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We investigate the generalized Hyers-Ulam stability of a functional equation f (Z;’zl x j) +(n-2) Z;‘zl FOe)=Yigicjen fx+x;) = 0.

1. Introduction

Throughout this paper, let X be a normed space and Y a
Banach space. For a given mapping f: X — Y, we define

Af(x,y) = fx+y)-f0)-f(y),
Qf (%)= fx+y)+ f(x-y)=2f(x)-2f (y),

@

for all x,y € X. A mapping f : X — Y is called an
additive mapping (a quadratic mapping, resp.) if f satisfies
the functional equation Af = 0 (Qf = 0, resp.). If a mapping
is represented by sum of an additive mapping and a quadratic
mapping, we call the mapping a quadratic-additive mapping.
For a functional equation Ef = 0 if all of the solutions of
Ef = 0 are quadratic-additive mappings and all of quadratic-
additive mappings are the solutions of Ef = 0, then we call
the functional equation Ef = 0 a quadratic-additive type
functional equation.

In 1940, Ulam [1] raised a question concerning the
stability of homomorphisms. Hyers [2], Aoki [3], Rassias
[4], and Gévruta [5] made important role to study the
stability of the functional equation. During the last decades,
the stability problems of functional equations have been

extensively investigated by a number of mathematicians (see
also [6-9]).

In 2006, Jun and Kim [10] obtained the stability of the
functional equation

f<'n xj>+(n—2)if(xj)
j=1 j=1

2)

= ) flxtx;)=0,

1<i<j<n

for all xy,x,,...,x, € X (n > 2) (see also [11-15]).
The functional equation (2) is a quadratic-additive type
functional equation (see Theorem 2.6 in [16]). For the case
n = 3, Jung [17] proved the stability of the functional equation
(2) (see also [18-20]) and, for the case n = 4, Chang et al. [21]
proved the stability of the functional equation (2) (see also
[22-25]).

In this paper, we will generalize the previous results
of the stability problem of the functional equation (2) on
the punctured domain. In particular, we will show the
superstability (if p < 0) of the functional equation (2) in the
sense of Rassias.
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2. Stability of the Functional Equation (2)
(n Is Even)

Let (s,t) be a fixed element in {(1,1),(1,-1),(-1,-1)} and

let ¢ : (X \ {0})" — [0,00) be a function satisfying the
conditions:
24 el ( X2 x2,...,2$jxn) < o, (3)
ZZ_U(p (thxl,ztsz,...,thxn) < 00, (4)

j=0

for all x,,x,,...,x, € X \ {0}, where n is a fixed even integer
greater than 2 in this section. For convenience, we use the
following abbreviations in this section for a given mapping
f: X —-Y:

Df (%1, X35 -5 X,)

(5o n$e) 3 st

1<i<j<n
[ (%)
- % (4—”" ( F@™x) + f(-27x) - 2 (” *2) f(0)>
w27 (f (2x) - £ (-27x)) ) ,
n/2+1 n/2-1
X = (x,...,x,—x,...,—x),
©)
for all x, xy, x,,...,x, € X. From these, we get the equality
]mf (x) - ]m+1f(x)
2. 4T
= Py (Df (2me) + Df( 2Tsmx))s 6)
T_gm—1
+ 22 (Df (77x) - Df (7))t

for all x € X \ {0} and all nonnegative integers mm, where 7 ,,
are the integers defined by

et ) o
fork € {-1,1}.
Lemmal. If f: X — Y is a mapping such that
Df (x1,%3,...,%,) =0, (8)
forall Xy, Xy, x, € X\ {0}, then
Inf @)= f -2 5 0) ©)

for all x € X \ {0} and all nonnegative integers m.
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Proof. We can easily get

f@- ”3—;2 fO)=Tuf @)

(Zfs’fx) + Df (—ZTSJ’x)) s

=0 (10)
i (Df (2%x) - Df (=2%x)) )
n-2
=0
for all x € X \ {0} and all nonnegative integers m. O

Theorem 2. Suppose that f: X — Y is a mapping such that

IDf (315 %35 - x,)|| € @ (315 %55+ -5 x,,) (11)

forallx,, x,,...,x, € X\{0} withlim,, , ], f(0) = 0. Then,
there exists a unique mapping F : X — Y satisfying (8) for all
X1, %5, ..., %, € X\ {0} and

lre0-"22r-F ) < JZ@ 0 @

for all x € X \ {0} with F(0) = 0, where ®; are the mappings
defined by

24"
@9 = 2 p (7)o (F75)
(13)
zr,td—l — —
s (o )+ o ()

forall x € X \ {0}.

