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We study surfaces defined as graph of the function z = f(x, y) in the product space H* x R. In particular, we completely classify
flat or minimal surfaces given by f(x, y) = u(x) + v(y), where u(x) and v(y) are smooth functions.

1. Introduction

Homogenous geometries have main roles in the modern
theory of manifolds. Homogenous spaces are, in a sense,
the nicest examples of Riemannian manifolds and have
applications in physics [1]. To underline their importance
from the mathematical point of view we roughly cite the
famous Thurston conjecture. This conjecture asserts that
every compact orientable 3-dimensional manifold has a
canonical decomposition into pieces, each of which admits a
canonical geometric structure from among the eight maximal
simple connected homogenous Riemannian 3-dimensional
geometries [2]. The Riemannian product space H* x R is one
of the eight model spaces.

Constant mean curvature and constant Gaussian curva-
ture surfaces are one of the main objects which have drawn
geometers’ interest for a very long time. Recently, the study of
the geometry of surfaces in H” x R is growing very rapidly,
and the interest is mainly focused on minimal and constant
mean curvature surfaces [3-9].

The purpose of this paper is to study surfaces defined as
graph of the function z = f(x, y) in the product space H* x
R. In Sections 4 and 5 we classify minimal and flat surfaces
defined as f(x,y) = u(x) + v(y), where u(x) and v(y) are
smooth functions.

2. Preliminaries

Let H? = {(x, y) € R? | y > 0} be the upper half plane model
of the hyperbolic plane endowed with the metric, of constant

Gaussian curvature —1, given by

(dx2 + dyz) W
Im=——"> -
H yz
The hyperbolic space H?, with the group structure derived by
the composition of proper atline maps, is a Lie group and the
metric gy is left invariant. Therefore, the product space H*xR
is a Lie group with the left invariant product metric
dx® +dy*
- Lzy +d. )
y
On the other hand, an orthonormal basis of left invariant
vector fields on H* x R is

0 0 0
E,=y—, E,=y—, Ej=— 3
1 y Ox 2 y ay 3 oz ( )
with the only nontrivial commutator relation [E,, E,] = —E;.
It follows that the Levi-Civita connection V of H* x R is
expressed as

Vg E, =E,,  VgE,=-E, VpE; =0,
Vg,E, =0, Vg,E, =0, Vg, E; =0, (4)
Vg, E, =0, Vg, E, =0, Vg, E;5 = 0.

For any vectors X = x,E, + y,E, + ziE; and Y = x,E, +
¥,E, + z,E; in H? x R the cross-product x is defined by
XxY = (32— »z) Ey + (%2 - x12) E,

(5)
+ (%92 = %) E;.
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3. Graphs in H* x R

Let us consider a surface X parametrized by

p(xy)=(xpf(xy), (xy)eQ (6)

where O is a domain in H? and f : Q — R is a smooth
function. Then X is a surface defined as graph of the function
f defined on Q ¢ H?. In this case, we have

1
€ = ¢x = (l’o’fx) = ;El +fxE3’

. )
e,:=¢,=(0,1,1,) = ;Ez + f,Es.

It follows that the coefficients of the first fundamental form
of ¥ are given by

E= g(¢x’¢x) =fj + )%’
F= g(¢x’¢y) = fxfy’ (8)
G=9(¢,-9,) =fy+ )%

Also, the unit normal vector field U to X is given by

N f 1
U(x,y)= —f—E1 -2E + JEy 9)

wy - wy >

where

w:%\/yz(fj+f§)+l. (10)

By a straightforward calculation, we obtain

€

= 1
V. e = ?EZ +fxxE3’

Vel e, =

1

__2E1 + fxxE3’ (11)
Y

€

- 1
Ve, = —?E2 + f,yEs»

which imply that the coefficients of the second fundamental
form of X are

= yfxx_f
L=g(V,e.U)= w—y3y

. Yy + J
M=g(V,e,U)= (f)—y3 (12)

N = g(%Zez,U) 3

wy
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Thus, from (8) and (12) the Gaussian curvature K and the
mean curvature H are, respectively,

! 2
K= oy ((yfxx_f)/) (vfyy + £,) = (3fey + ) )
=2wiy4 ((1+y2f;)fxx_y(f§+f;)fy (13)

_zyzfxfyfxy + (1 +y2fj)fyy)‘

Proposition 1. Let X be a surface defined as graph of the
function f : Q@ ¢ H* — R. Then X is a minimal surface if
and only if

(1+5°1;) fe =y (F2+ 1)) £ =2V oSy fy

+(1 +y2f§)fyy =0.

