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We study the existence of solutions and optimal controls for some fractional impulsive equations of order 1 < & < 2. By means of
Gronwall’s inequality and Leray-Schauder’s fixed point theorem, the sufficient condition for the existence of solutions and optimal
controls is presented. Finally, an example is given to illustrate our main results.

1. Introduction

In this paper, we study some fractional evolution equation
with finite impulsive:

‘Dix(t)=Ax(t)+ ft,x () +B()u(t),

te]=[0b], t#t;,

Mx(b) = L (x(5),  AX (1) =L (x(5)), O

k=1,2,3,...,m,

x (0) = x,, x' (0) = x;,

where CD? is the standard Caputo fractional derivative of
ordera,b>0,1 <a<2,and A: D(A) c X — X isasecto-
rial operator of type (M, 0, «, i) defined on a complex Banach
space X. Let f: ] x X — X be a given function satisfying
some assumptions that will be specified later. The function
I, : X — Xiscontinuous and 0 = t, < t; < t, <

C <t < e < b, = T Ax(ty) = x(ty) — x(t;), where
x(t{) and x(t;) denote the right and the left limits of x(t)
att = ti(k = 1,2,...,n), and respectively, Ax'(;) has the
similar meaning for x' (¢, ). The control function u is given in a
suitable admissible control set U, 4; Bis a linear operator from

a separable reflexive Banach space Y into X. The associated
cost functions to be minimized over the family of admissible
state control pairs (x, u) are given by

F(x,u) = L ZL(t,x(t),u(t))dt. (2)

For the last decades, fractional differential equations have
been receiving intensive attention because they provide an
excellent tool for the description of memory and hereditary
properties of various materials and processes, such as physics,
mechanics, chemistry, and engineering. For more details on
fractional calculus theory, one can see the monographs of
Miller and Ross [1], Podlubny [2], and Kilbas et al. [3] and
the references therein.

Recently, impulsive differential equations have been
proved to be valuable tools in the modelling of many phe-
nomena in various fields of engineering, physics, and eco-
nomics. The reason for the interest in the study of them is
that the impulsive differential systems can be used to model
processes which are subjected to abrupt changes and which
cannot be described by the classical differential problem. For
example, Liu and Li [4] utilized the well-known fixed point
theorems to investigate the existence and uniqueness of solu-
tions for the nonlinear impulsive fractional differential equa-
tions. Shu and Wang [5] studied the existence of mild
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solutions for fractional differential equations with nonlocal
conditions of order 1 < o < 2:

t

Diu(t) = Au(t) + f (t,u(t)) + Jo qt—s)g(su(s))ds,

te]=1[0,T],
u (0) + m (u) = u,, u’(0)+n(u):uleX,

(3)

where D;' is Caputo’s fractional derivative of order 1 < « < 2
and A is a sectorial operator of type (M, 0, , p).

In [6], Dabas and Chauhan researched the existence and
uniqueness of mild solution which is expressed by Mittag-
Leftler functions for an impulsive neutral fractional integro-
differential equation with infinite delay:

‘D [x (1) + g (t,x,)]

=Alx(®)+g(tx)] + T f (t,x,, Bx (t)),
tel=[0,T], t#t, (4)

Ax(tk):Ik(x(tk)), k:1,2,...,m,

XO:(pE%h’

where ‘D denotes the Caputo fractional derivative of order
0 < a < 1. Bazhlekova [7], Li and Peng [8] were concerned
with the controllability of nonlocal fractional differential
systems of order 1 < « < 2 in Banach spaces. Wang et al. [9]
discussed the new concept of solutions and existence results
for impulsive fractional evolution equations.

To the best of our knowledge, the system (1) is still
untreated in the literature and it is the motivation for the
present work. The rest of this paper is organized as follows.
In Section 2, some notations and preparations are given. In
Section 3, mainly some results of (1) are obtained. At last, an
example is given to demonstrate our results.

2. Preliminaries

In this section, we will give some definitions and preliminar-
ies which will be used in the paper.