Proof. 1t follows from (6) and (11) that

"]mf (x) _]m+m’f(x)"
m+m' -1 2 .41-1].
- 2 | (o @) + b (7))
2 (o7 () oy ()«
m+m' -1
Y. @)
j=m

(14)

for all x,,x,,...,x, € X \ {0} and all nonnegative integers
m, m' with m’ > 0. From (3), (4), and (14), it follows that
the sequence {J,,, f(x)} is Cauchy for all x € X \ {0}. Since Y
is complete, the sequence {J,,, f(x)} converges. From this and
lim,, , J,,f(0) = 0, we can define the mapping F: X — Y
by

F(x) = mli_{nw],nf (x) (15)

for all x € X. Moreover, letting 1 = 0 and taking the limit
asm' — oo in (14), we get the inequality (12). Notice that
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lim,, ,J,,f(0) = 0,lim,, 4 "p(2""xy,...,2""x,) = (18) tend to 0 as m — oo for the cases (s,t) = (1,1) and
0, and lim,,_, 2 "p(2""x,,...,2"x,) = 0 for all  (s,t) = (~1,-1). For the case (s,t) = (1,~1), we have
X1, %Xy,...,%, € X\ {0}. Hence, it follows from (11) and the
definition of F that 0
n(n-2)Y (47"0;(2"x) +2"®; (27"x))
DF (X1, Xy, .., %,) =0
. | R — sm sm 20 (27t x) + 29 (—2/+Mx
= Jim > (47" (Df (2%, 2""x,) -y 9 ( iﬁmff( )

j=0
+Df (<2, ..., ~2"x,))

2]1’1 m/2—1 m—1 (o)
+27"(Df (2""xy,...,2"™x,,) +W< . +'Z +Z>

Df (-2 2))) =0
D))

for all x;,x,,...,x, € X\ {0}. m [m2-1  m-1 oo

. 2_< Y s z)

Now, let F' : X — Y be another mapping satisfying (8)
for all x;,x,,...,x, € X\ {0} and (12) with F'(0) = 0. Using
Lemma 1, (12), and F'(0) = 0 = F(0), we obtain _

(o(5)+(5))
|F ) - F' (x) om om

< I F () = J,,F' ()] +Y S (e (2T x) rp (27 ) 9)
=0
< (lr-perw-"r 0 o
: M" (155 2)
+(F-F) @) - f(O)H e 2R
s -p) c2m) - )ll X(?(fx)w;j)(—zm))
(- F)(2x) - ”+2f<0>||) w (1«» m Lmﬂ)
2_";1<||(f—1ﬂ")(2t’“‘) 210 ) 2mj=21+1:m2/z+1+2m/2j=21
2 < 3
- )~ 220 X<2]<“"(27>“”< 1)))
oS} 2)x -2)x
t|ir-B (=2 -2 0 +2Lm;0‘f’( )tuq)( )
o) (27 - 2 o) 25 9(o(2)w0(3))

for all x € X'\ {0} and all positive integers . It follows from
(12) and (17) that for all x € X'\ {0} and all positive even integers m. So, we also

show that the terms on the right-hand side of the inequality
(18) tend to 0 as m — oo for the cases (s,t) = (1, -1). Using
the equality F(0) = 0 = F'(0), we can conclude that F(x) =
ag) F '(x) for all x € X. This proves the uniqueness of F. O

"F (x)- F (x)“

Corollary 3. Let p# 1,2 be a real number. Suppose that f :
X — Y is a mapping such that

