Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 152530, 11 pages
http://dx.doi.org/10.1155/2014/152530

Research Article

On Mann’s Method with Viscosity for Nonexpansive
and Nonspreading Mappings in Hilbert Spaces

Nawab Hussain,' Giuseppe Marino,"? and Afrah A. N. Abdou'

! Department of Mathematics, King Abdulaziz University, PO. Box 80203, Jeddah 21589, Saudi Arabia
2 Dipartimento di Matematica, Universita della Calabria, 87036 Arcavacata di Rende, Italy

Correspondence should be addressed to Nawab Hussain; nhusain@kau.edu.sa

Received 9 May 2014; Accepted 8 June 2014; Published 9 July 2014

Academic Editor: Jen-Chih Yao

Copyright © 2014 Nawab Hussain et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In the setting of Hilbert spaces, inspired by Iemoto and Takahashi (2009), we study a Mann’s method with viscosity to approximate
strongly (common) fixed points of a nonexpansive mapping and a nonspreading mapping. A crucial tool in our results is the

nonspreading-average type mapping.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) that
induces the norm | - | = v/{(:,-). Let T : Dom(T) — H be
a mapping. We denote by Fix(T') the set of fixed points of T,
Fix(T) = {x € Dom(T) : Tx = x}.

A mapping T is said to be

(i) nonexpansive [1] (1967) if [Tx — Ty| < [x — y|| for all
x, y € Dom(T);

(ii) firmly nonexpansive [1] (1967) if (x — y,Tx — Ty) >
[Tx - Tyl for all x, y € Dom(T);

(iii) firmly type nonexpansive [2] (2009) if
I -Ty* < x - -kl -D)x =TTy

for all x, y € Dom(T) for all x, y € Dom(T);

(iv) strongly nonexpansive [3] (1977) if T is nonexpansive
and (x,,),en> Vueny € Dom(T), |Ix,, — v,|l bounded
and (|lx,, — y,ll = ITx, = Ty,ll) — Othen|(I-T)x, -
(I-T)y,l — 0forallx,y € Dom(T);

(v) nonspreading [4] (2008) if 2| Tx — T)/II2 < | Tx - y||2
+||x - Ty||2 for all x, y € Dom(T');

(vi) k-strict nonspreading [5] (2011) if

ITx =Tyl < |lx = y|* +2 (x - Tx, y - Ty) o
+K|(I-T)x - (I-T)y|

(vii) quasi-nonexpansive if [|[Tx — y|| < [|x — y|| for all x €
Dom(T) and for all y € Fix(T).

Of course,
firmly nonexpansive = firmly type nonexpansive =
strongly nonexpansive = nonexpansive = quasi-non-
expansive & nonspreading < k-strict pseudononspreading.
If C is a nonempty, closed, and convex subset of H, we
denote by P : H — C the metric projection on C; that is,
for any x € H, Pox is the unique element in C such that
[x=Pex| <|x-y|, VyeC. (3)
It is well known (see [1]) that P is a firmly nonexpansive
mapping and that P, is characterized by the variational
inequality
(Pex = x,z—Pcx) 20, VzeC. (4)
The firm nonexpansivity has many equivalent formulations.

Theorem1. LetT : C — C amapping. There are equivalents.
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(1) T is firmly nonexpansive; that is, (x — y,Tx — Ty) >
[ITx - Ty||2for all x, y € Dom(T).

(2) For each x, y € C, the convex function o,,:[0,1] —
R defined by

D, (1) = [[(1-1) (x - y) +t (Tx - Ty)| )

is nonincreasing on [0, 1].

(3) The mapping (2t — I) is nonexpansive.

(4) T = (1/2)(I + N) with N is nonexpansive.

() ITx - Tyl < @ ,(t) for all t € [0,1].

(6) The mapping (I — T) is firmly nonexpansive.

() ITx = Tyl* < llx = I = I = )x = (T = T)y|* holds.

(8) One has 2|Tx - Tyl> + |Tx - x> + Ty - yI* <
ITx = yI” + 1Ty - xI.