Firstly, we will define PC(J, X) and PC (7, X). The norm
of the space X will be defined by |- [|lx; let C(J, X) denote
the Banach space of all X-value continuous functions from
J = [0,T] into X, the norm | - ||. = sup{|l - [|x}. Let another
Banach space PC(J,X) = {x : ] — X,x € C((ty>trs1], X),
k = 0,1,2,...,n, there exist x(t), x(t{), k = 1,2,...,n,
and x(t;) = x(t;)}; the norm x| pc = max{sup ||lx(t + 0)I|,
sup lx(E-0)}.PC*(J,X) ={x:] — X,x € Cl((tk,tk+1],X),
k=0,1,2,...,n thereexist x'(t}), x'(t;), k = 1,2,...,n,and
x'(t;) = x'(t)}, the norm [|xllpr = sup{llx(®)ll pe, I1x" (1)l p -
t € J}. Obviously PC(J, X) and PC!(J, X) are Banach spaces.

We denote by L?(J, R) the Banach space of all Lebesgue
measurable functions from ] to R with ||fll;r =

(J, 1fw)1ran)”.

Abstract and Applied Analysis

Let us recall some known definitions of fractional calcu-
lus; for more details, see [1-3, 10].

Leta, > 0;thenn—-1<a<nn-1<f<nand fisa
suitable function.

Definition I (Riemann-Liouville fractional integral and deriv-
ative operators). The integral operator I is defined on
L,[a,b] by

I f (x) = ﬁj (x-0)'f@)dt, (a<x<b). (5

The derivative operator is defined as D f (x) = D’(I)™%) f (x),
where D)) = d"/dt" and

1P f (x) = 19 f (x). 6)

Definition 2. Caputo’s fractional derivative of f(x) of order «
is defined as

D f (x) =

r (-t P yde. (7)

a

I'(n-«)
If a = 0, we can write the Caputo derivative of the function
f(t) € C"[0,00), f : [0,00) — R via the above Riemann-
Liouville fractional derivative as

n-1_k

ORDRTA (0)] S®

‘DY f (x)= "'D"

Definition 3 (see [11]). Let A: D(A) ¢ X — X be asectorial
operator of type (M, 0, a, ) if there exists 0 < 0 < /2, M >
0, 4 € R, such that the a-resolvent of A exists outside the
sector:

#+SG={[4+A:/\€C,|A1’g(—M|<9}’

©)
Ja-47" < )L]\fﬂ, A ¢S,

Theorem 4. According to Lemma 2.6 in [4], one can get that
ifu(t) € PC*(J, X), then

I7°Dlu(t)
u(t) - tu' (0) —u(0),
k
u(t) - ;Ii (u(t))

k
—; (t—t) I (u(t;) —tu' (0)—u(0), te (tyti]-

telot],

(10)
Proof. Ift € [0,t,], then
I17°Dlu(t)
RN C
_r(q)JO(t s) F(Z_Q)JO(S )" (1) dr ds

1 "o ! -1 1-
= —F(q)F(Z—q) Lu (T)j (t-9)1"(s-71) 1dsdr

= Jtu" ()t =1)dr =u(t) — tu' (0)—u(0).
' ()
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Ift € (tk’tk+1]’ k > 1, then
17Dy (t)

S
I'(q)T(2-q)

:; i AT ! $ _ 1-q, It
I(gT(2-9) L (t=s) L(S ) W (1) drds

k-1 1 tis 1
- _ 1
" LTt e-a) L (=)

