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We consider the initial boundary value problem for the spherically symmetric isentropic compressible Navier-Stokes equations
with density-dependent viscosity coeflicients and discontinuous initial data in this paper. For piecewise regular initial density with
bounded jump discontinuity, we show that there exists a unique global piecewise regular solution. In particular, the jump of density
decays exponentially in time and the piecewise regular solution tends to the equilibrium state exponentially ast — +oo.

1. Introduction

The isentropic compressible Navier-Stokes equations with
density-dependent viscosity coeflicients read as follows:

p; +div (pU) = 0,
(pU), +div(pUeU) + VP (p) 6
—div(h(p) D(U)) -V (g(p)divU) =0,

where t € (0,+00) is the time and x € RY, N is the spatial
coordinate, and p > 0 and u denote the density and velocity,
respectively. Pressure function is taken as P(p) = p? with y >
1, and

V (U)+'V (U)
2

D(U) = )

is the strain tensor and h(p), g(p) are the Lamé viscosity
coeflicients satisfying

h(p)>0,  h(p)+Ng(p)=0. (3)

There is huge literature on the studies of the global exis-
tence of weak solutions and dynamical behaviors of jump
discontinuity for the compressible Navier-Stokes equations
with discontinuous initial data; for instance, if the viscosity
coeflicients h(p) and g(p) are both constants, for the case of
one space dimension, Hoff investigated the global existence of
discontinuous solutions of the Navier-Stokes equations [1-3].
Hoff derived the construction of global spherically symmetric
weak solutions of compressible Navier-Stokes equations for
isothermal flow with large and discontinuous initial data
[4]; therein, Hoff also showed that the discontinuities per-
sist for all time, convecting along particle trajectories, and
decaying at a rate inversely proportional to the viscosity
coeficient. Hoff also obtained the global existence theorems
for the multidimensional Navier-Stokes equations of isother-
mal compressible flows with the polytropic equation of state
plp) = p'(y = 1) [5, 6]. The global existence of weak
solutions was proved for the Navier-Stokes equations for
compressible, heat-conducting flow in one space dimension
with large, discontinuous initial data by Chen et al. in [7].
Hoff showed the global existence of weak solutions of the
Navier-Stokes equations for compressible, heat-conducting
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fluids in two and three space dimensions when the initial data
may be discontinuous across a hypersurface of R" [8]. The
global existence of solutions of the Navier-Stokes equations
for compressible, barotropic flow in two space dimensions
which exhibit convecting singularity curves, was proved by
Hoff in [9].

If the viscosity coefficients h(p) = p%, g(p) = 0, for the
case of one space dimension, Fang and Zhang proved the
global existence of unique piecewise smooth solution to the
free boundary value problem for (1) with 0 < « < 1, where the
initial density is piecewise smooth with possibly large jump
discontinuities [10]. Lian et al. addressed the initial boundary
value problem for (1) with 0 < « < 1 subject to piecewise
regular initial data with initial vacuum state included [11],
where they obtained the global existence of unique piecewise
regular solution and the finite time vanishing of vacuum state.
In particular, they got that the jump discontinuity of density
decays exponentially but never vanishes in any finite time and
the piecewise regular solution tends to the equilibrium state
exponentially ast — +00.

In this present paper, we consider the initial boundary
value problem for the spherically symmetric isentropic com-
pressible Navier-Stokes equations with density-dependent
viscosity coeflicients and discontinuous initial data and focus
on the regularities and dynamical behaviors of global weak
solution and so forth. As y > 1, we show that the initial
boundary value problem with piecewise regular initial data
admits a unique global piecewise regular solution, where the
discontinuity in piecewise regular initial density is bounded.
In particular, the jump discontinuity of density decays expo-
nentially and the piecewise regular solution tends to the
equilibrium state exponentially as t — +oo.

There are also many significant progresses achieved
recently on the compressible Navier-Stokes equations with
density-dependent viscosity coefficients. For instance, the
mathematical derivations are obtained in the simulation of
flow surface in shallow region [12, 13]. The prototype model
is the viscous Saint-Venant equation (corresponding to (1)
with P(p) = p? h(p) = p, and g(p) = 0). Many
authors considered the well-posedness of solutions to the
free boundary value problem with initial finite mass and the
flow density being connected with the infinite vacuum either
continuously or via jump discontinuity; refer to [14-22] and
references therein. The global existence of classical solutions
is shown by Mellet and Vasseur in [23]. The qualitative
behaviors of global solutions and dynamical asymptotics of
vacuum states are also made, such as the finite time vanishing
of finite vacuum or asymptotical formation of vacuum in long
time, the dynamical behaviors of vacuum boundary, the long
time convergence to rarefaction wave with vacuum, and the
stability of shock profile with large shock strength; refer to
[24-26] and references therein.