Proof. The equivalences (1) to (5) are proved in [6]. The
equivalences (1) and (6) are proved in [7]. Let us prove that
(1) is equivalent to (8):

2T = Ty|” + ITx = xI + | Ty - o
<|Tx -y + Ty - x|
= 2 Tx - Ty| - 2(Tx,x) ~ 2(Ty, y) + ITxI” + |y
< I + [y + 7o)’
+ lIxl* = 2(Tx, y) = 2(Ty, x)
— 2|Tx - Ty| - 2(Tx,x) - 2(Ty, »)
<-2(Tx,y) - 2(Ty,x)
= 2|Tx-Ty|’
<2(Tx,x) +2(Ty, y) = 2(Tx, y) = 2(Ty,x)
=2(Tx,x-y) -2(Ty,x—y) =2(Tx-Ty,x - y)

= |Tx - Ty|* < (Tx - Ty, x - y).
(6)

Finally, we prove that (1) is equivalent to (7). (I — T) is
firmly nonexpansive & (x — y,(I — T)x — (I — T)y)
> |I-Tx-I-THl> o [d-Tx-I-Tyl* <
Ix =y = (x = 3, Tx = Ty) < |lx = yI* = ITx - Tyl>. O

Two important classes of mappings containing the firmly
nonexpansive mappings are the average mappings and the
nonspreading mappings.

After [7], we say that T' is an nonexpansive-average
mappings if

T=(0-a)+aN ?)

for some « € (0, 1), and N is a nonexpansive mapping.
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Definition 2. Let I be a class of mappings. One says that T
is a M-average mapping if

T=N,=(01-a)l+aN (8)

for some « € (0,1) where N is a mapping belonging to the
class 9.

Of course Fix(N,) = Fix(N).

The nonexpansive-average mapping regularizes a nonex-
pansive mapping N according to the celebrated Schaefer’s
result [8].

Theorem 3. Any orbit (Nix)keN of a nonexpansive-average
mapping N, = (1 —a)I —aN converges weakly to a fixed point
of N whenever such points exist.

Here we are interested in nonspreading and non-spread-
ing-average mappings.

Theorem 4. Let S : C — C be a mapping. The following are
equivalent.

(1) S is nonspreading; that is, 2| Tx — TyII2 < |Tx - y||2 +
I = Tyl

(2) One has [|Sx = SylI* < llx — yI* + 2(x — Sx, y — Sy);

B ISx=Syl* < lx=yI* + lx=SxI* + lly - Syll* -
I(T = $)x = (I - S)ylI*.

Moreover, let S be a nonspreading mapping. Then

(a) Fix(S) is closed and convex;

(b) (I - S) is demiclosed;

(c) One has ||(I - S)x — (I = S)y|I* < (x—y,(I-8)x—(I -
S)yy + 12U = x> + (1/2)I - S)yl*.

IfS, = (1 - w)I + wS is a nonspreading-average mapping,
then one has the following.

@)

2
||wa - Swy”2 < ||x - y”z + = (x=8,%y-S,»)
@ )

~(1- @) (x = $%) = (7 =S

In particular S, is quasi firmly nonexpansive; that is,

Isux -l < e -alf - (- @ - s, 00)

(ii) (w/2)llx - Sx[* < (x — S, x, x — q), for all q € Fix(S).

Proof. The equivalence of (1) and (2) is proved in Lemma 3.2
of [9].
The equivalence of (1) and (3) follows by the fact that

2(x=Sxx—q) =~ (x =50 - (y -S|’ a
+lx = SxI” + [y - syl



Abstract and Applied Analysis

The item (a) is proved in [4], while (b) and (c) are proved in
[9].

The item (i) is proved in Theorem 3.1 of [5].

Now we prove (ii). Since

(x=S,x,x—q) ={x-(1-w)x-Sx,x—q)
(12)
=w{x-Sx,x—q)

thus we need to show that
%Hx—Stz < {x-Sx,x—q). (13)
This follows by quasi-nonexpansivity of S. Indeed
Jhe=Sel” = 21e- ) +(a - S
= [l -al +la-sx

+2 (x—q,q—Sx)]

(by the quasi-nonexpansivity of S)
5 (14)
<|x-al

+(x-g,q-Sx)
=(x-gx-q)
+(x-q,9-Sx)
=(x-q,x-Sx).
O

Recently, Song and Chai [2] in the general setting of
Banach spaces obtained strong convergence of Halpern’s
iteration

Xy = o+ (1 —a,) Tx, (15)

for firmly type nonexpansive mapping T'. (Saejung in [10]
noted that their proof seems to be questionable, but the result
is true as a consequence of a more general result proved in
[10]). Indeed, in [10] is proved the strong convergence of
Halpern iteration for strongly nonexpansive mappings (and it
is easy to see that the class of strongly nonexpansive mappings
contains the class of firmly type nonexpansive mappings).

Osilike and Isiogugu [5] studied the Halpern iteration for
k-strict pseudo-non-spreading mappings. They showed that
if one considers the k-strict pseudo-non-spreading-average
mapping, then Halpern’s iteration converges strongly to a
fixed point of such a mapping.

