%,x) = 0. (67)
seT(%)
Thus, we have
min U max U EoF (s,%,x) = 0. (68)
xeK seT(x)

By conditions (i)-(v), all conditions of Theorem 6 hold; hence
we have

max U min UEkOG (s,x,x) >0. (69)

seT(x) xeK

Since T'(x) is compact, there is s € T'(x) such that

min UEkOG (s,x,x) > 0. (70)
xeK
This implies that
£0G(5,%,x) =0 (71)
or
G(s,x,x) ¢ —intC, (72)

for all x € K. Therefore, (SEP) has a strong solution. O

Finally, we give the following example to illustrate that
Theorems 15 and 16 are valid.

Example17. Let K = [1,2],C=R,,Z=R,andT: K = R
be defined by T'(x) = [0,2x] for all x € K. Then we define
F,A,B,G: TK x K x K = R which are defined by

F(s,x,y) = {x(y—Esx):fE [%,1”,

A(s,x,y) = {x(y—fsx)+1:fe B,l”,
(73)

B(sxy) =[xyt s 2:8¢ 2]

Glomy) = fx(r-t)+3:8¢ [30]}.
forall (x, y) € K x K.

Then, the set-valued mappings F and T are two upper
semicontinuous mappings with nonempty compact. We can
easily see that F(s,x,x) ¢ —intC for all x € K and if we
choose any s € T(x) N [0, 1]. So, condition (i) of Theorem 15
holds. It is obvious that condition (ii) of Theorem 15 holds
since the mapping

(sy) = F(sx) (74)

is linear. Hence (SEP)y has a weak solution by Theorem 15.
Indeed, x = 2 is a weak solution for (SEP); where we can
chooses = 1/2.

Next, we claim that (SEP)s has a strong solution. We
can easily deduce that conditions (i), (iii), and (iv) hold. The
condition (ii) is valid since

UF(s,x,y): U {x(y—’q’sx):{e[%,l]}

s€T(x) s€[0,2x] (75)

= [xy - 2x7, xy]

is compact for x, y € K and so is

})LJKG(s,x,y) = ygz] {x(y—fsx) +3:&¢ [%, 1]}
(76)

2
= [x—sx2+3,2x—%+3],

for x € K,s € T(x). Finally, condition (v) of Theorem 16 is
valid, since, for each y € K, we can choose an X € K with

X > 4/y—1land§, = 2% such that
N 5,
maXG(sy,x,y) —x(y—T +3

<X+3 (77)

= max U min UG(S,E,y).

se€T(X) yeK

Indeed, X = 3/2 with s = 2 is a strong solution for (SEP).



Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

In this research, the first author was supported by Grant no.
NSC102-2115-M-039-001- of the National Science Council of
Taiwan (Taiwan). The second author was supported partly by
National Science Council of the Republic of China.

References

[1] Y.-C. Lin, Q. H. Ansari, and H.-C. Lai, “Minimax theorems
for set-valued mappings under cone-convexities,” Abstract and
Applied Analysis, vol. 2012, Article ID 310818, 26 pages, 2012.

[2] L.-C. Zeng, S.-Y. Wu, and J.-C. Yao, “Generalized KKM the-
orem with applications to generalized minimax inequalities
and generalized equilibrium problems,” Taiwanese Journal of
Mathematics, vol. 10, no. 6, pp. 1497-1514, 2006.

[3] S.J. Li, G. Y. Chen, K. L. Teo, and X. Q. Yang, “Generalized
minimax inequalities for set-valued mappings,” Journal of
Mathematical Analysis and Applications, vol. 281, no. 2, pp. 707-
723, 2003.

[4] E Ferro, “Optimization and stability results through cone lower
semicontinuity;” Set-Valued Analysis, vol. 5, no. 4, pp. 365-375,
1997.

[5] C. Berge, Topological Spaces, Macmillan, New York, NY, USA,
1963.

[6] J.-P. Aubin and A. Cellina, Differential Inclusions, vol. 264,
Springer, Berlin, Germany, 1984.

[7] C. Gerth and P. Weidner, “Nonconvex separation theorems
and some applications in vector optimization,” Journal of
Optimization Theory and Applications, vol. 67, no. 2, pp. 297-
320, 1990.

[8] Y. C. Lin, “The hierarchical minimax theorems,” Taiwanese
Journal of Mathematics, vol. 18, no. 2, pp. 451-462, 2014.

[9] Y. Zhang and S. J. Li, “Minimax theorems for scalar set-valued
mappings with nonconvex domains and applications,” Journal
of Global Optimization, vol. 57, no. 4, pp. 1359-1373, 2013.

[10] Y.-C. Lin and H.-J. Chen, “Solving the set equilibrium prob-
lems,” Fixed Point Theory and Applications, vol. 2011, Article ID
945413, 13 pages, 2011.

[11] K. Fan, “A generalization of Tychonoft’s fixed point theorem,”
Mathematische Annalen, vol. 142, pp. 305-310, 1961.

Abstract and Applied Analysis