The rest part of the paper is arranged as follows. In
Section 2, the main results about the existence and dynamical
behaviors of global piecewise regular solution for com-
pressible Navier-Stokes equations are stated. Then, some
important a priori estimates will be given in Section 3. Finally,
the theorem is proved in Section 4.
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2. Notations and Main Results

We will take h(p) = p and g(p) = 0 and D(U) = VU in
(1) for simplicity. The isentropic compressible Navier-Stokes
equations read as

p, +div (pU) = 0,

(pU), +div (pU e U) + Vp! - div (pVU) = 0, W
with the initial data and boundary condition
(P, U) (%,0) = (p,, Up) (x), x€Q, )
Ux,t)=0, x€0dQ, tel0,T],
where Q == {x | 0 < r_ < |x|] £ r,} and r_ and r, are

constants.

We will investigate the spherically symmetric solutions
of the system (4) in a spherically symmetric domain Q and
denote that

x| =7, p(xt)=p(rt), U(x,t) = u(r,t) ;, 6)
which gives the following system for r > 0:

2pu
pit (pu), + == =0,

7)
2pu* 2u
(pu), + (pu’ +p"), + PT - (pt,), - p<7)r =0,
and the initial data and boundary condition become
(P, 1) (r,0) = (pos 1) (), 7 € [r, ], ©
8
u(r,t)=u(r,t)=0, tel0,T].

For simplicity, we consider the initial data with one discon-
tinuous point &, € (r_, r,); namely,

TZPO eL'nwh® ([r-5 &) U (&oo7e]) s

inf >p_ >0,
xE[r,,EO)U(EO,a]p v > P

po (Ey = 0) #py (£ +0), 9)
|Po (& +0) = po (& - 0)| <6,

ruy € H ([r_, &) U (&,7.]),

where p_ and § > 0 are positive constants, and § > 0 is
bounded.
Then, we can give the main results as follows.

Theorem 1. Let y > 1. Assume that the initial data satisfies
(9). Then, there exist two positive constants p,, p* and a unique
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global piecewise regular solution (p,u) to the initial boundary
value problem (7)-(8), namely, satisfying

0<p, <p(rt)<p’,

EM)u (@), ] x[0,T],
EM)UE®,D) o)
EM)UE®,.T)),
EB)UE®,r])

(r,t) €
peLl®([0,T);H ([r_ )
)
2

[r-
(
ueL°°(0T] H' ([r
u, € L*([0,T

wherer = &(t) is a curve defined by

ag(t) _

t>0, 11
ar g (an

u(§(),1), &(0)=4E,
along which the Rankine-Hugoniot conditions hold

[uE®),0] =
)
[ 0.0 = [ (pu + 24) € @0.0)]

where [ f(&(t),1)] := f(&(t) +0,8) — f(E(t) - 0,¢), and along
the discontinuity r = &(t) the jump decays exponentially

lpo G| e < |[p € ®). ]| < |[po ()], (13)

and furthermore, the solution (p,u) tends to the equilibrium
state exponentially

<Ce ™, (14)

(o =P 1) G t)||L"°([r,,£(t))u(£(t),r+])

where C,, C,, C,, and Cs are positive constants independent
of time and p = 1/(r, — r_ )](?p(r, t)r’dr, where )(?

Jf(f) + ry
r &’

Remark 2. Theorem 1 holds for the Saint-Venant model for
shallow water; that is, y = 2.

Remark 3. For the piecewise regular initial data, Hoft [4]
has proved that there is a (piecewise regular) weak solution
to the initial boundary value problem (7)-(8) in terms of
the difference scheme. In addition, there is a curve r =
&(t) starting from £(0) = &, such that the density is
discontinuous cross the curve r = &(t), and the Rankine-
Hugoniot conditions hold

[u@@),n] =
(5)
[ €@.0] = [(pu+ ) € 020)]

To extend the local solution globally in time, we have to prove
the uniformly a priori estimates.

