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We propose the local fractional function decomposition method, which is derived from the coupling method of local fractional
Fourier series and Yang-Laplace transform. The forms of solutions for local fractional differential equations are established. Some
examples for inhomogeneous wave equations are given to show the accuracy and efficiency of the presented technique.

1. Introduction

Fractional differential equations with arbitrary orders [1] have
attracted more and more attention to their extensive applica-
tions in various areas, such as physics, applied mathematics,
and biology [2-8]. As a result, great deal of methods for
solving the fractional differential equations are developed
[9-21], such as the heat balance integral method [9, 10],
the homotopy analysis method [11], the variational iteration
method [12], the homotopy decomposition method [13, 14],
and the Adomian decomposition method [15, 16].

The fractional differential equations were considered in
sense of the Caputo derivative, the Riemann-Liouville deriva-
tive, and the Griunwald-Letnikov derivative [17]. However,
they do not deal with the nondifferentiable functions defined
on Cantor sets. Local fractional derivative [18, 19] is the best
method for describing the nondifferential problems defined
on Cantor sets. For example, the heat equations arising in
fractal transient conduction were investigated in [19-22]. The
Helmbholtz and diffusion equations on the Cantor sets within
local fractional derivative were discussed [23]. The Navier-
Stokes equations on Cantor sets were suggested in [24]. There
are some methods for solving the local fractional differential
equations, such as the local fractional variational iteration
method [20], the Yang-Fourier transform [21], the Yang-
Laplace transform [22], the local fractional Fourier series

method [25], and the local fractional Adomian decomposi-
tion method [26].

In this paper, our aims are to present the coupling method
oflocal fractional series method and Yang-Laplace transform,
which is called as the local fractional function decomposition
method, and to use it to solve the differential equations
with local fractional derivative. The organization of the
manuscript is as follows. In Section 2, the basic mathematical
tools are introduced. In Section 3, the local fractional func-
tion decomposition method for solving the differential equa-
tions with local fractional derivative is investigated. In Sec-
tion 4, several examples are considered. Finally, in Section 5
the conclusions are given.

2. Mathematical Fundamentals

In this section, we introduce the basic notions of local frac-
tional continuity, local fractional derivative, local fractional
Fourier series, and special function in fractal space [18, 19],
which are used in the paper.

Definition 1. Suppose that there is [19]

|f (%) = f (x0)] < € o)
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with |x — x| < §, fore,6 > 0and ¢, € R; then f(x) is
called local fractional continuous at x = x, and it is denoted
bylim, . f(x) = f(x).

Definition 2. Suppose that the function f(x) satisfies con-
dition (1), for x € (a,b); it is so-called local fractional
continuous on the interval (a, b), denoted by

f(x) €Cylab). )

Definition 3. In fractal space, let f(x) € C,(a,b), local
fractional derivative of f(x) of order « at x = x is given by
[19]

DS ()= 5 ()= L
) ° (3)
- lim A% (f (x) - f(xo))

X — X,

(x -~ xo)
where A*(f(x) — f(x,)) = T(1 + @) A(f(x) — f(x)).

Local fractional derivative of high order and local frac-
tional partial derivative are defined, respectively, in the
following forms [18, 19]:

k times

f5 @) = DP---DY £ (),

(4)

k times
o

aka 0 aa
axmf(x’)’) =5 e fxy).

Definition 4. In fractal space, the Mittage Leffler function,
sine function, cosine function, hyperbolic sine function, and
hyperbolic cosine function are, respectively, defined by [18,
19]

lX

B () = Zor(1+k )

xX€R 0<a<l,

JRCIES)
sin, x* := 1) ——————, x€R 0<a<l,
“ Z( ) I'[l+Qk+1)al’
Z Zock
cos x" = (—)— x€R 0<ac<l,
“ &= (1 +2ka)’
E (x*)+E, (—x*
sin b x* = o ( )2“( ), xX€R 0<ac<l,
E (x*)-E, (—x"
cos hyx™ = a ( )2“( ), X€R 0<a<l.