X J (s—)" %" () drds
0

J (t—s)* ‘j (s—1)" " (r)dr ds
0

; ' AT s _ lq n
+r(q)r(z_q)L(t ) L(s 7)™ (v) dr ds

=;)J (t—s)* 1L( - (1) drds

I'(q)T(2-¢
k-1 1 tiv1 1
L TITE D O

i=1

i—1 tin s
X Z J- ' (s—1)™ " (1) dT+J
j=0tj t

i

(s—)™ " (1) dT] ds

e b
[s

j=0

(s—1)" " (1) dT+JS (s=7)" " (1) dr} ds
%

—; "o f a1 ri-q
_F(Q)F(Z—q)Lu (T)dTL (t-9)T (s—1) s

k-1i-1

+ZZ—F DTG q)J u (1)drt

i=1 j=1

i1
X J (t - s)T (s — 1) ds
t
ti+1

Zr<q)rz gl @

i1
X J (t
T

— )T s - 7)'ds

o 1 fn1 "
F LTI L W ndr

X r (t—)T"(s—1)"ds

mj ! (T)dfj (t-s)T"(s—1)"ds

3
k k
=u(t)= Y L(u(t) =Y (t-t) I (u(t;)
i=1 =1
—tu' (0) - u(0),
(12)
where
J-t (t —s)T (s — 1) "ds
1
=(t-1) I (1-2)1"z"dz
' (13)
~ ~ I(2-9)T(q)
=(t-1)B(2-g.q)=(t- T)m
I'(2-g)T
- (t—T)% =({t-1)T(2-q)T(q);

with the help of the substitution s = z(t — 1) + 7, the proof is
completed. O

Lemma 5 (see [12]). Let x € PC(J, X) satisfy the following
inequality:

Ix @Ol < ¢ +%J - x@lds+ Y b |x(8)]

0<ty<t
(14)
where ¢, c,, and hy. > 0 are constants. Then

I @1 < ¢,(1+ H'Eg (T (B) £*)) Ey (6T (B) )

fort € [titi],
where H* = max{h; : k =1,2,...,m}.

(15)

Theorem 6 (Holder’s inequality). Assume that p > 0,q > 0,
and1/p+1/q=1;if f € LP(Q) and g € LU(Q), then f - g €

LY(Q) and 1 fgll1 0y < 1f oo 1l oo

Theorem 7 (Arzela-Ascoli theorem). If a sequence (f,) in
C(X) is bounded and equicontinuous, then it has a uniformly
convergent subsequence.

Remark 8. A subset F of C(X) is compact if and only if it is
closed, bounded, and equicontinuous.

Theorem 9 (Leray-Schauder’s fixed point theorem). IfCisa
closed bounded and convex subset of Banach space X and F :
C — Cis completely continuous, then F has a fixed point in C.

3. Existence and Uniqueness of Mild Solution

In this section, we will investigate the existence and unique-

ness for impulsive fractional differential equations with the

help of Schauder’s fixed point theorem and someone else.
Firstly, we will make the following assumptions.

H(1) The function f: J x X — X satisfies the following.

(i) f is measurable for all t € J.



(ii) There exists a constant L, > 0 such that
I ftx)— ft, I < Lellx = yll, forall x, y € X.

(iii) There exist a real function ¢(t) € Ll/”(], R"),ye€
(0, @), and a constant 6 > 0, such that || f (¢, x)|| <
é(t) + 0||x|, fora.e. t € Jand all x € X.

HQ2) I, I} : X - X (k=1,2,...,m) satisfies the follow-
ing.

(i) I and I} are continuous and map a bounded set
to a bounded set.

(ii) There exist constants i, > 0,h; > 0 (k = 1,2,
..,m) such that

I ) = L W < e lx = 5], oy eX,
(16)
I ) - <k llx=y], xyeX
Specially, if y = 0,
I (%) = L (O)| < By llxll,  x € X.
(17)
L) - 0)) <hglxll, xeX.

We can make [|I(0)]| = sup{|lI,(0)|, k = 1,2,...,m},
117 (0)]l = sup{I; (0), k=1,2,...,m}.

H(3) Operator B € L(J, L(Y, X)) and bounded, so there
exists My > 0, | B|| < M.

H(4) The multivalued maps U : ] — P/(Y) (where P;(Y)
is a class of nonempty closed and convex subsets of Y)
are measurable and U(+) € Q, where Q is a bounded
setof Y.

Set the admissible control set:
Uag=Sh=1{uel’(J,Q) :u@t) eU®ae}. (18

Then, U, # 0 (see Proposition 2.1.7 and Lemma 2.3.2 of [13]).
And it is obvious that Bu € L*(J, X) for all u € U,,.