3
3. The a Priori Estimates
According to the analysis made in [27], there is a curve r =
&(t) defined by
dg (t
EO_wew.n,  t0=g >0
along which the Rankine-Hugoniot conditions hold
[uE®).n)] =
17)

" €0.0] = (o, + L) € 0.0)]

where [f(E(1),t)] = f(E&@F) + 0,¢) — fE@F) — 0,8). It is
convenient to make use of the Lagrange coordinates so as
to establish the uniformly a priori estimates and take the
Lagrange coordinates transform

x = J p(r,t) rdr, 1=t (18)
By (18) and the conservation of mass for (p, )

J- ' p(r,t) ridr = J- ' po (1) ridr=1, (19)

the Lagrange coordinates transform (18) maps (r,t) €
[r_,r,] x R"into (x,7) € [0,1] x R*. The curve r = &(t) in
Eulerian coordinates is changed to aline x = x, in Lagrangian
coordinates, where

&)
%= |
r_

and the jump conditions become

&
p(r,t) ridr = J Po (1) rdr € (0,1), (20)

r_

(D] =0, [ (x0)] = [2(7), (0 7)] . @1

The relations between Lagrangian and Eulerian coordinates
are satisfied as

ox 2 ox 2
e = =_ 22
ar T TP @)

and the initial boundary value problem (7)-(8) is reformu-
lated to

Zu)x =0,
ruc+ (), = (P°(Fu),), -

(pu) (x,0) = (po, t4g) (%),
w(0,8) = u(1,t) = 0,

petp(r
2peu

r’ (23)
x €[0,1],

€ [0,+00),



where the initial data satisfies
po € L' ([0, 1) n W ([0, x0) U (x5 1])

inf >p_ >0,
xE[O,xO)U(xO,l]pO P

po (X9 = 0) #py (%9 +0),

o (x50 +0) = py (9 = 0)] < 6,
1

\/%(rzuo)x € L ([0,x9) U (x5 1),

= (PP a(ru),),) € 2 ([0:%) U (5 1))

Next, we will deduce the a priori estimates for the solution
(p, u) to the initial boundary value problem (23). To prove the
a priori estimates, we assume a priori that there are constants
ps > 0 such that

(24)

() € L ([0,x0) U (3o, 1]),

0<p_ <px1)<p,,
(x,7) € ([0,20) U (0, 1]) x [0, T1, (25)
T > 0.

Lemma 4. Let T > 0. Under the conditions in Theorem I,
it holds for any solution (p,u) to the initial boundary value
problem (23) that

1 T 1 2
][ <1u2+Lp’H>dx+J ][ 212+lpzufcr4 dxds
0 4 y—l 0oJo r 2

T e[0,T],
(26)

1 X0 1
where:fo =], +Ixo.

Proof. Multiplying (23), by r*u and integrating the result
with respect to x over [0, 1], it holds from (21) and (23), that

d(/1, 1 y_1> Y
Ejl:o <5M + )}Tlp dx + :[Op (1" u)xdx
(27)

= z{zp(ruz)xdx +2p] (ru2)|

and integrating (27) with respect to 7, we have

1 Tl 2
J: <1u2+pr_l>dx+J :[ <212 +p2uir4)dxds
o\2 y-1 0Jo\ 7

1 T
1, 1 y—l) J 2
= —uy + —— dx+| 2 ds.
f()(zuo SR )| 2] ()], 5( |
28

bl
X=x
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Using (21) and (23),, we deduce

[pl, +[p"] =0, (29)

which gives

1 = I esp - [ 12 as). 50)

It holds from (25) that

Yol < I (31)

From (24), (30), and (31), we have

JTZ (p] (ru2)| ds

0 X=X

T b1 1 1
< 6(1 + p__l) Jo [lpo]] e * (}Ouzdx + {Ouidx> ds

1 T -
<C(1+ pzl) [[po]] sup :I: uzdxj e 5 ds
zefo,11d 0 0

_ Tl
+C (1 + pfl) l[po]| p=2r~* J :[ pruirtdxds
0Jo
1 ) 17 2 54
< - sup{udx+—J ][puxrdxds,
4zefo,m)d 0 2Jo Jo
(32)

where C is a positive constant independent of time and we
assume that

0< |[Po]|
< min {_#pf_l, _;pfrf} = M,.
4C(1+ph) 2C(1+ph)
(33)
From (28) and (32), Lemma 4 can be proved. O