On the other hand, Iemoto and Takahashi [9] approxi-
mated weakly fixed points of nonexpansive mappings and/or
a nonspreading mapping in a Hilbert space using Moudafi’s
iteration scheme [11]. Specifically, they proved the following
result.

Theorem 5. Let H be a Hilbert space and let C be a nonempty
closed convex subset of H. Let S be a nonspreading mapping on

C into itself and let T be a nonexpansive mappings on C into
itself such that Fix(T) N Fix(S) # 0. Define a sequence (x,,),en
as follows:

x; €C,
Xn+1 = (1 - (xn) Xy T &y [ﬁnsxn + (1 - /';n) Txn]

foralln € N, where (&) en (Bnens are in [0, 1]. Then the
following holds.

(16)

(D if liminf o, (1 — «,) > 0 and ) (1 - fB,) < oo, then
(x,,), weakly converges to v € Fix(S).
(I1) if Y et (1-ex,,) = coand ) f3, < 0o, then (x,,), weakly
converges to v € Fix(T).
(II) if liminf , (1 — «,,) > 0 and liminf 3,(1 - f3,) > O,
then (x,,),, weakly converges to v € Fix(T) N Fix(S).

In [12], the authors obtained strong convergence for
the Halpern method by using type average mappings, with
assumptions on the coeflicients very similar to Theorem 5.

So one can ask if this result holds for Moudafi’s vis-
cosity method [13]. We cannot take advantage of using
the above positive results on Halpern’s iteration and invoke
Suzuki’s result [14] that affirms that Halpern’s approxima-
tion convergence implies Moudafi’s viscosity approximation
convergence. Indeed, as proved by Suzuki, this is true for
nonexpansive mappings not for nonspreading mappings.

In spite of this we obtain the affirmative answer in our
main result.

Our proofs took inspiration by [5, 12, 15, 16]. Related
papers in which there are not nonspreading but other types of
mappings or semigroups of nonexpansive mappings are [17-
23].

2. Main Results
In this section, we always will assume the following.

(i) H is a Hilbert space.
(ii) C is a closed and convex subset of H.
(iii) T : C — C is a nonexpansive mapping.
(iv) T, : C — Cisan average mapping of T, T, = (1 -
w)I + wT.
(v) §: C — Cis anonspreading mapping.
(vi) S, : C — Cisanonspreading-average mapping of S,
Se = (1 —w)I + wS.
(vii) U, : C — C is a convex combination of T,, and S,
Un = (1 - ﬁn)sw + ﬁnTw'
(viii) Fix(T) N Fix(S) # 0.
(ix) f: C — Cisa p-contraction; thatis, || f(x)- f(y)] <
plx-yl,0<p<1.
(x) () en € [0,1] is a real sequence satistying o, — 0
and Y2 @, = 00.

(xi) O(1) denote any bounded real sequence (so O(1) +
O(1) = 0(1)).



The following lemmas are the keys to obtain our main
result.

Lemma 6 (see [24]). Assume that (a,),cy iS a sequence of
nonnegative numbers such that

Ay S (1 - Yn) a, + Ynan + 0y n =0, (17)

where (y,),, is a sequence in (0, 1) and (6,)),, is a sequence in R
and (0,), € R" such that,

(M) X021 Y = 005

(2) limsup,,_, .8, <0and Y2, |o,| < co.

Then, lim, a, =0.

n— 00

Lemma 7. Let (x,), be the sequence defined by
Xne1 = ‘xnf (xn) + (1 - “n) Unxn' (18)

Then, (i) U,, is quasi nonexpansive; (ii) (x,,),» (Sx,,), (T%,)) >
(Spx)p (Tyx,),, and (U,x,), are bounded sequences.

Proof. (i) Any convex combination of quasi nonexpansive
mappings is, in turn, quasi nonexpansive. So is U,, since T,
and S,, are quasi nonexpansive (see Theorem 4, (i)).

(ii) We see that the boundedness of (x,,), follows by the
quasi nonexpansivity of U,,. For this let g € Fix(T) N Fix(S).
Then

"xn+1 - q" <oy "f (xn) - q" + (1 - ‘xn) "Unxn - q“
S ay "f (xn) - f (q)” T, “f (q) - q"
+ (1 - an) “Unxn - q”
<aypx, — 2] + o] f (q) - al
+(1-a,) |, - q
< (1 - % (1 - P)) "xn - q" T, ”f (q) - q“
= (1 - X (1 - P)) "xn - q"
If (9) - al
1-p) L2 Al
tay (1=p) =~ ;
(by convexity of []|)

< max <l||xn -q|, "fiq_ﬂ]’ = |01 — 4

p
< maxq|[x; — M
< max - L2l
(19)

The boundedness of (x,,),, is proved. The boundedness of the
other sequences in (ii) follows by this last (since Fix(T) n
Fix(S) #0). O
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Lemma8. Let (y,), bea bounded sequence in C. Then one has
the following.