< iz (47", (27x) + 27D, (2"x))
j=0

for all x € X \ {0} and all positive integers m. We can easily
show that the terms on the right-hand side of the inequality IDf (x1, 250 )| < i |F + oea]|P + - + [xa]|P (20)



for all xy,x,,...,x, € X\ {0} (with f(0) = 0ifp > 2).
Then, there exists a unique mapping F satisfying (8) for all

X1, Xy, ..., %, € X\ {0} and
If ()= F ()
4 no\IxlP
S(up—4V*uP—m>n—z’ 7r>0
(1)
lr0-22270-F )
4 n . _
S(nP—4V*uP—m>n Fp=0
fx)=F(x), ifp<0 (22)

forall x € X \ {0} with F(0) =
Proof. Putg(x;,x,,...,%,) = [xIf+ ]2, [P+ - -+]x,]|? forall

X1, %55, %, € X\ {0}. By Theorem 2, there exists a unique
mapping F satisfying (8) for all x;, x,,...,x, € X \ {0} and

n+2

|1 e0-"2r0-F

< 4 n ) ]|
< +
2P 4] [2¢-2|)n-2

for all x € X \ {0} with F(0) = 0. From these, we get the
inequalities

(23)

w"ﬂo )|

< |(Df - DF) (kx, kx, ..., kx)|

+|E- ko -2 5 0

n+2

tn-2)|(F- k-2 0] g

n(n 1) _n+2

- 2220

n(n—1)2p>
2

4
% < + ))kf’uxnp
P —4] " |28 -2

for all x € X \ {0} and all positive real numbers k. Taking the
limitask — oo ork — 0 in the above inequality, we have
f(0) = 0if p+0. Hence, if p#0, 1,2, then the inequality

§<n+<np+n(n—2)+

n Il
) n-—2 25)

e

4
28 — 4
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for all x € X \ {0} follows from (23). If p < 0, then we get the
inequalities

If G- F )

< ni 1 (1f - D) (e + D s o)
+|(f - F) (= 2)k+ 1) %)
+(n—=1)(n=2)|(f - F) (kx)|
+(n=2)|(f - F) (-k+ 1) x)]

N 26
LD ey akgf)
p . QP (—k+1)F  (n-2)k+1)F
S<k+ 2 T (n—l)(n—Z))
4 p
X<|2P—4|+| |>" ”

P
(S kY
n-1
for all x € X \ {0} and all positive integers k. Taking the limit
as k — oo in the above inequality, we get F(x) = f(x) for all
x € X \ {0}. Since f(0) = 0 = F(0), the equality f(x) = F(x)
holds for all x € X. The result follows from this, (23), and
(25). O

Lemma 4. If f : X — Y is a mapping satisfying (8) for all
X1, X5, ..., %, € X\ {0} with £(0) = 0 and f(tx) is continuous
in t for each fixed x, then f is represented by

f(x)+f(—X)>rz+<f(x)—f(—X)>r
2

fom = (H22

(27)
forallx € X and allr € R.

Proof. We will prove the equality

£ (mx) = (M)W“ (M)m

(28)

for all integers m. First, we will use the induction on m to
prove the equality (28) for all nonnegative integers m. Note
that f(0) = 0. We can easily prove it for the cases m = 0, 1.
For the case m = 2, we can show that

2

f20 :_n(n—Z

(Df (%) + Df (=x))

70— (Pf @ =Df G +3f )+ f ()
:<f(x)+f(—x))22+(f(x)—f(—x)>2
2 2
29)
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for all x € X. Assume that (28) holds for all x € X and all
nonnegative integers k (< m). Then, we obtain

f({(m+1)x)

n/2 n/2-1
= —Df(mx,x,...,x,—x,...,—x) +2f (mx)

(-1 - nT_4f(—2x) -2few

+nf (x)+(n-2) f (—x)
n—-4
4

=(2m2—(m—1)2— -(—2)2—2-22
+n-12+(n—2)-(—1)2)

(LS CY (- J )
2

2

x<zm—(m—1)—”T_4-(—2)
—g-2+n.1+(n—z)(—1))