Lemma 5. Let T > 0. Under the conditions in Theorem I,
it holds for any solution (p,u) to the initial boundary value
problem (23) that

1(! 2 N2 I
E][O(u +r px) dx + —l{op dx
Tl
+ yj :[ P’ pirtdxds
0Jo (34)

1
< %:':O(uo + rpox)zdx

R .
+F:|:Op(]; 1dx+C, TE [O,T],

where C is a positive constant independent of time.
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Proof. Differentiating (23), with respect to x, we get

Pt (p'(r'u),) _=o0. (35)
Summing (35) and (23),, it holds
2p,u

- No=(r?) u- 36
(r u+px)r+(p ). (r )Tu . (36)
Note that
r (x,71) = P +3 J ;dz, (37)
0o p(z,1)
and so
Q = lj (l) (z,t)dz
or 2 )o \p/,
(38)
= 1 (rzu) (z,t)dz =u(x,71),
r? 0 z
which together with (36) implies
2
(rPusp), + ("), = 2wl - B2 39)

r

Multiplying (39) by (u+7*p,)r* and integrating the result with
respect to x and 7, it holds that

1(! 2 \2 1 ('
E][o(u+r px) dx + )/Tl][opy_ dx

Tl
+ yj { p' ' pirtdx ds
0Jo
(40)
1(! 2 2 1 ! y-1
= EJ:()(uO +r pOx) dx + FJ:OPO dx

[ (s

From (24), (26), (30), and (31), we have that

11 (7))

1/2

T 1 1
Sé(l+p:2)J pl’—l |[P]|<][ uzdx+)( uidx) ds
0 0 0
T -1 1
< 6(1 +pj2) JO I[Po]le’”’z s(Pf(H) +{0u2dx
1
+ p:2r24][ pzuir“dx) ds
0
<C(1+p2) (o] (p27p20 7 4 p2 7 4 p707) < C,

where C is a positive constant independent of time and we
assume that

0 <|[poll
y-1 2(1-y) y—-1 2 4
< min {p_ P+_2 , = =0 p_r__z } = M,.
(1+p2) " (1+p2)" (1+p72)
(42)
The proof of (34) is completed. O

Lemma6. Let T > 0. Under the conditions in Theorem 1, there
exists a constant p* > 0 such that

0<p(x,1)<p’, (x1)€[0,1]x[0,T].  (43)
Proof. It follows from (19) and (34) that

p(x,7) = p(r,1)

< } +p(r,t)dr+][+ lp, (r21)] dr

r

< rzz{np (r,t) rdr + r:zfnpl/z |(p1/2)r (r, t)' r*dr

r

T, 12 s cr, 2 1/2
£C+C<} przdr> (} (pl/z)r (r,t)l rzdr>

r_

< C+Cmax <J:1|px (x, T)|2r4dx>l/2 <G,
0 (44)
which yields
p(x,7)<C:=p". (45)
Thus, we can choose p, = p* + 1 to have

(x,7) € [0,x5) N (x5 1] x [0,T].
(46)

O

0<p(x1)<p" <p,,

Lemma 7. Let T > 0. Under the conditions in Theorem I,
it holds for any solution (p,u) to the initial boundary value
problem (23) that

1 T 1l 2n
{ uWdx + J ][ (u_2 + pzuzn_zuir4) dxds < C(T),
0 oJo\ 7
(47)

for any positive integer n € N, where C(T) is a positive constant
dependent of time.

Proof. Multiplying (23), with r*u*"""

over [0, 1], we have

% ][1 u_zndx + J:lpz (rzu)x(rzuznfl )xdx

02n 0

_ J:l (Py(rzuanl)x +p(2ru2n)x)dx (48)

0

+2[p] (ruzn)

Since it holds that

(r2u)x(r2u2n—l )x

2u 2 21/!2”_1 2 2n-2
=== m—1
<pr+rux>< or +@2n-1)r"u" "u, (49)

m-1
4" a2 4 AnuT T ur

X
P2 T'2

, integrating by parts

x=x,

+@n-Du" ur + ———,
P



it follows from (48) that

1,.2n 1,.2n
-i{ZLwM+2{z—dx+@n—D}
dr)o2n or

2 2n-2 2 4
u"  uridx

Py luZn—l 1
= 2} L dx+(2n- 1)][ P " Pu P dx
o T 0

+2[p] (ruzn)'