©)

Definition 5. Let f(x) be 2I-periodic. For k € Z and f(x) €
C,(—00,+00), the local fraction Fourier series of f(x) is
defined as (see [18, 25])

f(x)= % Z (akcos (kx)

% (kx)®
+ bsin, o >: (6)
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where

T (kx)

+1
— i [ F@cos T iy,

+1
= ZL“L f(x)sin

are the local fraction Fourier coefficients.

T (kx)

(dx)”

Definition 6. Let (1/T(1 + «)) J(;)O |f(x)|(dx)" < k < 0o. The
Yang-Laplace transforms of f(x) is given by [18, 22]

Lo {f (0} = £7()

1 o ‘a )
TT(+a JO E, (—=s"x%) f (x) (dx)*, (8)

O0<ac<l,

where the latter integral converges and s* € R".

Definition 7. The inverse formula of the Yang-Laplace trans-
forms of f(x) is given by [18, 22]:

L@l =f0

B+ico
R @ ©

T2 Jsico

O<ac<l,

where s* = % + i*w"; fractal imaginary unit i* and Re(s) =

B>0.

3. Local Fractional Function
Decomposition Method

In this section we will present the local fractional function
decomposition method.

At first, we present the local fractional differential equa-
tion

20 o 20
0 gtgic,t)Jrkla tgiic,t)Jrkza au(;c,t)
* (10)
%u (x,t
ks ( )—f(

ox*

with constants k;, k,, k5, 0 < & < 1/2 and with boundary and
initial conditions

u(0,t) =u(,t)=0,

u (.X, 0) =@ (X) > (11)
0"u(x,0)
o v (x).

Now we discuss the solution of (10).
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According to the decomposition of the local fractional
function, with respect to the system {sin, n"(mx/I)"}, the
following functions coefficients can be given by

u(x,t) = OZO:vn (t) singn”™

n=1

(
f(xt) = ifn (t) singn®™ X a,
z < ) (12)
@ (x) = ZCnsinan‘x (T

n=1

v (x) = iDnsinan‘x (

n=1

where

S == Ll f Gotysingi®(Z2) (dx,

C,= 2 Jl @ (x) sinana<?>“(dx)“, (13)

I* Jo

1 «
D, = l% j @ (x) sinana<$> (dx)".

0

Substituting (12) into (10) implies that

0%, (t) o%v, (t) ( nm )2"‘
3 +k, 3 +k, ] v, (t)

k() 0= 1,0, )

v, (0)=C,, v (0)=D

ne

Suppose that the Yang-Laplace transforms of functions v,,(t)
and f,(t) are V, (s) and F, (s), respectively. Then we obtain

$"*V,, (s) = C,s* = D, + k, (s*V,, (s) = D,,)

NI 20 nr o (15)
+k2<7> Vn(s)+k3<T> V. (s) = F, (s).
That is
D, +k,D «
Vn(S)Z n+ 1 n+zfns -
$2 4+ Ky s + ky(n /)™ + ky(nm/1) (16)
16

. F,(s)
2 4 k5% + ey (e /1) + ks (/1)

Hence, we have

v, (1)

=L, [Va )]

B+ico
_ J E, (%) V,, (s) (ds)"

1 B+ico
- J E, (s“t%)

5 F,(s)
2 4 fey s + ke (nr /1> + ks (nr /1)

1 ﬁ+i00 o
+ W J;}i Ea (S t )

ds)®

y D, +k,D, +C,s"
$2% 4 k5% + Fey (nrr /1) + ke (n/1)*

(ds)*.
(17)

Let

Vi (t) = Vl,n (t) + VZ,n (t) >

Vi, ()

B 1
- 2n)"

PB+ico
x j E, (s“t%)
PB—ioco
5 E,(s)
$2% 4 k5% + Fey (e /1) + ks (nr/1)*

(ds)”,

V2,n (t)

B 1
- en)”

B+ico
X J E, (s"t%)
B-ico
y D,+k, D, +C,s"
$2% 4 ke 5% + by (nrr /1) + ke (n/1)*

(ds)*.
(18)

Hence, we get

E, (s)

V.. (s) = ,
()= kys® + ky (nm/1)* + ky(nm /1)

(19)
D, +k, D, +C,s"

$2 4 Je 5% + key (/1> + ky (nor /1)

Vo, (s) =

Then, making use of (8) and (9) and rearranging integration
sequence, we have the following several formulas about v, ,(¢)
and v, (t).