(L fe

NELBE

)(m+1)2

)(HHI)

which completes (28) for all nonnegative integers m. Using
the similar method, we also can prove the equality (28) for all
negative integers m. By (28), we get the equalities

[l e S _ (S92

2 2
f(mx) - f(-mx) <f(X) —f(—x)>m
2 2 ’
(31)
f(x/m)+ f(=x/m) <f(X) + f(—x)> 1
2 2 m?’
fx/m)— f(=x/m)  f(x)=-f(-x)
2 B 2m

for all x € X and all integers m # 0. Hence,

p
f (ax>
_ F(pl9) %)+ £ (- (pla)x)
2

L la)0) - f (- (pla) )
2

5
_ (f (x/q) +2f (—x/q)) »
. (f (x/q) —2f (=x/q) ) »
_ (f(x) +2f(—x)> ;Lj . (f(x) —2f<—x>)§
(32)

for all x € X and all integers p,q(#0). If r € R, then there
exists a rational sequence {r,,} satisfying lim Ty = T.

m m—-00"m

Since f(tx) is continuous in ¢ for each fixed x, we have

f(TX) = mh_r,noof (rmx)

~ lim (f(x)+f(—x)>rrzn+<f(x)—f(—X))rm

m— o0 2 2
B <f(x)+f(—X)>rz+(f(x)—f(—X)>r
B 2 2
(33)
forall x € X. O

3. Stability of the Functional Equation (2)
(n Is Odd)

Let (s,t), @, Df(x;,%,, ..., x,), and 1, ,,, be as in Section 2.
In this section, let n be an odd integer greater than 2.
For convenience, we use the following abbreviations in this
section for a given mapping f: X — Y:

uf @ =3 (0 (F @) 5 (27)

_2(n+1)
3(n-1)

7o)
(34)
2 (£ (27x) - £ (27)) ).

(n+1)/2 (n-1)/2
x=(x..7 X=Xy .rns -x |,

for x € X. From these, we get

Jn (%) = T f (%)

4T—s,m+1 -
EEYPEEIY R EEEYCEE) (Df (ZTs»mx) +Df (—Zfs-mx))s (35)
2 (o 55) oy ()1
forall x € X.

Using (35) and a similar method in the proof of Lemma 1,
we get the following lemma.
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Lemma5. If f : X — Y is a mapping satisfying (8) for all
X1, X5 .> %, € X \ {0}, then

n+1

Jnf (X) = f (%) = f(0) (36)

forall x € X'\ {0}.

From (35), Lemmab5, and similar methods used in
Theorem 2, we get the following theorem.

Theorem 6. If f: X — Y is a unique mapping satisfying (11)
forall x;,x,,...,x, € X\ {0} withlim,, , ], f(0) = 0, then
there exists a unique mapping F : X — Y satisfying (8) for all
X1, X5, %, € X\ {0} and

for all x € X \ {0} with F(0) = 0, where ®; are the mappings
defined by

<YO(x)  (37)
=0

4T,S)m+l
D, R —— 2%sm —2Tsm
](x) 2(”- 1) (i’l— 1) ((P( x)+(P( X)) (38)
ZT—t,m
2 (o () (7))
forall x € X'\ {0}.
From Theorem6 and similar methods used in

Corollary 3, we get the following corollary.

Corollary 7. Let p# 1,2 be a real number. Suppose that f :
X — Y is a mapping satisfying (20) for all x,,x,,...,x, €
X\ {0} (with f(0) = 0if p > 2). Then, there exists a unique
mapping F satisfying (8) for all x,x5,...,x, € X \ {0} and

|f (x) = F ()]
4 2 n |l x|?
S((n—1>|21>—4|+|zp—z|> n-1’
if p>0,
Hf( - et LSO F@ (39)

< 4 2 ) n
< +
(n-1)2° -4 122-2[)n-1

if p=0,
f(x)=F(x), ifp<o,

forall x € X \ {0} with F(0) =0
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Proof. Putg(x;,%,,...,%,) = [x;|1P+ ], [P+ - -+ x,]|? forall
X1, %5, ...,%, € X\ {0}. By Theorem 6, there exists a unique
mapping F satistying (8) for all x;, x,,...,x, € X \ {0} and