B :[lu_hldx-i_:l;l 2u2n 2 2 4dx+C|| "2(y 1):|: zn_zdx
= B p .

or

X=X

+2[p] (ruzn)'

x=xo
(50)
which together with (43) and Young’s inequality yields
1 1,,.2n
i:[ uzndx+{ u—dx+2(n— 1){ =2 2 rdx
drl)o or 0
(51)

<C+ C}luzndx +2[p] (ruzn)i
0

b
X=X

and applying the Gronwall’s inequality to (51), we can obtain
1 T 1, 2n
:[ udx + j { u—zdxds
0 0oJor
Tl
+2(n- I)J Jﬁ P it dx ds (52)
0
<C(T) +ZJ (p] (ru )|X=x ds,

where C(T') is a positive constant dependent of time. It holds
from (24), (26), (30), and (31) that

In
al

(1467) [l

1 1
X ({ uzndx+{ un? 2dx>ds
0 0

1 T 1
< 6(1 +p:1) I[po]| sup J uzndx:[ e ds
0

€[0,T] JO

+C(1+pY)|[po]| p7r~" J‘ J: Pl dx ds

1 1 -1 (" 1
— sup } uPdx + = J ][ Pl Ul dx ds,
2 efo,r1d 0 2 JoJo

(53)
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where C is a positive constant independent of time and we
assume that

0 < [[po]l
< min {+ 1/—1, A,(rl;l)pfrf} = M3.
2C(1+p7h) 2C(1+p7h)
(54)
From (52) and (53), we can deduce (47). O

Lemma 8. LetT > 0, forn € N, andn > 1/2(y — 1). Under
the conditions in Theorem 1, it holds for any solution (p, u) to
the initial boundary value problem (23) that

T
2n(y-1), 2n
L ”P u “L”([O,xg)u(xo,l])ds =C(@), (55)

T
y 212n
wakﬂummwmmmsaﬂ,TGMH,
(56)
where C(T) is a positive constant dependent of time.

Proof. By means of Sobolevimbedding theorem and Cauchy-
Schwartz inequality, applying (34), (43), and (47), we get

2n(y-1), 2n
J ||P u L"O([O,XO)U(JCO,I])dS

T 1
< J- :|: |P2n(y—1)u2n
0Jo

Tl
<C(M+ CJ { PV |t dx ds
0Jo

dxds + JT :F |(p2"("71)u2”)x| dxds
0

0

Tl
+C J J: p> D |u2"71ux| dxds
0Jo

Tl
<C(T)+ CJ { pfcr4dxds
0Jo

+C JT flpz(zn("_l)_l)u“"r_‘ldx ds
0Jo
. JTJ: p2(2n(y 1)- 1) 2n _4dxds
0Jo
T
+ J f Pl 4dxds<C(T)

(57)

Next, we find that

T

pur’ = pout” g — U — J (Py)x”zds’ (58)
0
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which together with (43), (47), and (57) gives

Jor ||'(py)xr2|2

_ an JT llpzn(y—1)|er2.2n
0

=" Jo Pzn(yil) Pox” + g —
s 2n
—J (p"), rdl ds
0 e
(59)
<[ 16 v+ )
T s 2n
+CJ pzn(y_l)(J (py)xrzdl> ds
0 0 Lo
<C()+ CI "pZ” v 2 Lmds
+C(T) J J ("), ds,

and applying the Gronwall’s inequality to (59), we obtain (56)

Lemma?9. LetT > 0. Under the conditions in Theorem 1, there

exists a constant p, > 0 such that
p(x,1)=p, >0, (x,7)€[0,1]x[0,T].

Proof. 1t is easy to verify

1 (%
piyﬂm (1) = — J PV (x, 1) dx
0

0

P2 js(t) 0 /2
> r,t)r-ar

rixg \Jr p

TE & d (y+3)/ .
= ryrdr >0,

r2 <X J Po (1)

e W ([0,T]).