@) Ifly, = Ty,ll — O, then

limsup{(I- f)P.y, - P) =0, (20)
where p = Pry(r) f(p) is the unique point in Fix(T)
that satisfies the variational inequality

(I-f)px=p)=0, VxeFix(T). (21)
(i) If Iy, = Syall — 0, then

limsup (1= f) P,y ~ P) 2 0, (22)
where p = Pyiys) f(P) is the unique point in Fix(S) that
satisfies the variational inequality

((I-f)px-p) =0, VxeFix(T). (23)
(iii) If both ||y, — Sy, Il = Oand |y, - Ty, — O, then

limsup ((I = f) po> ¥» = Po) 2 0, (24)

where py = Priyrynrixs)f (Po) is the unique point in
Fix(T) N Fix(S) that satisfies the variational inequality

((I-f)pox—po) =0, VxeFix(T)NFix(S). (25)

Proof. (i) Let p satisfy (21). Let (y,, ) be a subsequence of (y,,)
for which
lim sup (I = £) P> 3, = p) = lim (I = ) .y, = P) -
(26)

Select a subsequence (y,, );of (y,, ), such that y, ~— v (this,
J J

of course, is possible by boundedness of (y,),). From the
assumption ||y, — Ty,| — 0 and demiclosedness of T' (see
[1]) we have v € Fix(T), and

lim sup (I = ) P, ¥, = P) = im (I = £) P, y,, = P)
n J
(27)
=((I-f)p.x-P)
so the claim follows by (21).
(ii) It follows as in (i) since S is demicloded too (see

Theorem 4, (b)).
(iii) Select a subsequence (y,,, ) of (y,), such that

limnsup ((I=£) Po>yu = Po) = hin <(I = f) Po Y, — P0> ’
(28)
where p, satisfies (25). Now select a subsequence ( ynkj )i of
(¥, )i such that y,, — w. Then, by demiclosedness of both
T and S, and by thé hypotheses ||y, — Ty, | — Oand |y, -
Sy, — 0, we obtain that Tw = Sw = w; thatis, w € Fix(T)n
Fix(S). So the claim follows by (25) and
limsup ((I = f) Po> ¥u = Po)
’ (29)
= li§n<(1—f)Po’)’nk _P0> = (I - f) po>x = po) -

O
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Lemma 9 (see [6]). Let C be a nonempty closed convex subset
of Handlet T : C — C be a nonexpansive mapping. Then
(I-T):C — H is 1/2-inverse strongly monotone; that is,

%"(I—T)x—(I—T)szs (x=y,I-T)x-(I-T)y).
(30)

Lemma 10 (Maingé [25]). Let (t,), be real sequence that has
a subsequence (Tnj) which satisfies Ty, < Tyt for all j. Then

the sequence of integers (6(n)),, defined by §(n) = max{k < n:
Ty < Tipq) has the following properties:

1) 6(n) <d(n+1);
(2) 8(n) » ocoasn — oo;
(3) Tsm) < Tsmy+15
(4) T, < Ty
Theorem 11. Let
x; €C,
X = 0 f (5) &)

+ (1 - (xn) [ﬁnwan + (1 - ﬁn) wan] , nzl

with («,), € (0,1), o, — 0and Y, a, = 0o. Then one has
the following.

(i) IfY,1-B,) <ocoandy, |a, —a, | < 0o, then (x,,)
strongly converges to p = Py f (p) that is the unique
point in Fix(T) that satisfies the variational inequality

((I-f)px-p) =0, VxeFix(T). (32)

(ii) If Y, B, < oo, then (x,), converges strongly to p =
Priys)f(P) that is the unique point in Fix(S) that
satisfies the variational inequality

(I-f)p,x—p)=0, VxeFix(S). (33)

(iii) If liminf, 3,(1 - f3,) > O, then (x,,) strongly converges
to po = Priyrynrixcs) S (Po) which is the unique point in
Fix(T) N Fix(S) that satisfies the variational inequality

((I-f)pex—py) =0, VxeFix(T)NFix(S). (34)

Proof. By Lemma 7, we obtain that (x,),, is bounded.