4
(I) Suppose that
1 nm \ 2% nm \*
—Zk%‘l'kz(T) +k3(7> > 0,
2« o 2
s+ ks k2($> + k3<$> = <sﬁ + %) +D?,
(20)
where D), = \~(1/4)k? + ky(nr /I + ky(nre/1)°.
Then, we get
1
Vi () = DT (1 +a)
(21)
! _leot . ! «
X J E, T sin D, 7f, (t — 7) (dr)".
0
When
Cn (Sa + (k1/2)) + (Dn + len - (kl/z) Cn)
V2,n (S) = 2 b
(s + (ky/2))" + D2
(22)
we get

—k,t*
Vo, (t) = C,E, (2—1‘) cos,, VD't*

kl _klt“ . I3
+(Dy+ kD, - 21C, ) By sin, VD't

2(X
(23)

(ID) 1t
2« o
() e () o

2 " nm \ % nm\* « K\
s+ ks +k2<7> +k3<7) =\s+5 )

then we have

_ 1 ! k%Y 4 3
Vl,n(t) = F(l +ﬁ) J;) Eoc( a )T fn(t—‘[)(d-[) . (25)
When
V() = STt ka/2) + Dy kD, = (i/2) C,)
(s* + (K, /2))
(26)
we arrive at
__ G, —k,t*
Vz,n(t) - 1_,(1 +“)Ea< 20¢ )
(27)

Dn+k1Dn_(kl/2)Cnto<E (_klta>
I'(l+a) “\ 20 )7
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(I11) Let
1 nw \ 2 i \*
—Zkf‘l'kz(T) +k3<T> <0, (28)
2a « 2
52“+k15a+k2<@> +k3(@> :<s“+&> -D?
I 1 2 n
(29)

where D/, = \/(1/4)k% — ky(nr/1)** = ky(nm/1)".
Then, we have

1

") = oD

(30)

! _lelX ! _« B
X J E, 5 sh,D, 7" f,, (t = 7) (d7)".
0

When

V,, (s)
_ Cn (5“ + (kl/z)) + (Dn + len B (k1/2) Cn)
(s + (k/2))" - D

(k, + 1) D, + (D;, - (k,/2)) C, (3D
~ 2D (% + (k,/2) - D))

(D;+(k1/2))cn_(k1 + I)Dn
2D, (s* + (ki /2) + D)

>

we obtain

(k, +1) D, + (D;, - (k,/2)) C,
vy, () = ;
’ 2D,

x E, <<D' - &>t“>
n a

(D} + (k,/2)) C, - (k, + 1) D,
* 2D/

x E, <<—D' - &>t°‘>.
n 2

The above results are the desired solutions.

4. Ilustrative Examples

In order to illustrate the above results in Section 3, we give the
following several examples.

Example 1. 'The local fractional Laplace differential equation
is written in the following form [18, 19]:

**u(x,t) 0% u(x,t) B

ax20c atZu 0 (33)




Abstract and Applied Analysis

subjected to the boundary and initial conditions described by
u(x,0) = sin, (x%),

“u(x,0)
o

u(0,t) =u(m,t)=0.

sin, (x%), (34)

From (33), the final solution can be easily deduced as follows:
u (x,t) = sin, (x) E, (t%). (35)

Example 2. We consider the following inhomogeneous wave
equation with local fractional derivative:

0™ u (x, 1) - **u (x,1)
at2¢x axZ(x

subjected to the boundary and initial conditions

—singx® =0 (36)

u (x,0) = sin, (x%),

% _o, (37)
u(0,t) =u(m,t)=0.
In order to find its solution, we suppose that
0
u(x,t) = Zvn (t) singn“x”,
n=1
00
f (o) = singx® = )" f, (¢) sin,n“x",
"~ (38)
¢ (x) = singx”™ = OZO:Cnsinan“x“,
n=1
v(x)=0= iDnsin‘xn“x“,
n=1
which leads to
fu® =0, (n#1),
L =1,
C,=0, (n#1), 39)
C =1,
D, = 0.
Contrasting (37) with (35), we directly get
ky=k;=0,
ky,=-1,
(40)

2« «
or= g7 () =1 e

D, =0, (n#l).