P 2
(y+1)/2 (y+1)/2
- T
HP P 12([0,x,))

Indeed, it holds that
J’ P02 _ 07 2
0 t 12([0.x0))

< J." }’+1/2 "L2 Oxo))

O

(60)

which together with (23), (34), and (43) gives

- 2
(y+1)/2
CER) P

<+ 1) JO L 0 <P(y+1)/z B p](jH—l)/Z (S))

d

-

@+1)/2

ds

x pV V2 p dx|ds
) JO L 0 (p(y+1)/2 _ p£y+1)/2 (s)) (64)

X <p£y+1)/2 (s)) dx|ds

T X
<C J J ( P2
0 Jo

T (X 2
+CJ { (u—+p2u2r4>dxdssC.
r?

0Jo

- 2
- péyﬂ)/z (s)) dxds

Similarly, we can obtain

ll P2

where we have used

e Wb ([0,T]), (65)

y+1)/2
A, (]

1
1 - %o I P (x,7) dx
2 r . (y+3)/2

> — ) rod
il ACCLCO B

1)/2
o (1) =

1"2 r, (y+3)/
= — <j (r) rzdr) > 0.

r+2-x0 0 Po

By Gagliardo-Nirenberg-Sobolev inequality, (62), and (65)

we have

llp()’ﬂ)/ P(V"'l)/z( ) s
(61) ([ xo))
- 2
+ ||,o(”“)/2 - 1(2y+1)/2 (r — 0 asT— +00.
L2 ((x0:1])

(67)

Thus, there is a T;, > 0 and a constant p; > 0 such that

) p(x, 1) = p;, x€[0,xy)U(xp, 1], T€ [Ty, +0). (68)
For 7 € [0, T}], denote
1
v(xT) = m, (69)
(63) and then from (23), we can obtain
v, = (rzu)x, (70)



and multiplying (70) by 4v° and integrating the result over
([0, x4) U (x4, 1]) x [0, T, ], we have

1 1 7l
{ vidx = { vgdx + 4J :[ v3(r2u)xdx ds

0 0 0Jo

_ {lvédx AN GIGH

0 0

Tl
+ 1ZJ J: viup rPdx ds
0

0

) (71)
= { vgdx - 4J [v3] (rzu)' ds
0 0 *=%
Tl
+ 1ZJ :|: v4u<p0xr2 +uyg—u
0Jo
- J (py)xrzdl> dxds.
0
From (56), it holds that
1 T 1
} vidx + IZJ :[ viuldx ds
0 0Jo
1 T
= } vgdx - 4J [v3] (rzu)' ds
0 0 *=%o
Tl
+ IZJ { viup, ridx ds
0oJo
Tl
+ IZJ { viuugdx ds (72)
0oJo

Tl s
- IZJ { viu (J (py)xrzdl> dxds
0 Jo 0

Tl Tl
< 6J } v4u2dxds+C(TO)J { vidxds
0Jo

NGO

It holds from (24), (26), (30), and (31) that
[ 9] (),
5 T 1 1 1/2
<C(1+ p__z) J e el <f wdx + ][ uidx) ds
0 0 0

T - 1
<C(1+p7) L [polle ™ (PIS + ][Ouzdx

+C

1
+ p:zr:4][ pzuir4dx> ds
0

<C(1+p2)[[p]l (P10, + 17+ p72r ) < €
(73)
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where C is a positive constant independent of time and we
assume that

0 < [[po]]
y-1 38 y-1 2.4
< min { M, M,, M3, Ao
(1+p%)" (1+p%)" (1+p2%)
=0.
(74)
Then, it follows from (72) and (73) that
1 Tl
][ vidx < C+C(T,) J } vidxds, (75)
0 0oJo

where C(T)) is a positive constant independent of time T;,. By
Gronwall’s inequality, (75) leads to

1 1
][ Vidx = ][ Lax<c(ty). (76)
0 0p

It holds for (x, 7) € ([0, x,) U (xq, 1]) x [0, T}] that

1 1
1 :][ ldx+j <l> dx
pJop 0INP/x
(77)
1 12, 1 1/2
<C+ C<][ —4dx> ({ pﬁr4dx> <C(Ty);
op 0
namely,
p(x,7) 2 C(Ty) = pyy
(78)
(x,7) € ([0, x0) U (x,1]) x [0, T,] .
Therefore, we can choose
. 1
po=min{pup},  po=opa (79)
to get
p=p,>p, (6, 7) € ([0,x0) U (x4, 1]) x [0, +00) .
(80)
O

Lemma 10. Let T > 0. Under the conditions in Theorem I,
it holds for any solution (p,u) to the initial boundary value
problem (23) that

|[Po (xo)]l e < |[P (xo’T)]l s |[P0 (xo)]l e,
T€[0,T],

(81)

where C,, C, are positive constants independent of time.