According to Definitions 1-2 and Theorem 4, without loss
of generality, lett € (t,t;,,]and 1 < k < m—1,by comparson
with the fractional differential equations given in [4, 5, 8, 9,
12]; we will define the concept of mild solution for problem
(1) as follows.

Definition 10. A function x € PC'(J, X) is said to be a
solution (mild solution) of the problem (1) such that

x (1) = S, () xo + Qq () %,
k k

+ XS (E=t) L (x (1)) + 2. Qu (e = 1) ] (x (1)

i=1

+ r T,(t-1)(f (1,x (7)) + B(r)u(r))d1,
0
(19)
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where

1 At ya—1 o
t) = — A R(A% A)dA,
Sa () 2mi Le ( )
Q, (1) = —— J MAZR(AY, A) d, (20)
27i Je

T (t) = zim J MR(A%, A) d),

with ¢ being a suitable path such that A% ¢ py + Sy for A € c.
For more details, one can see [5].

Lemma 11 (see [5]). For any fixed t > 0,S,(t), Qu(t), and
T, (t) are compacted and bounded operators; that is, for any
t20,

IS 0] < M,

[Q. @] < M, IT, ®] <M. (2

Theorem 12. If the assumptions H(1), H(2), H(3), and H(4)
are satisfied and Lemma 5 and (1) is mildly solvable on [0,b],
then there exists a constant w > 0 such that ||x(t)| < w, for
all t € ].

Proof. If (1) can be solvable on [0,b], we may suppose x(t) is
the mild solution of it, so x(t) must satisfy (19).
From Theorem 6, we also get that

llx (D)1 < [[Sq () x| + [|Qq (1) x4

s
e )

+ L IT. (¢ =) (f (7. x (1)) + B(x) u (7)) ] dr

< M (||xo] + [J1])) + Mth | ()] + Mm I )]

i=1

+ MY, Jx ()] + Mo |1° ]

i=1
t
M L [6.(s) + 01x (] dr + MMglull -6

< M (ol + ) + MY, (O 5) e )

i=1

+Mm (ILO) + | I* ()]) + Mb" || @],

t
+ M6 J llx ()|l dT + MMp|ull 2b>.
0
(22)
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Let p = M(Ixoll + llxill) + Mm(IIO) + II7OI) +
MbY |l 1y + MMgllull2b% then

m t
e @l < p+ MY (e + 1) | (1) + MO JO Ix ()l dr.,
ps}
(23)

so it follows from Lemma 5 that
Ix 0 < p(1 + H*E, (MOb))“E, (M6b) = w,  (24)
where
H* =max{M (h +h) :k=1,2,...,m};  (25)
the proof is completed. O
Theorem 13. Assume that the hypotheses H(1), H(2), and

H(3) are satisfied Theorem 12; then the problem (1) has a
unique mild solution on ] provided that

(i(hi+h;‘)+0b>M< L. (26)

i=1
Proof. Transform problem (1) into a fixed point theorem.
Consider the operator F : PCY(J,X) — PC!(J,X) defined
by

k
(Fx) () = Sp (1) Xo + Qu (1) x, + ) S, (t

i=1

—5) L (x (&)

+ZQ (=) I7 (x(t))
+ JtTa(t—T) (f(r,x(@)+B@u(r)dr
° @7)

Clearly, the problem of finding mild solutions of (1) is reduced
to finding the fixed points of the F. The proof is based on
Theorem 9. Now we prove that the operators F satisfy all the
conditions of Theorem 9.

Firstly, choose

M [ (Jxo] + ) + m (I @1 + |7 O]

+0" @)l iy + Mpliull 267

(28)
n -1
X (1—MZ(hk+hZ)—Mb9) <r
k=1
and consider the bounded set B, = {x € PC' :|| x |I< 7}

Next, we divide the proof into four steps.
Step 1. We prove that FB, C B,:

ICEx) (Ol < [|Sa (8) 2| + [|Qu (8) x4
k

S, (t-

i=1

+

) I (x (£))

l

ZQ (= 10) I (x (5))

t
. L ITa =) (f (5. x (0) + B@) u (D)) ] dr

M ([lxol| + lxal) + M Y e e (8]
k=1

+ Mm||IO)]| + MY hy |x (t)] + Mn|I* (0)]
k=1

t
+M L [¢p(7) +O|x (7)|] dr + MMp|lul ;b

< M (|lo]| + [|x.]]) +

Z (e + 1) % (£0)]
+ Mm (L)) + [|[I* 0)])) + Mb" |||,

t
+ M6 J lx (0)|| dT + MMp|ul|2b*
0

< M ([l + ea])) + MB™ ]

+ Mm (|1 O)] + | I* O)]) + MMg|lul-b*

( > (h+h) +Mb9>r§r.
i=1

(29)

Hence, we can make FB, C B,.So F is a contraction mapping.

Step 2. We show that F is continuous.
Let {x,} be a sequence such that x, — xin PCY(J, X) as
n — 00. Then for each t € J, we obtain

I(Fx,,) (t) = (Fx) @)

)i (x, (6)) = 1 (e (85 ))]"

k

2. Qu (= 1) [I7 (x, (1)) -

i=1

+

I (x (t;))]“
t
+ [0 [ (x,0) - fF@x@lldr Go
< MYy [y — ] + MY B ]
i=1 i=1

t
+ ML, L I, () - x (1) d

< [Mihi + Mih;‘ + MLfb] [, = x| -

i=1 i=1



As x,, — x, itis easy to see that

[Fx, - Fa — o,

Step 3. F is equicontinuous on B,.
Let 0 < 7, < 7, < b; then for each x € B,, we obtain

|(Fx) (1,) = (Fx) ()]

<

I1Sa (72) = Sa (71)] o] + [[[Qu (72) = Q (7)] x4|

2 Qu(r = t1) = 2 Qu(r - tk)] I (x (&)

k k

Zsa (1~ 1) - Zsa (1 - tk):| L (x (1)

|

+ JTZ T, (1, - 7) f (r,x (7)) dr

_ J: T, (1, - ) f (1, x (1)) dt

+

JTZ T,(t,-7)B(r)u(r)dr
0

_ J T, (r, - 1) B(r)u(r) dr
0

< [Sa (72) = Suc (D] %o | + 1Qu (72) = Qu (=) 11

Let

355 1) -8, (0]
<O )]+ 1 O

D) CROSRRLRCEA!
<O B )]+ 15 @)

Il

(T, (1, -7) =T, (1, - 7)) f (1, x (7)) dT

(=}

T, (1, —7) f (r,x(1))dr|| denoted by Q,

I
v j
+ JT T, (1, - 7)B(r)u(r)dr

T

(T[x (TZ - T) - TOL (Tl - T)) B (T) u (T) dr

o

1
2
1
2

denoted by Q,.

(32)

1Sa (72) = S (T[] %6 ]| + Q4 (72) = Qu ()] 4]
+ Z IS (72 = ti) = Sa (71 = )|

x (g (£0)] + 1 O

as 1 — 00. (31)
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k
+ Z 1Qq (72 = ti) = Qu (71 = i)
in1
x (h | (Ol + 11 O)])

J'OT1 (Toc (TZ - T) - Toc (Tl - T)) f (T)x (T)) dr

+

| Tt - T - ) B@u@dr

+ .
0
(33)
By Lemma 11, we have
T}LHlTIA =0. (34)
By assumption H(2), we obtain
<M yy + 007 (1, - 1,) 7,
Q< Mgl + 00 (m-n)

2
Q, < MMglull2 (7, - 7,)".

Combining the estimations for A,Q;, and Q,, let 7, — 13
we know that ||(Fx)(t,) — (Fx)(7;) — 0, which implies that
F is equicontinuous.

Step 4. Now we show that F is compact.