5
According to (30) and (32), we can derive
v, () =0, (n#1), (41)
vy (8)
1 t —k, " !« «
=— | E D -
F(l +0€)D; JO a< Qu >Shoc IT fl (t T)(dT)
t o o
o Ty L sh,t(d7)
_ Eoc (ta) + Eoc (_t“) 1
= > ,
(42)
E, (t“)+E, (-t*
GG w
Conclusively, we get
v (t) = E, (%) + E, (%) - 1, v, ®)=0, (n+1).
(44)
Thus, we obtain
u(x,t) = [E, (t*) + E, (—t%) — 1] sin, (x). (45)

Example 3. The inhomogeneous wave equation with local

fractional differential operator is written in the following
form:

*u(x,t) 0% u(x,t) B

at2¢x axZDc -

The boundary and initial conditions are described by

1. (46)

u (x,0) = sin, x",
0“u(x,0) (47)
2ERY o

ot*

In order to find the solution of (46), we set

(o)
u(x,t) = Z v, (t) singn“x%,
n=1

[ee]
flet)=1= an (t) singn“x%,
n=1
. (48)
¢ (x) = singx” = ZCnsinanax‘x,
n=1
[ee]
Y(x)=0= ZDnsin‘xn“x“.
n=1

Hence, we get

fn(t) =

C,=0

2[1-(-1)"]
” ,



Let

S = (s"‘)2 + Df,

(50)
D =n"
Making use of (21) and (23),we can write
1 2 [1 - (_l)n] ! . o o
Vin(t) = DT+ a) n“ JO sin,, (n7)*(dr)
(51)
2[1-(-1)"]
= (1 — COS, (TlT)a) T.
When
D, +k, D, +C,s" s
Vz,n (t) = 2 - 20 a T 2« 20
§% 4 kys* + ky(nm /1) + ky(nm/1) s +n
(52)
we obtain
vy (1) = cos,t%,
(53)
Vn ) =0, (n#1).
Conclusively, we arrive at
vy () = vy () + vy, () = 4 = 3cos,t7,

v, (t) = (1 - cosy(nt)") ————,

nOC

(n#1).
Hence, we obtain the solution of (46) in the following form:
u(x,t) = (4-3cos,t”) sin(x(?)“
+ i (1 = cos,(nt)™) 2[1——((1—1)"]5in“na(ﬂ>a'
n=2 n

Example 4. The inhomogeneous wave equation with local
fractional differential operator is written in the form

0 u (x, 1) . *u(x,t)  0%u(x,t)
ot 0x% 0x“

o oa
— cos,t cos,x = 0.

(56)
The boundary and initial conditions are presented as follows:

u(x,0) = cos, (x%),

w0 (57)
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Let

(o)
u(x,t) = Zvn (t) cosn“x%,
n=1

[ee]
f (x,t) = cos,tcos,x* = an (t) cos,n“x%,
n=1

(58)
00
@ (x) = cos,x" = ZCncosan“x“,
n=1
y(x)=0= 0ZO:Dncosano‘x"‘.
n=1
We can write
fu®) =0, (n#1),
fi (t) = cos,t%,
C,=0, (n#1), (59)
C, =0,
D, = 0.
Obviously, we have
k, =0, k,=-1, ky=1,
(60)
D, =0.
From (25) and (27) we obtain
v =v, () =0, (n#l),
- (61)
vy () = Tiro L cos,(t — 1)*(dr)" = sin,t”.
Hence, the nondifferentiable solution of (56) reads as
u (x,t) = singt“cos, (x*). (62)

5. Conclusions

In this work we proposed the local fractional function
decomposition method. The applications of the methods for
solving the inhomogeneous wave equations with local frac-
tional derivative are discussed in detail. The new technique is
an efficient mathematical tool for the scientists to deal with
local fractional differential equations.
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