Proof. From (30), (31), (43), and (60), we can get (81). O
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Lemma 11. Let T > 0. Under the conditions in Theorem I,
it holds for any solution (p,u) to the initial boundary value
problem (23) that

1 5 1 5 Tl 5
f (rzu)xdx+{ (rzu)rr_4dx+ J { (rzu)sr_4dx ds

0 0 0Jo

+ JT J:lpz(rzu)isdx ds+ r :F(rzu)ixdx ds <C, (82)

0Jo 0Jo

T¢€[0,T],
where C > 0 denotes a constant independent of time.
Proof. Multiplying (23), by p >(r*u), and integrating the

result with respect to x over [0, 1], making use of (21) and
(24), it holds that

1

%F G(rzu)i - PH(’Z”)X) dx + } P_Z(rzu)ir_‘*dx
0

0

=(y-2) ][IPY_1 (r*u) dx - 2][1PV_3px(r2”)fdx
0 0
+ prflpx(rzu)x(rzu)fdx
0

+ 2][ 1P‘2u2(r2u)rr'3 dx - Z{IP_ZPx”(rzu)rr_ldx
o 0

e (" =7 (rw),) (), ) oo

(83)

which gives

1 2 T 1 2
:[ (rzu)xdx+J. } (rzu)srf‘ldxds

0 0Jo

1 Tl 2
SC+C} pz(y_z)dx+CJ :[ <u—2+uir4>dxds
0 0Jo\7"

Tl Tl
+ CJ J: pﬁr“dxds + CJ { pi(rzu)2r4dx ds
0Jo 0 *

0

Tl T 1
+CJ J: u4r72dxds+CJ ][ piu’rdx ds (84)
0oJo 0Jo
g
0
(a2 N4 2
SC+CJ { px(r u)xr dxds+C sup |ullje
0oJo

7€[0,T]
T
g
0

[ ((p" = 7(rw),) (Pu) )]

ds

[P (" - (), ) (Fu),)

x=x}

ds.

It holds from (23),, (26), (34), and (43) that

C JT :Fpi(rzu)ir‘ldx ds

0Jo

: g JT {:Pﬁ(”zu)ir‘ldx ds + é JT :F(’J”)jf’ﬂldx e

0 0Jo

T 12 Tl uz 54
+CJ ](pxdxds+CJ ][ <—2+uxr )dxds,
0oJo oJo\r
(85)

1 1 2 1
C sup "u"ioo < - sup ][ (rzu) dx + C sup ][ u’dx,
7€[0,T] 4 e, 0 x ref0,11d 0
(86)
T
)

ds

(7] ((p7 = (), ) (Pu) ).

<[ lalle®le ()., NP e

T
0
T rl uz
+CJ :[ (—2+uir4>dxds
0oJo\T"r

T rl T 1
+ lj } (rzu)zr_4dxds+CeJ ][ (rzu)z r_4dxds,
4Jo Jo s 0Jo xs
(87)

T 1
SCJ e |l [eodls +CJ }pﬁdxds
0 0

where C denotes a positive constant independent of time and
e € (0,1) is a small constant which will be chosen later. It
holds from (84)-(87) that

1 2 T rl 2
Jﬁ (rzu) dx+J } (rzu) rdx ds
0 x 0Jo s
T rl (88)
<C+ Csj { (rzu)isr_4dx ds.
0Jo

Differentiating (23), with respect to 7, multiplying the
result by (r*u),, and integrating the result with respect to x
over [0, 1], we deduce

%%:F(rzu)ir_‘ldx + {Ipz(rzu);dx
0

0

= 2:I:1uu (rzu) rdx - l}1(1’_4) (rzu)zdx
T T 2 T T

2 ) (),
() e (7)) ()

_ ][:)< ZPTXM )T(rzu)rdx + 2{1 (r_z)fr_luz(rzu)rdx.