(40)

( 4 2 > nl|x||?
< +
n-1)12°—4] 122 -2]) n-1

for all x € X \ {0} with F(0) = 0. From these, we get the
inequalities

(n+ 1)(n 2)

Q]

n

< (P = ) k) = 5752 f()H

+n(n—2)||(F—f)(kx)— 3”

n(n 1) n

||f F) (@) - 5o f()H

+ “ Df - DF) (kx,kx,...,kx)"

< <<np+n(n—2)+w>

< 4 2 ) n
X + +
(n—1)2p -4 122 —2[)n-1

n) kP Ix|1?
(41)

for all x € X \ {0} and all positive real numbers k. Taking the
limitas k — oo or k — 0 in the above inequality, we have
f(0) = 0if p+0. Hence, if p #0, 1, 2, then the inequality

4 2 > n||x||?
P-4 2P-2[)n-1
(42)

Ife-Fel = (G

for all x € X'\ {0} follows from (40). If p < 0, then we get the
inequalities

|f ()= F )
< ! ( |(Df - DF) ((-k + 1) x, kx, ..., kx)|

<
n—

+||(f—F) (n-2)k+ 1)x)||
+(n—-1)(n-2)||(f - F) (kx)|
+(n-2)|(f - F) (~k+ 1) %)

L n-Dn-2)

=2 (- F) ko))
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P+ (2k)? N (-k + 1)?
2 n—-1

S(n—Z)(

+((n—z)k+1)f’)
(n-1)(n-2)

( 4 2 > nl|x||?
X +
2P —aln-1) " 2P-2]) n-1

_ P
+ (ﬂ +kP> ||x||P
n-—1

(43)

for all x € X'\ {0} and all positive integers k. Taking the limit
ask — oo in the above inequality, we get F(x) = f(x) for all
x € X\ {0}. Since f(0) = 0 = F(0), the equality f(x) = F(x)
holds for all x € X. The result follows from this, (40), and
(42). O

From similar methods used in Lemma 4, we get the
following lemma.

Lemma 8. If f : X — Y is a mapping satisfying (8) for all
X1 X5 ..., %, € X\ {0} with £(0) = 0 and f(tx) is continuous
in t for each fixed x, then f is represented by

(S X+ (=) f &)= f (=)
o= (LOED) 5 (101,
(44)
forallx € X and allr € R.

Proof. We will use the induction on m to prove (44) for all
nonnegative integers m. Note that f(0) = 0. We can easily
prove it for the cases m = 0, 1. For the case m = 2, we can
show that

f2x) = —ﬁ (Df ® + Df (=3))

- nfll(Df@) ~Df (Z2)) +3f (x) + f (-x)

_ (f(x) +2f(—x)>22+(f(x) —Zf(—x)>2

(45)

for all x € X. Assume that (44) holds for all x € X and all
nonnegative integers k (< m). Then, we obtain

f((m+1)x)

2 (n-1)/2 (n-1)/2
= —n_lDf(mx,x,...,x,—x,...,—x) +2f (mx)
~fn-n0 =" f 20 - T2 f )

+(n-2) f(x)+(n-2) f(-x)

7
= <2m2 —(m-1)7°- ”7_3 (2% +2?)
+n-2)(1 +(—1)2)>
f)+ f(=x) fx)=f(=x)
X( 2 >+< 2 )
x(Zm—(m—l)—n;3
K (=2)+2) + (n—2)(1+ (—1)))
_ <f(x) +2f(—x)>(m+ 1 4 <f(X) -Zf(—x))(m+ )
(46)

which completes the proof of (44). The remainder of the
proof is the same in the proof of Lemma 4. O

Corollary 9. If f: X — Y is a mapping satisfying (8) for all
X1 Xp .. .> %, € X\ {0}, then f(0) = 0.

