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This paper concerns the uniform boundedness and global existence of solutions in time for the chemotaxis model with two
chemicals. We prove the system has global existence of solutions in time for any dimension #.

1. Introduction and Statement of Main Result

Chemotaxis is the influence of chemical substances in the
environment on the movement of mobile species. Keller and
Segel [1] proposed the general chemotaxis system

u, =V -(Dy (u,v) Vu - D, (u,v) Vv),

1)
vo=D,Av-k(W)v+ f(uv)),

where u is the density function of cells (e.g., Dictyostelium
discoideum) that are attracted by a chemical substance (e.g.,
cAMP) produced by themselves and the movement towards
a higher concentration of the chemical substance, whose
concentration function is v. D, and D, are the random diffu-
sion rates of cells and the chemical, respectively; D, (u, v)Vv
represents the chemotactic flux of cells and D, (u, v) is positive
for positive u and v and is called the sensitivity function; and
f(u,v) is the creation rate of the chemical, while k(v)v is the
degradation rate of the chemical.

The simplest case of (1) is that D;, D,, and k are all
positive constants, f(u,v) = v, and D,(u,v) = yu with
X being a positive constant. This was called by Childress
and Perkus the “minimal model” When dimension n = 1,
solutions exist globally; see [2]. For n = 2, global existence
depends on a threshold: when the initial mass lies below the
threshold solutions exist globally, while above the threshold
solutions blow up in finite time; these results were derived by
various authors; see the review article [3, 4]. Many authors
have analyzed system (1) for several variants, such as global

existence, blow up solutions, and many other results; see
[3-5].

Painter et al. [6] proposed a chemotaxis model with
two chemicals. They considered a Turing system [7] as a
mechanism for providing spatially heterogeneous chemical
distributions to which a cell population chemotactically
responds. That was the following model:

%—?:V[DwVw—w)(l (u,v) Vu — wy, (u,v) Vv],
xeQ, t>0,

ou

an(Du'Vu)+f(u,v), xeQ, t>0,

ov ()

E:V(DV~VV)+g(u,v), xeQ, t>0,

ow OJu Ov

— =—=—=0, Q,

v o oy *€O

w(x,0) = w, (x), u(x,0) =u, (x),

v(x,0) = vy (x),

where w is a cell population, © and v are chemicals, and the
cell population responds chemotactically to both chemical
species. x; and y, are the chemotactic sensitivity functions
and f and g define the chemical kinetics. D,,, D,,, and D, are
taken as constants.
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A special form of system (2) is as follows:

0
Z oy | Vw- ——Vu-—= vy,
ot (ky +u) (ky +v)

xeQ, t>0,
ou 2
E:Au+8—Ku—uv, xeQ, t>0,

(3)

%:Av+Ku+uv2—v, xeQ, t>0,
ow ou ov
— = —=—=0, €0, t>0,
Jdv  o0v Ov x

w(x,0) =w,(x) >0, u(x,0) =uy(x) >0,

v(x,0) = v, (x) =0,

where Q) € R” is a bounded domain. The kinetics of (3) are
described by a simplified model for the glycolysis reaction
[8, 9]. As we know, the global existence of solutions in time
of two species such as (1) is investigated by many authors;
however, the global existence of solutions in time of three
species is studied little. In this paper, we study the global
existence of solutions in time of (3); by applying analysis
semigroup and energy method we will prove that system (3)
has global solutions in time in any dimension n.
We state the main result of this paper as follows.

Theorem 1. For any wy, u,, v, € WP(Q), p > n satisfying

wy =0, uy >0, vy > 0o0nQ, (3) has a unique positive global
solution (w, u, v) such that

(w,u,v) € C( [0, +00),
W (Q) x WP Q) x W (Q))  (4)

N CH%* (0 x (0, +00)) .

loc

2. The Proof of Theorem 1

Theorem 2. For any wy,uy, v, € W"P(Q), p > n satisfying
wy =0, uy =0, vy = 00nQ, one has the following conclusions.