0
(89)

1
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A complicated computation implies

d (' -4 Y agay2
E][ (r u) dx + {Op (r u)xrdx

LN
SC} (r u)Tr dx

0
Cl u? 2,4 4 1(2)274d
+ . r—2+uxr xp (ru) rodx (90)
1
2 \2
Lw:lt(ru)xdx

+ C sup " ru
0

7€[0,T]

L/2
2 4
+ C][ — tur |dx,
o\7r

by means of Gronwall’s inequality, (23),, (26), (34), (43), and
(88), we have

][:)(rzu) “dx + JT

0

X

:sz(rzu)z dxds
0 XS

£C+C8JT][1p2(r u) dxds+C sup “ r u
oJo e[0,1]

X || Lo

<C+Ce JT {lpz(rzu)isdx ds

0Jo

1 N s 1/2
+ C sup <} (rzu) dx) (} (rzu) dx)
e[0,TI\J 0 * 0 =
1

<C+Ce J: J:;pz(rzu)isdx ds+ %J:O(rzu)ir‘}dx,( |
91

where C denotes a positive constant independent of time;
choosing the constant ¢ small sufficiently, we complete the
proof of Lemma 11. O

Remark 12. By Lemmas 4-11, the following inequality holds:
1 1 1 1 Tl
:[ wldx + :I: uidx + ][ uidx + { pﬁdx + J } pidxds
0 0 0 0 0Jo
T 1 T 1
+ J ][ uidxds + J ][ ufdxds
0Jo 0Jo
T 1 Tl
+ J ][ uixdxds + J :[ uifdxds <C.
0Jo 0Jo

Remark 13. In fact, there are several fundamental estimates,
such as (26) in Lemma 4, (34) in Lemma 5, (43) in Lemma 6,
(47) in Lemma 7, (60) in Lemma 9, and (82) in Lemma 11,
which can be also found in [15, 20, 22, 26] and so forth.

(92)

Lemma 14. Under the conditions in Theorem 1, it holds for any
solution (p,u) to the initial boundary value problem (7)-(8)
that

_ —C
1o =P 10) (Ol gonoiecorrn < Coe™ 120, (93)

Abstract and Applied Analysis

where C, and C; denote the constants independent of time and
p=1/(r,—7_ )](?p(r, tyr’dr.

Proof. In asimilar argument to show (28) and (40) with mod-
ification, we can obtain (94) and (95)

d(™(1 , 1 -1 —y-1 -1 — 2
&LQW +—V_I(PY - =P (p—p))>fdr

+ {n (Zpu2 + pufr )dr =28(t) [p

r

Jw], &)’

(94)

1d 1 \2 2
Ed_:[ p(u+p p,)rdr

1Lod (™, yi0 o1 —yp1 —\\ .2
ﬁgﬁ (P =P =y (p-p)) rdr (95)
+Y{ Y piridr = E()” [p"] ul,_gyds

It holds from (34), (43), and (60) that

][ (p-p)ridr< C{ p' 2 pirtdr. (96)

Denote

E(t) := :[n (pu2 + (u + p_lpr)2> rdr

r

+ ][ (P =" P

r

" (p- 7)) .

By (94)-(97), a complicated computation gives rise to
i C 2 v 98
LEO+CE®) < C(|lpl | +lp"Tul),  (98)

where C < C, is a positive constant and C, is the constant
obtained in Lemma 10. From (97), we have

E(t) < E(0) ey ce @ J-Ot & ( [p]

uz' +][p'] u|)ds

< Czefcﬁ,
(99)

where we have used (26), (30), and (31). By the fact

E(t)=c (”u”iz([r,,f(t))U(i(t)ﬁ]) +p- ﬁ"iz([h,E(t))U(E(t),n])

ol copion)

(100)
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where ¢ > 01is a constant independent of time and Gagliardo-
Nirenberg-Sobolev inequality

I(p = 2 W)l coir_epuceorrny

< C“(p - ﬁ’ u)"iéz([r,,g(t))u(f(t),a]) (101)

— 1/2
x[(p =7 u)r"L2([r,,E(t))U(f(t),ﬁ])’
we obtain (93). 0

4. Proof of the Main Results

Proof. The global existence of unique piecewise regular
solution to the initial boundary value problem (7)-(8) can
be established in terms of the short time existence carried
out as in [2, 10], the uniform a priori estimates, and the
analysis of regularities, which indeed follow from Lemmas
4-11. In addition, one can show that (p, 1) is the global weak
solution to the initial boundary value problem (7)-(8) with
the initial data satisfying (9). We omit the details. The large
time behaviors follow from Lemma 14 directly. The proof of
Theorem 1 is completed. O
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