Proof of (i). Let p be as in (i) of Lemma 8; that is,

((I-f)p-x-p) =0, VxeFix(T). (35)

Step 1. One has lim sup,,([lx,, — pll — Ix,..; — pll) = 0.
Proof of Step 1. This immediately follows by the asymptotic

regularity of (x,,),. So we prove that (x,,) is asymptotically
regular; that is, [|x,, — x| — 0:

X1 = X = 0 f (%) + (1= @) Uy, = 6y f (1)
~ (1= ) Uy 2 (1=, Uy 1 X,y
= (1= a,) [UpX = Upy ]
+ (@1 =) Uy Xy
= &t f (1) + 0 f (%) — e, f ()
+ 0 f (%-1)
= (1 - &) [Upx, = Upy %01
+ (@1 = 0) (U Xy = f (%01))
+ 6, (f (%) = f (%-1))
= (o1 = @) (U121 = f (%1))
+ 0, (f (%) = f (1))
+ (1= ) [B, T, + (1= B,) S
B TuXpr = (1= Bot) SuXns
* BuToXpr + (1= B,) S|
A CARY)
+ 0, (f () = f (xm0))
+ (1= 0,) [By (Toxy = TuXn-1)
+ (1= B,) (Sn = SuXn-1)

+ (ﬁn - ﬁnfl) (wanfl - wan—l)] .
(36)

= ((Xn—l - OC") (Un—lxn—

So
It = 2all < lotyy = | O () + aup [, = x4
+ (1= a,) [Bu 20 = 2| + (1= B) O (1)
+ By~ Busl O]
= ((1 - a,) By + aup) |, = x0a ]| + 7

=1- [1 - ((1 - an) ﬁn + (XnP)] "xn - xrﬁl“ + Vo>
(37)

where y, = |a, — o, ;10(1) + (1 — &,)(1 = 3,)0(1) + |3, -
B,-110(1) is such that ), y, < 00, thanks to the assumptions

Yolo, —a, | <ooand Y (1 - f,) < co.
Soifweputd, =1-f, +«,p, — «,p we have

"xn+1 - xn” < (1 - (Sn) "xn—l - xn" + Vu- (38)



From the assumption ), &, = 0o we deduce immediately
Y., 0, = oo. This is sufficient for Xu’s Lemma 6, to conclude
that (x,,),, is asymptotically regular.

Step 2. One has ||x, - T,x,| — 0,and ||x, — Tx, || =

(1/w)llx, — Tyx,ll — 0.

Proof of Step 2. We define an auxiliary sequence (z,), by
Zpe1 = nf ()C ) (1 - an) wan’ (39)
Observe that

||Zn+1 - wan” =0y ”f (xn) - wan“ —0 (40)

and so
||Zn+1 - xn+1|| = "(xnf (xn) + (1 - (xn) wan
- (an (xn) - (1 - “n) Unxn”
= (1 - “n) ”wan - an"
= (1 - ‘Xn) ”wan ﬁn S n
= (1 - (xn) (1 - ﬁn) "wan - wan" — 0
(41)
hence we get
Z ”xn - Zn" < 00. (42)
Now
"Zml - ?"2 = "‘an (xn) + (1 - ‘xn) (1 - w) Xn

+(1-a,)wTx, -
=[[(1 - &) (T, - x,) + x, = P]
rat, (f () = %)
(by the well known inequality
-+ y||2 <l +2(px+y))

<|(1-«
+ Z(Xn <f (xn) - Zu+1 P>
<(1- ocn)zw2||Txn - xn"2 +||x, - ﬁ“Z

Tx, - x,) + X, —p“

_2(1_“n)w<xn_ﬁ’
+2a, | £ (

< (1 - ‘xn)zwz"Txn - xn"2 + "xn B ﬁ”z

x, — Tx,)

xn) - xn“ “Zn+1 - ﬁ“
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-2(1-a,) w{x,-p.I-T)x,-(I-T)p)
+ 206n ”f (xn) - xn“ ||Zn+1 - ﬁ“

(by the inverse strong monotonicity
of (I-T), Lemma 9)
< (1= o) @[ Tx, = x| + [, - 2
-(1-a) @ -T)x, - (1 -T) 7
+ 20, [ £ (%) = %] 201 = P
= %= - (- )01~ (1-a,) 0]

x ”xn - Txn||2 + 206” “f (xn) - xn" ||Zn+1 - ?"