(i) (3) has a unique solution (w(x,t), u(x,t), v(x,t)) on
Qx[0,T,, ) with0 < T, ,\ < 00 satisfying
(w ('a t) su ('> t) »V (') t)) €eC ( [O> T(wo,un,vo)) >
WP (Q) x WP (Q)
xWP ()

n C2+26,1+6 (Q X (O,T(wo,ug,vo))) >

loc

1
forany0<e<z.
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(ii) Moreover, if, for small 6 > 0, t € [8, Ty 4 )
(w, u, V)(, )l ooy is bounded; then Tiwpugry) = 09
that is, (w, u,v) has global existence, and for any 0 <
p <o <1 (wuv) e C(80), CQ) x
CZ(I—U)(Q) x CZ(]—U)(Q))‘

Proof. Equation (3) can be written as
w w 0
u| =V|Awuv)V| u +| 6 -Ku-w? |,
v/, 4 Ku+uw’ —v

xeQ, t>0, (6)
w
Aw,v)V| u | =0,
V

where

x €0Q, t>0,

D - = 2 = 2
(ky +u) (ky +v)
0 1 0

Au,v) = 7)

0 0 1

Since the eigenvalues of A are positive, (6) is normally
parabolic; then (i) follows from [10]. Note that (6) is also a
“triangular system,” so in virtue of [11], we complete the proof
of Theorem 2. O

In the following, we always assume wy, uy, v, €
WUP(Q), p > n satisfying wy > 0, 4y > 0, v, > 0 on Q.
Lemma 3. For any dimension n, any solution u of (3) has the
following estimate:

”u"LZ(Q) < Ml, 0 <t< T, (8)

where T = T(wo,uo,vo

y and py, depends only on |lugll: o)
IIuO”LZ(Q)’ 6, k and |Q|

Proof. Integrating the second equation of (3) over (), we have

ij udx:6|Q|—KJ udx—J uvtdx
Q Q Q

dt
)
S—KJ udx+06|Q].
Q
Integrating (9) with respect to t, we get
- J|Q
J udx<e Kt"uO"LI(Q) + L,

0 K (10)

that is [luf ) <C, C~ ||u0||L1(Q), 8, K, 1Q].

Multiplying the second equation of (3) by u and integrating
with respect to x over Q, we get

i J wdx = —ZJ |Vul*dx + Zéj udx
dt Jo Q Q

- 2K J wdx -2 J u*vidx (11)
Q Q

< 2K j Wdx + 28]l .
Q
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Integrating (11) with respect to t and together with (10), we

obtain

“uOHLZ(Q)’ 0, K, 1Y
(12)

lull2) < ~ ”u()"L‘(Q)

O

Lemma 4. For any dimension n and small constants 7, > 0,
any solution u of (3) has the following estimate:

"””LOO(Q) < Yy, Tg St < T, (13)

where T = T, , .y and p, is a constant depending on

"uO"LI(Q)) |Iu0"L2(Q)) 6, k, |Q and [Ju(-, To)"LOO(Q)-

Proof. Multiplying the second equation of (3) by u? ' (p > 2)
and integrating with respect to x over Q, we get

lij uPdx = 4(p
P’

pdt J 7

+8J up_ldx—KJ updx—J uPvidx.
Q Q Q
(14)

Here (14) implies

d p
ELM dx +

< Spj up_ldx—KpJ ufdx.
Q Q

4(p-1) J' |V(1/lp/2)'2dx
pode (15)

Define z = u?/?, by Holder’s inequality; (15) can be written as
4(p-1
i J Zdx + M J |Vz|*dx
dt Jo P o
<ép J PR Kp J Zdx (16)
Q Q
< 8pl0I" Pl V.

Gagliardo-Nirenberg inequality implies

lelzy < ColIVE: o 2150,
%

+ C2”Z"L1(0)7 Wlth 0 =

n+2

In virtue of (17) and Young’s inequality, we have

2(p—-1 (1-6
122870 < (2CHIVzIZ @ 2l )

) 2 (p-1/p
+2C3 Izl )

1 2(p-1)/ 10/
2(P )/PC p- P"V ”LZIZQ) P

2(p-1)(1-6)/
x |2

1 Q2(p-1)/
2(P )/PC - P” ||L1(Q)

(p)

—1)6 2
P/(P ) "VZ”LZ(Q)

L P (p-1)0 £~ PI(p~(p-100) 5 (p=1)/(p~(p-1)0)
p

2(p-1)/(p—(p=1)0) | _n2(p—1)(1-0)/( 1)6)
CP)/(PP))" "(P )(1-6)/(p—(p-

1 2(p-1) 2( 1)
+2(P )/PC p- /P" “ P /p

(p)

—1)6 2
P/(P ) "VZ”LZ(Q)

-p/(p-(p-1)0) 2(p-1)(1-60)/(p—(p-1)6)
+Cye l2l2e)
2( 1)/
+CylE 0,
(18)

with Cy = 20*2/2C™2 and C, = 2C3.
Taking suitable & such that 8p| Q[P ((p—1)8/ p)e?/ P18 =
3(p — 1)/ p, we obtain

(p-1)6/p 1~ P/(P=(p~1)0)
& P/(=(-10) _ ) ]

3
(8p|Q|”P6 (19)