Proof. Put p = —1. Then, we have
1D (ors s )| = 0 < |+ [l -+ |
(47)

for all x;,x,,...,x, € X\ {0}. By Corollaries 3and 7, f(x) =
F(x) for all x € X with F(0) = 0. So, we get the desired result.
O

Corollary10. Let p < 0 be a real number andn > 2 an integer.
Suppose that f : R — R is a mapping satisfying

IDf (152 o)l < Pl ol ot [ [ (48)
forall x;,x,,...,x, € R\ {0} and f is continuous. Then, f is
represented by

fx)= (f(l) +2f(_1)>x2 + A _Zf (_l)x (49)

€

n

forallx € Rand Df (x;,x5,...,x,) = 0forall x,,x,,...,x
R.

Proof. If n is even, then the equality (49) follows from
Corollary 3 and Lemma 4. If n is odd, then the equality (49)
follows from Corollary 7 and Lemma 8. And we can easily
show that the function defined by (49) satisfies the functional
equation Df(xy,x,,...,x,) = 0 for all x,x,,...,x, €
R. O

4. Another Proof for the Stability of
the Functional Equation (2)

Let (s,t), Df(xy, X5, ...5X,), T, be as in Section 2. In this
section, Let n be a fixed integer greater than 2 and let ¢ :
X" — [0,00) be a function satisfying the conditions (3)
and (4) for all x;,x,,...,x, € X. For convenience, we use



the following abbreviations in this section for a given map-

(e (™0 + £ (275)

(n 4) (n+1)

fo)

(s <z”"x>—f<-zf"1x>>),

x =(x,-x,x,0,...,0),

(50)

for all x € X. From these, we get

]mf (x)_]m+1f(x)

45-sm
2

(Df (2%x) + Df (=2%nx)) s 51)

T_tm

+ 27 (Df (37%) - Df (-77))

for all x € X. Using (51) and a similar method in the proof of
Lemma 1, we get the following lemma.

Lemmall. If f : X — Y is a quadratic-additive mapping,
then

Jnf (%) = f (x) (52)
forallx € X.

Theorem 12 (compare with Theorem 3.1in [15]). Suppose that
f:X — Y is a mapping such that

IDf (x4, %5, .-, ) X,) (53)

for all xy,x,,...,x, € X. Then, there exists a unique
quadratic-additive mapping F : X — Y such that

x| < 9 (xio %y

wﬂo) Fol <

Hf (x) + Yo, (x)  (54)
i=0

for all x € X, where ®; are the mappings defined by

Ts,j

(Dj (x) = 2 (go (ZT"/'x) +¢ (—ZTS-J'x))
(55)
27
2 (o () + 0 (7))
forall x € X.
Proof. Note that
4-sm -1 )
ot @] = =222 o)
S 0] (56)
4_smq)(o,o,...,o)
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for all positive integers m. It follows from (3) that
lim,, , J,,f(0) = 0. From this, (51), Lemma 11, and similar
methods used in Theorem 2, we obtain this theorem. ]

Corollary 13 (compare with Corollary 3.3 in [15]). Let
p+1,2 be a positive real number. Suppose that f : X — Y
is a mapping such that

IDf (e 3o s ) < e+ el -+

(57)
for all x,x,,...,x, € X. Then, there exists a unique
quadratic-additive mapping F such that

3 N 3
|27 — 4|  [2P - 2|

Ifeo-rFeof = ( Jutr e

forall x € X.

Proof. Since || f(0)]| = (2/(n—1)(n—-2))IDf(0,0,...,0)| <0,
we get f(0) = 0. From Theorem 12 and similar methods used
in Corollary 3, we obtain this corollary. O

From Theorem12 and similar methods wused in

Corollary 3, we get the following corollary.

Corollary 14 (compare with Corollary 3.2 in [15]). Suppose
that f: X — Y is a mapping such that

[Df (x1,%55...5x,)|| < & (59)

for all xy,x,,...,x, € X. Then, there exists a unique
quadratic-additive mapping F such that

(n- 4)(n+ 1)

FO)-F)| < 4? (60)

lre0+

forall x € X.
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