(43)
and hence

“xn - Txnuz

0<(l-a,)w[l-(1-0,)w]
< s = 21 + e, - BI° (44)
+ 2‘Xn "f (xn) - xn” ”Zn+1 - ﬁ“ :

Passing to lim sup,,, the last member goes to zero thanks to
Step 1, to boundedness of (x,,),, and (41). So we obtain

w(l-w) lirrln [[x, = Tx,|| = o. (45)

From this immediately we have also ||z, - Tz,|| — 0.
From Step 2 and Lemma 8(i) we obtain
p

limsup ((I - x,—p) >0. (46)

Moreover, from Step 2 and Lemma 8 we also have

limnsup ((I-f)p.z,-p)=0. (47)

Step 3. One has z, — p.
Proof of Step 3. By using the auxiliary sequence (z,),,, we can
write x,, as

- ﬁn) En’ (48)

Xp+1 = zn+1 + (1

where E,, =
0

(1-e,)(S,x, —T,x,) is a bounded sequence and

”xn_znu < (1_ﬁn)o(1)’ (49)
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[z =PI = o (f () = ) + (1 = @) (T, = DI

= (1- ) ITx, - 2l + @] £ (x,) - B
&) (f (%) = P Tox, — P)

< (1-2a, +2) |, = I + a2l f () - 7]
&) (f (%) = £ (P), Tx, — )
a,) (f (P) = D: T, — D)

< (1-20, + ) [0, = B + &5 () - B

+ 20, (1 -

2

+ 2, (1 -

+ 2, (1 -

+ 20, (1-a,) pllx, - I
+ 20‘71 (1 - ‘xn) <f (?) - ﬁ’ wan - xn)
+ 20‘71 (1 - ‘xn) <f (ﬁ) - 5’ Xn — §>

IN

[1-2a, +a +2a, (1-ax,) p]

x (%5 = 2l + 1z - BI)’

a,) (f (P) = P> T = %)
a,) (f (P) = P»x,— P)
+ag| e - I

= [1-2a, + o + 20, (1 -
+(1-B,)0(1)

a,) (f (P) = P> T = %)

a,) (f (P) = P x, — P)

ol f (x,) - I

+ 20, (1 -

+ 20, (1 -

(xn) P] ”Zn - ﬁ”z

+ 20, (1 -

x 20, (1 -

(50)
So putting 8, = a,[2 — a, — 2p(1 - &,)], 3, = (1 = B,)O(1),
and
0,=2(1-a,) (£ (B) - P> Tk — %,)
+2(1-a,) (f (P) - %~ P) + | f (%) - B

(51)
one has easily that §,, € (0,1), Y, 5, = 00, Y, ,, < 00, and

lim sup o,, = lim sup (x,,
n n

-pf(P)-p)<0. (53
Thus, we can rewrite (50) as

—2 —12

"zn+1 - P" < (1 - 871) “Zn - P” T 6,0 + Vo (53)
This is sufficient, for Xu’s Lemma 6, to conclude thatz, — p.
Lastly, by (49) immediately follows x,, — p.

Proof of (ii). Rewrite x,,,, as

Xny1 = (xnf (xn) + (1 - (Xn) wan + :BnEn’ (54)

where E,, =
O(1)).
Now,

(1 - a,)(T,x, + S,x,) is bounded (i.e., ||E,| <

llov, f (x) + (1 = et,) (1 — @) x,
a,) wSx, + BE, — f)“z
= "[(1 - an)w(sxn - xn) + X, - ﬁ]

+ [“n(f (xn) - xn) + ﬁnEn]Hz
(by the well known inequality

e = B =

+(1-

[« + y”z <lxl*+2{(y,x+ y))
< "(1 - (xn) w (an - xn) + X, - ﬁ”z
+ 2(xn <f (xn) - Xn+1 P> + /3n
<(1- “n)2w2||3xn - xn||2 + |lx. - ?Il2
_2(1 _(xn)w<xn _an’xn _ﬁ>
+ 206n ”f (xn) - xn“ ||'xn+1 - ﬁ" + Bno (1)
(by (c) of Theorem 4)

(1= a,) @’ [[8x, =, + |, - I’
—2(1-a) @b, = S5, - S, - 5%,

_15" +ﬁno(1)

IN

+ 20, | f (6a) = 2l s
= [~ ~ Al

1)’ - (1-a,)

+ 20, [ f (x) = %all [0
= [~ - A

-(l-a)o[1-(1-a,)

+ 20, | f (60) = Xl s

w] ||xn - an"2

_ﬁ"-'.ﬁno 1

w] ||x, - an"2

- f)" + Bno (1)
(55)

and hence
(I-a)o[l1-(1-a,)w]

=20, || f (%) = x| [ %01 = P (56)

- BO) < |x, - Bl

”xn - an“z

= %1 = BI"

Now we distinguish two alternatives.