< Csp"/2

with C; = (8]Q176/3)""
In view of (16)-(19), we get

-1
i J Zdx + M J |Vz|*dx
dt Ja p Q

2)/2 1 2( 1)(1 0)/(p—(p-1)0)
< C5Csp™ D810 2 E -

2
+C,0plQf P 2] 26 (20)

2)/2 1)(1-6)/(p—(p-1)6)
< Cebp™ PP 2k e

2(p-1)/
+Cyoplali ),

with C; = C,C,|Q|Y? and C, = C,|Q["/?.
By Poincaré inequality, there exists a constant ¢ > 0
depending on n, p, Q such that

1
2 2 2
I2ll72(q) < p (”VZ”LZ(Q) + ”Z"LI(Q)); (21)

we have

"':)
a~)

1 -1
j V2| dx>Pp jgzzdx—f’ . Izl ) (22)



It follows from (20) and (22) that

d -1
—J Zdx < P J- Z2dx
dt Jo p Ja
2)/211 _n2(p-1)(1-6)/(p-(p-1)6
+C68p(”+ )/ ”Z"L(II(’Q))( )/ (p—(p—1)0) (23)
ep-n/p P12
+ Gl i) + el

After simple calculation, we obtain

n+2)/2 2(p-1)(1-0)/(p—(p—1)0)

2 (
22 ) < max {Cgp suplzlffy,
=Ty

2(p-1/p
+ CQP Sl.lp”Z”Ll(Q) (24)
t=>1,

+C103up”Z”il(Q), “Z (To)"iZ(Q)]’ >
t>1,

with Cg = C¢8/0, Cy = C,8/0,and Cy, = 1/0.
Since2(p-1)(1-0)/(p—(p—-1)0) < 2and 2(p—-1)/p < 2,

we have
2 2)/2
sup|lzllzq) < max ‘[Cup(n+ /

t>1,

X max {sup||zl|il(m, 1} . (25)

t>7,

el

with C;; = max{Cy, Cy, Cy,}-
Substituting z = uf/?, p = 25, k = 1,2,3,... into (25)
yields

Zk
supJ u” dx
Q

t>1,

2
k-1
< max { C,; 2" 2/P% max <supj u’ dx) 1t
t>1, JQ

||” (To)“i);’(n)} :

(26)

Without loss of generality, we can assume

2
sup J W dx < Cllz((”+2)/2)k(sup J > dx) (27)
o Q

t>1, t>1,
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k 20 12!
Supj Wdx < [C112((n+2)/2)k] [Cllz((n+2)/2)(k 1)]
Q

(247

2k73
[Cllz((n+2)/2)(k—(k—3))]

>

2k—1

[C112((”+2)/2)(k_(k_2)) ] & (sup J MZHH) dx)
Q

t>1,

2D

<Cj

% 2((n+2)/2)(k+(k—1)21+~~~+4'2k’4+3~2k’3+2~2k’2+2k’1)

2k—1
x(supj uzdx) .
t>1, JO

Taking 1/2F and letting k — oo of (28), together with
Lemma 3, we have

(28)

1/2
supuuupo(mSCM%(””)’Z(supj uzdx) <. (29)
Q

t>1, t>1,

O

With the notation
wW=u+v, (30)
we have the following Lemma 5.
Lemma 5. For any dimension n, w has the following estimate:

Wl ) < #3» T, <t <T, (31)

where T = T, . ., and ps is a constant depending
on ”u()"Ll(Q)) ”u()"LZ(Q)) S,k 1Qf [lu, T())"LOO(Q)) and
lw(-, TO)”WZrP(Q)'

Proof. In view of (3), w satisfies the following equation:

dw

=Aw+6+u-w; (32)
dt

let X = LP(Q), A = A — I with domain D = W*?(Q); then A
generates a linear analysis semigroup on X satisfying [le®!| <
Ce™™ and [le¥ |y« < C,t™e ™ for 0 < a < 1. Taking p > n,
the fractional space X* < C? with 0 < y < 2a—(n/ p); taking
a=(1/2) + (n/2p) wegety = 1.