Proposition 2. Let X be a surface defined as graph of the
function f: Q c H* — R. Then X is flat if and only if

(yfxx_fy) (yfyy+fy)_(yfxy+fx)2 = 0. (15)

Remark 3. Some examples are satisfying the ODE (14) stud-
ied in [7]. Also, examples in Lorentz product space H* x R,
can be found in [10].

(14)

4. Minimal Surfaces Defined
by f(x,y) =u(x) + v(y)

Let 2 be a surface in H* x R parametrized by

¢ (%) = (% y,u(x) +v(y)) (16)

for all y > 0, where u(x) and v(y) are smooth functions. We
suppose that X is a minimal surface. Then, from (14) we have
the following minimal surface equation:

(1 + yz(v')z) u - y ((u')z + (v')z) v
+ (1 + yz(u')2> Vi =o0.

In order to solve it, divide first by 1 + yz(v')2 # 0; then we get

17)

12 12 20 12
yi\u) +\v 1+ y(u
u' - (( ) - (/ 2) >v' + ,‘Vz( ’)2 v'=0, (18
1+ y2(v) 1+ y2(v)
for all x, y € Q. Differentiating with respect to x, we obtain

ZV” _ yvl
M,” +2 <y—2,2> M,M” =0. (19)

1+ y2(v)

First of all, we suppose that 4" = 0 on an open interval; that
is, u(x) = ax + b, a,b € R. In this case, from (17) we obtain

VII_ az)/ v/_ y
1+a%y? 1+ay?

(v’)3 =0. (20)
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We put V( y) = p(y). Then the last equation can be written as

!

p ~(a’p+p’) =0 (21)

Cl+aly

Its general solution is given by

a1l +a?y?

p=t . (22)
1-c2(1+a%y?)

From this, we thus have

cayl+a?y? p

y, (23)
1-c (1+a%y?)

v =+ |

where ¢; € R.
Now, we assume that u" #0 on an open interval, and

divide (19) by u'u"". It follows that
M”’ yZV” _ )/V, ~

u'u + 1+)/2(V’)2 -

(24)

Hence we deduce the existence of a real number k € R such
that

u'" =2k, v -y = -k (1 + yz(v')z). (25)
Let us distinguish the following cases according to k.

Case 1. Ifk = 0, then " = 0.and yv'' —v' = 0. It follows
that u(x) = a,x* + byx + ¢, (a; #0,b;,¢, € R). If v/ = 0, then
v(y) = a, (a, € R). In this case, from (17) we obtain g, = 0;
it is a contradiction. If v/ # 0, then we get v(y) = (1/2)192)/2 +
6 (b, #0,¢, € R). In such case, (17) is polynomial equation
on x and y. From the coefficients of y* and the constant term
we have 2a, — b, = 0 and 24, + b, = 0, which implya; = 0
and b, = 0. It is a contradiction.

Case 2. If k +0, then from the first equation in (25) we have
u” _ eZdel, (26)

where d, € R. Let
u=1(-d, +Ing) 27)
=k 1 g

be any solution of (26), where g is a smooth function. Then
(26) can be rewritten as

99" - (g')2 = 2kg’. (28)

We put p = g'. Then, we have

1 _
—-—p=2kg’p . (29)

We again put t = p”. In this case the above equation becomes

dt 2 5
= - Zt=4dkg (30)
dg g

and its general solution is given by
t=g (4kg+qc). (31)

Thus, we get

dg .
o 4kg + c,. (32)