Let t € ] be fixed; we show that the set I1(¢) = {(Fx)(t) :
x € B,} is relatively compact in X. From Step 1 and (24), we
know that

IEx (8)] < p(1 + H*E, (M6b))*E, (MOb) = w < co. (36)

Then the set I1(¢) = {(Fx)(t) : x € B,} is uniformly bounded.
From Step 3 and Arzela -Ascoli theorem, we know that the
set II(t) = {(Fx)(t) : x € B,} is relatively compact in X.
Asaresult, by the conclusion of Theorem 9, we obtain that
F has a fixed point x on B,; therefore system (1) has a unique
mild solution on J. The proof is completed. O

4. Optimal Control Results

In the following, we will consider the Lagrange problem (P).
Find a control pair (x°,u°) € PC(J, X) x U,q such that

j(xo,uo) <J(x",u), V(x,u) € PC(J,X)xUy, (37)

where
b
7 (x*,u) :=j P (15" (), u (1)) dt, (38)
0

and x* denotes the mild solution of system (1) corresponding
to the control u € U,,.

For the existence of solution for problem (P), we will
introduce the following assumption.

H(5) The function & : ] x X XY — R U {oo} satisfies the
following.

(i) The function & : Jx XxY — RU{oo} is Borel
measurable;

(if) Z(t,,-) is sequentially lower semicontinuous
on X xY foralmostallt € J.
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(iii) Z(t, x,-) is convex on Y for each x € X and
almost all t € J.

(iv) There exist constants ¢ > 0,d > 0 and ¢ is
nonnegative, and ¢ € Ll( J, R) such that

P (t,x,u) 2 ¢ (t) + cllxlx + dlully. (39)

Next, we can give the following result on existence of
optimal controls for problem (P).

Theorem 14. Let the assumptions of Theorem 13 and H(5)
hold. Suppose that B is a strongly continuous operator. Then
Lagrange problem (P) admits at least one optimal pair; that is,
there exists an admissible control pair (x°,u°) € PC(J,X) x
U4 such that

b
j(xo,uo) = L A (t, 2L @),u° (t)) dt < 7 (x",u), (a0)

V (x",u) € PC(J,X) x U,y.

Proof. If inf{ 7 (x",u) : (x",u) € PC(J,X) x Uy} = +00,
there is nothing to prove.

Without loss of generality, we assume that inf{J(x", u) :
(x",u) € PC(J, X) x Uy} = p < +00. Using H(5), we have
p > —00. By definition of infimum, there exists a minimizing
sequence feasible pair {(x",u")} ¢ P4 = {(x,u) : xisa
mild solution of system (1) corresponding to u € U4}, such
that J(x",u") — pasm — +o0o.Since {u"} CU,q,m = 1,2,
..., {u"} isabounded subset of the separable reflexive Banach
space LP(],Y); there exists a subsequence, relabeled as {1},
and u° € L?(J, Y) such that

W50 in LP(JLY). (41)

Since U, is closed and convex, due to Mazur lemma,
uy € Uy. Let {x"} denote the sequence of solutions of the
system (1) corresponding to {1™}; x° is the mild solution
of the system (1) corresponding to u°. x” and x° satisfy the
following integral equation, respectively:

k
X" (8) = Sq (1) xg + Qo (1) 2y + ) S, (1= 1) L (x" (1))
i=1
k
+ Q=) IF (%" (1))
i=1
+ r T,t-71)(f(r,x" (7)) + B()u" (1)) d1,
0
k
X0 (8) =Sy () X0+ Qu (1) xy + ¥ S, (=) I (x° (1))
i=1
k
+YQ (t-t) I (x° (1))
i=1

+ r T,t-7)(f (r.x" (@) + B’ (1) dr.
0
(42)

It follows the boundedness of {¢"}, {#°}, and Theorem 12;
one can check that there exists a positive number w such that
I < w,)l x° |l < w.

For t € J, we obtain

-+ o]

Zsa (t-t;) [Ii (X" () - I, (XO (t:))] ‘

denoted by 7, (t)

k

2Qu (t =) [I7 (" (1) - 7 (+" (1))

i=1

+

denoted by 7, ()

; Lt I, ¢ =) [f (55" ) - £ (5. ()] de
denoted by #;5 (£)

+J0t ||Ta (t-7) [B()u" (1)-B (1)1’ (7)] || dr.

denoted by #, (t).