In virtue of (32), we obtain

¢
w(,t) =T (1) + J A (S +u(,s))ds,

To
[w(, ey < Cillwl, Ol xa

< G e ™ w(, 7p)

X«

t
+C, [ 06+ ute )] s
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<Cye

t
+j<;a—g“aﬂ“%w+u@gmﬂm¢

To

< Gy +Cy sup Jlu, H)llpeq)

Ty<s<t
< Us.
(33)
O
By Lemma 4 and (30), one has
[Vllzeo(qy < il ooy + Wl eo () < pa (34)

where y, is a constant depending on [[tgl;1(q)> 1420 6,
k, 19, u(, 1)l oo ) and [w (-, 7o) iy ().
Similar as the proof of Lemma 5, we can prove

IVllcr ) < ps) (35)

where p5 is a constant depending on [|ul ;1 @) lluol @y 6,
k, 19, |lu, T(])”LOO(Q)) lw(:, T())"WLP(Q)> and |lv(,, T())"WLP(Q)'
Lemma 5 and (35) yield

) < He> (36)

where pg is a constant depending on Iluyll;i g,
"uOHLZ(Q)) 6, k, 1O, llu(, TO)”LOO(Q)) lw(., TO)”WZ:P(Q)) and
llv(-, To)”wz,p(g)-

"u”cl(o

Lemma 6. For any dimension n, any solution w of (3) has the
following estimate:

”w"Loo(Q) < ‘1/17, TO <t< T, (37)

where T = T, , ., and y, is a constant depending on

"uOHLl(Q)) ”u()"LZ(Q)) S, k, 1, [lu(, T())"L‘X’(Q)) lw(., T())”wlp(g))
lIv(-s TO)”WZvP(Q)) ”wo(x)”Ll(Q): and |lw(:, To)”Loo(Q)-

Proof. Integrating the first equation of (3) with respect to x
over () and together with the boundary condition, we get

J w(x,t)dx = J wy (x)dx < C;. (38)

Q Q

In the following, we will use the inequality as follows:
ll20y < elVilo ) + C(1+ ) ulf gy (39)

with C depending only on n and Q.

Multiplying the first equation of (3) by w™! (s >2)and
integrating with respect to x over Q) imply

1d J w'dx =-D(s—1) J w | Vw|*dx
sdt Ja Q
s—1
+(s— 1)J w—ZVu-dex
o (k; +u)
ws—l
+(s— 1)J —— Vv Vwdx
o (ky +v)

5
< MJ’ |V(ws/2)'2dx
Q
+C,y(s-1) J w Vwdx
Q
+Cy(s-1) J w i Vwdx
Q
< —_4D (s-1) J |V(ws/2)'2dx
Q
+C, J w?v (ws/z) dx.
Q
(40)

(39) and Hélder’s inequality yield

d s s/2 2
&J;w dx < L'V(w )| dx

+ Cys (J‘ w dx) (JQ|V(wS/2)|2dx>1/2
2D | v dx
|
=0,

4D (s-1)
s

s/2 2

C3s?
4 j w'dx
4D Jqo

'V(ws/2)| dx+C5s J w'dx
Q

&

D(Ce™* +1 2
_bfce )(J )
Q
—BJ wsdx+Csszj w'dx
e Ja o

2
< —Cys” J w'dx + C65”+2<J ws/zdx) .
Q 0
(41)

For 7, <t < T, by (41), we have

2 2 2
4 (ecSS ! J wsdx) < C65”+2eC53 t(J ws/zdx> . (42)
dt Q Q

Integrating (42) with respect to t over [1, t], we obtain
2
J w' (x,t) dx < 55070 J w’ (x,7y) dx
Q Q

2
+Cs" (1 — (T"*t))

X sup (JQ ws/2dx>2 (43)

To<St<T

< w(x, TO)"SL"O(Q)

2
+ Cgs” sup <J ws/zdx> .
To<t<T N JQ
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FIGURE 1

Let
1/s
M(s) = max{"w(x,ro)I]Lm(Q), sup (J wsdx> };
T, <t<T N JQ
(44)

then we get

M(s) < (Cgs")(l/s)M (%) , s>2. (45)

Taking s = 25, k = 1,2,..., we get
k k
M(2%) < c7 2 M (24
< C;1/2")+~~-+(1/2)2(I<n/2")+~~-+(n/2)]\,I (1) (46)

<CM(1).

For 7, < +0c0 and (38) one gets

ol Ol < sop [ wdx<p, @)
To<t<T JQ

where 4, is a constant depending on [ty

"uOHLZ(Q)’ 6, k, [, flu(-, T0)||L°°(Q)7 lw(:, T())HWZ-P(Q)>

(- TO)"WZ)P(Q)! "w()(x)”Ll(Q)! and [w(, To)”Loo(Q)- Now by

Theorem 2(ii) and Lemma 3-Lemma 6, we have proved the

Theorem 1. O

ForD =k =k, =8 =K =1,T = 300000, Q = [0,30],
wy(x) = (1/10000)x>(30 — x)% uy(x) = x°(30 — x)%, and
vo(x) = x%(30 — x)?, we have the numerical simulation solu-
tions of (3) as shown in Figure 1.
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