After an integration, we can find

G, 2(q12 q
9= gtan (8K Ve (2x + ) - e (33)
where ¢, € R. By combining (27) and (33), we thus have
u(x) = L [—d +ln<c—1tan2 (Skz\/c_(+x+ )) - C_1>]
2kL T 4k 1 (FX+ 6 4k( .)
34

Now, we consider the second equation in (25). Since y >
0, we yield
ko1
v+ - v+ k(v')2 =0. (35)
Yoy

We put p = v'. Then, the above equation becomes
I k 1 2
p+—=-—-—p+tkp =0 (36)
oy

Since k # 0, without loss of generality we take k = 1ork = —1.

Subcase i. Let k = 1. We do the change
bl L
v h(y)

where h is a nonzero smooth function. Then, (36) can be
rewritten as the form

(37)

W-—h=1. (38)

Thus, its general solution is

h(y)=y(ny+q), (39)

where ¢; € R. So, p = (1/y) + (1/y(In y + ¢;)) and from its
integration we can obtain

v(y) =In(gyn(y +a)), (40)
where ¢, € R.

Subcase ii. Let k = —1. We put

(41)



FIGURE I: A minimal surface defined by (34) and (44).

where h is a nonzero smooth function. Then, (36) becomes
W ——h=-1 (42)

and its general solution is given by

h(y)=-y(ny+q), (43)

where ¢; € R. Thus, we have

v(y) = -In(gyln(y+q)), (44)

where ¢, € R. The surface given by (34) and (44) is shown in
Figure 1.
Consequently, we have the following.

Theorem 4. Let X be a surface defined as graph of the function

flx, y) = ulx) + v(y). If 2 is a minimal surface, then X is
parametrized as

¢ (%) = (xyux) +v(y), (45)
where

(D) u(x) = + b and v(y) =

ax
i_[(cla\/l +a2y2/\/1 —ct(1+a*y?))dy with
a,b,c; € R, or

2)ulx) = (1/2k)[-¢ + 1n((c1/4k)tan2(8k2\/a(ix +
G)) — (¢ /4k))] and v(y) = tIn(d, yIn(y + d,)) with
k+0,¢,6,6,d,,d, € R.
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FIGURE 2: A flat surface defined by (52) and (55).

5. Flat Surfaces Defined by f(x,y) = u(x) + v(y)

Let X be a surface defined by (16). Assume that ¥ is a flat
surface. Then, from (15) we have the following flat surface
equation:

y (" v )" = (" V) - (u')z =0. (46)
In order to solve it, differentiating with respect to x, we have
oo d [ d N2\ _
y(yv +v)%(u)—a((u))—0. (47)
Thus, there exists a nonzero real number k such that
d /n _ d 2 m,oony 1
E(u)—ka((u)), y(yv +v)—E. (48)
From the first equation in (48), we get
u = k(u')z +¢, (49)
where ¢, € R. We put p = u', and it follows that we yield

dp _kp’+¢ (50)
du p

From this, the general solution is

p=t /%ezk(uwz) _ % (51)

where ¢, € R. We can assume that ¢, = 0. From the last
equation we can easily obtain (see Figure 2)

u(x) = i% (ln (—\/E(x + c3)) + kq), (52)

where ¢; € R.
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In order to solve the second equation in (48), divide by y*
and put g = v'. Then, we get
1

1
q + ;q = k_y2 (53)

and its general solution is given by
1/1
q=;<Eln)’+d1>’ (54)
where d; € R. From this, we thus obtain (see Figure 2)

v(y) = i(ln y)2 +dIny+d,, (55)

where d, € R.
As a conclusion, we have the following.

Theorem 5. Let X be a surface defined as graph of the function
flx,y) = ulx) + v(y). If £ is a flat surface, then X is
parametrized as

¢(xy) = (% yu@) +v(y), (56)

where u(x) = +(1/k)(In(-Vk(x + ) + ko) and v(y) =
(1/2k)(In y)* +d, In y + d, withk#0,¢,,¢,,d,,d, € R.
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