(43)
By H(3)(ii), we have
k
m®) =S (t—t)[L(x" () - L (x° (%))]H
=1
< Mihi ”x" - x0|| — 0, asn— 0o,
i=1 (44)
k
0= 30, (-0 [ () -1 ()
i1
< Mih:‘ x" —x0|| — 0, asun— 0o.
i1

Using Lemma 11 and by H(1)(ii), one can obtain

)= [ 6= (" 0) - £ (1 @)

t
<MLj J x"(s) = x° (s)" ds.
0

(45)

Similarly, one has

na () = L |7 ¢t - o) [B@) " (v) - B(1)u° (0)] | d=

t 2
< Mb2<J |B@ " () -B@ ()" 2d1> (46)
0

< Mb2||Bu" - B

L(JY)
Since B is strongly continuous, we have

“Bu” - B’ 2 asn— 0o, (47)

L*(J.Y)



which implies
ny(t) — 0 asn— oo. (48)
Thus
|x" @ - <" @)

(49)
X" (s) = x° (s)] ds,

t
0

<y () +n5() +1,() +MLfI
and by virtue of singular version Gronwall inequality (see

Remark 3.2, in [12]), we obtain

|« &) = <" @) < [ ® + 15 ) + 0y O Ey (ML D).
(50)

This yields that
in PC (J, X) as n — oo. (51)

Note that H(5) implies that all of the assumptions of
Balder (see Theorem 2.1, in [11]) are satisfied. Hence, from

n S 0
X — X

Balder’s theorem, we can conclude that (x,u) — fob Z(t,
x(t), u(t))dt is sequentially lower semicontinuous in the
strong topology of L'(J, X). Since L?(J,Y) < L'(J,Y), 7
is weakly lower semicontinuous on Lf(],Y), and since, by
H(5)(iv), # > —00, 7 attains its infimum at u, € U,4; that
is,

p= lim Jb (X" @), u" 1)) dt
, (52)
> J g(t,xo (1‘),u0 (t))dt = ](xo,uo) > p.
0

The proof is completed. 0

5. An Example

We can consider the following initial-boundary value prob-
lem of fractional impulsive parabolic system:
a3/2

o _
Wx(t,y) = Wx (ty)+e

t

1

+ 1—losinx(t,y) +J q(y,7)u(r,t)dr,
0

te]':[o,l]\{%}, y € [0,7],

ax(57) - 6|+x|gcy()y|)|’

) W)

Ax (E’Y)—m’ y € 1071,
x(t,0)=x(t,m)=0, te]=][0,1],
x(0,y)=x0(y), % (0,y)=x,(y), yelon].

(53)

Take X = Y = L*[0, 7] and the operator A: D(A) c X — X
is defined by

Aw = w", (54)
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where the domain D(A) is given by

! .
{w € X:w,w are absolutely continuous,

(55)
o' € X, w(0)=w(m) = 0}.
Then A can be written as
o0
Aw = an (w,w,)w,, weD(A), (56)
n=1

where w,(x) = 2/msinnx(n = 1,2,...) is an orthonormal
basis of X. It is well known that A is the infinitesimal
generator of a compact semigroup T'(¢)(t > 0) in X given by

(o)
T(t)x= Zexp_"zt (%, x,)x,, x€X,
n=1 (57)
IT®|<e’ <1.

From Theorems 3.3 and 3.4 of [5], we can easily get M = 3,

ftx(ty)=e'+ 1i0 sinx (t,y),

R IO o]
Bu(y) = Ll q(y.7)u(wt)dr.
(58)

Denote x(t, y) = x(¢)(y); then it is easy to see that
_ 1
If & x @) < e+ S Ix @,

1, Geop) < O,

O g (e < 2O,

20

If t.x®) - f Ly ®)] < % - o] (59)
I () = I (y )] < é x|,

* « 1
I @ =5 GO < 55 <=1
Moreover,
3 1,11 19
(;hk+6b>M=<g+%+EXI>X3:E < 1. (60)

Hence, all the conditions of Theorem 13 are satisfied,
system (53) has a unique mild solution.
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