Alternative 1. (||x,, — pl),, is definitively nonincreasing.

Then there exists lim,,[x, — f)llz and so, passing to the
lim sup in (56), we obtain

||xn - an" — 0, ||xn - wan” =w ||xn - an" — 0.

57)
By Lemma 8(ii) it follows that
(I-f)px-p)=0. (58)
So
s = BI° = s, (f () - P)
+ (1= )8y = P)+ BB
< floy (f () = B) + (1 = ) (S, = P’
+B,0(1)
= (1=, |Suxu =PI + @30 V)
+ 20, (1 - a,) (f (x,) = P> So%, = P)
+,0(1)
(by the quasi-nonexpansivity of S,,)
< (1-2a, + ) |x, - p|* + 2O (1)
+B,0(1)
+ 20, (1= a,) (f (x,) = £ (P)>Sux = P)
+ 20, (1= a,) (f (P) = P>SuX, = D)
< (120, + o) + 200, (1 - ) p) |, = B
+a0 1)+ B,0(1)
+ 201, (1= o) (f (P) = P> S = %)
+ 20, (1= a,) (f (P) = P»x, = P)
= (120, + o) + 200, (1 - ) p) |, = B’
+a0 (1) +a, [[Sox, — x,] O (1)
+ (=) (f (P) —P>x,— P)]

+B,0(1).
(59)

So, as in Step 1, thanks to (57), (58), and Xu’s Lemma, we
obtain x,, — p.

Alternative 2. (|| x,, — pll),, is not definitively nonincreasing.

This means that there exists a subsequence (x,, ), such
that

ot sl @
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Then, thanks to Maingé’s Lemma, we know that there exists a
sequence of integers (6(n)),, that satisfies the following.
(i) 6(n) is nondecreasing, (ii) 6(n) — oo, (iii)

=2 =2 . ~ ~
x50 = PI™ < X5(my41 — PII7> and (iv) llx,, =PIl < %5541 = Pll>
forall n > n,.

Consequently,

0 < lim inf 541 = Pl = x50 = 2
< lim sup Ixs0+1 = Bl = %50 = P
<lim sup |x,., = | = . - |

< lim sup llov, (f (%) = Swxn) + (X = P) + BuEn|

(61)
=[x - 7l
(by the quasi-nonexpansivity of S,)
< limsup@,0 (1) + |x,, - |
+B,0M - |x, - pf =0
So
lim ([lxsn1 = Pl = %, = ) = 0. (62)
If we rewrite (56) as
(1-a)w1-(1-a,) o] |x, - Sx,|’
<40 M+BOM + =PI = e =B
<a,0(1)+B,0(1)
+ (Ix = 2l = |1 = B O D),
then (62) implies that
%501y = S| — 0 (64)
and this, in turn, by using Lemma 8(ii), means that
limsup {(I - f) P>y, = ) 2 0. (65)

At this point it is clear that we can continue as in Alternative
1 and we obtain [|xs,, — pll — 0.
Then (62) furnishes

%501 = P — 0, (66)

and finally by property (iv) of Maingé’s Lemma, that is, ||x,, —
Pl < lxs¢my+1 — Pll, for all n > ny, we point out that x, — p.

Proof of (iii). Let be p, as in (iii) of Lemma 8; that is,

((I=f)pox—po) =20, Vxe€Fix(T)NnFix(S). (67)
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Now,
“Unxn - Po||2 = “:Bn (wan - pO) + (1 - ﬁn) (wan - PO)"2
= ﬁn“wan - pO"2 + (1 - ﬁn) “wan — Do “2

2

- ﬁn (1 - ﬂn) "wan - wan"

(by the quasi-nonexpansivity of T,
by quasi firmly nonexpansivity

of S, and Theorem 4 (i))
< ﬁn“xn - pO"2 + (1 - /-;n) "xn - p()”2
- (1 - ﬁn) (1 - w) "xn - wan"2

- ﬁn (1 - ﬁn) "wan

- wan"2 .
68

= Il = poll” = (1= B,) (1 = @) x5, = S, |
- ﬂn (1 - ﬁn) "wan

- wan"z .
69

0
%1 = Poll” = lovs (F (%) = o)
+(1-a,) U, = po)l’
< U, = poll” + e, (2,0 (1) + O (1))
< by (68)
< % = ol = (1= B,) (1 = @) | x,, = S, %,

- ﬁn (1 - ﬁn) "wan - wan”Z‘
(70)

From this we derive the following inequalities:
(1= B,) (1 = @) |, = S,
< . - Po”2 = %1 = poll + 2,0 (1),
Bo (1= B Ty = Sl

< "xn - p()”2 - "xn+1 - pOUZ + OcnO (1) .

(71)

Now, also here consider two alternatives.

Alternative 1. (||x,, — pyll),, is definitively nonincreasing.
Then there exist lim ||x,, — poll and (|llx,.,; — poll — llx, —
poll) — 0.
So, passing to the lim sup in (71), the assumption
lim inf, 3,(1 — f3,,) > 0 yields:

||xn - wan” — 0,
(72)
||wan - wan” — 0.

9
Moreover, x,, — S, x,, = w(x, — Sx,,) so,
"xn - an" —0 (73)
and T, x, — S,x, = w(Tx, — Sx,) so
"Txn N an" —0 (74)

so that from x, - Tx,, = x,, —Sx,, + Sx,, — Tx,, it follows at once
that

"xn - Txn“ — 0. (75)
From Lemma 8(iii) we obtain
lim sup ((I - f) po» X, = Po) = 0. (76)

Further, from U, x,,—x,, = B,(T X, —x,) + (1= B ) (S, %, —X,,)
we get

“Unxn - xn" — 0. (77)

Now we are able to show that x,, — p,.
Indeed,

s = poll” = 11 = @) (U, = o)
+ o, (f (%) = po)II’
= (1=, U = pol”
+ e f (x,) = o’
+2(1 - o) o, (Uyx, = pos f (%) = po)
< (1-20, + ) |, - poll’
ol (%) - poll’
+2(1 - o) o0, (Uyx, = pos f (%) = £ (po))
+2 (1= a,) &, (Upx, = pos (o) = Po)

IN

[1 - 2w, + oci + 20, (1 - a,) p] (B p0||2

+ o f () = poll”
+2 (1 - (Xn) Xy <Unxn - xn’f (Po) - P0>

+ 2(1 - ‘Xn) Xy <xn - PO’f(pO) - p0> .
(78)

So,putd, = a,[2 -, - 2p(1 — )], 0, = o, || f(x,,) — Po"2
+ 2(1_an)<Unxn_xn>f(PO)_pO> + 2(1_“n)<xn_p0’ f(pO)_
po) one easily has 8, € (0,1), Y,6, = oo, limsup,0, =

lim sup, {x,, — po, f(Py) — Po) < 0,and
"xn+1 - pO"2 S (1 - 8n) “xn - pO”2 + %,0,. (79)

This is sufficient, for Xu’s Lemma 6, to ensure that x,, — p,.
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Alternative 2. (| x,, — poll),, is not definitively nonincreasing.
This means that there exists a subsequence (||x,, — poll) f
such that

||xnk - pO“ < "xnkﬂ - Po" . (80)

Then, thanks to Maingé’s Lemma, we know that there exists a
sequence of integers (§,,) that satisfies the following.

(i) 6(n) is nondecreasing, (ii) 6(n) — oo, (iii)
Ixsem = ol < IxXsgysr = poll®s and () Ix, = poll <
Ix5ny41 = Poll®s for alln > n,.

Consequently,

0 < lim inf %5041 = Poll = %50 = 2ol
< limnsup Ixs60+1 = Poll = %56y = Poll
< limnsup %1 = Pl = %0 = P

< limnsup ["‘Xn (f (xn) - pO) + (1 - an) (Unxn - pO)“

=[x, = pol ]
< limsupa, || f (x,) = pol| = [lxx = pol|] = 0.
(81)
Hence
lim (5041 = Poll = %56 = Pol) = 0. (82)

So, passing to lim sup on §(n) in (71), one obtains, as in the
Alternative 1,

50 = S5 — 0,
ITeXs0n = SuXsimll — 0,
x50 = Sxo0 | — 0,
(83)
|50 = Sx50 | — 0,
%500 = Txsn | — 0,
1Us %50 = *s0 | — O-
Again from Lemma 8(iii) it follows that
lim sup (I = £) po> X5 = Po) 2 0. (84)
Following the reasoning of Alternative 1, one obtains that
s = poll — 0 (85)

Then (82) furnishes [|x5,,,; — poll — 0 and finally by the
property (iv) of Maingé Lemma; that is,

I = Poll < %561 = Pol (86)
we obtain x,, — p, as required. O

Remark 12. The main result of this paper contains as a
particular case the positive answer to the question raised by
Kurokawa and Takahashi page 1567 in [26].

Abstract and Applied Analysis

Remark 13. Our reasoning, different from that of Tian and Jin
[27] and Deng et al. [28], has allowed us to prove our results
without having w < 1/2.
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