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In this paper, we investigate a class of nonperiodic fourth-order differential equations with general perturbation. By using the
mountain pass theorem and the Ekeland variational principle, we obtain that such equations possess two homoclinic solutions.
Recent results in the literature are generalized and significantly improved.

1. Introduction

In this paper, we consider the following class of fourth-order
differential equations:

u +wu” +a xX)u

= f(xu)+Ag (x,u),

@

x €R,

where w is a constant, f € C(R x R,R), g € C(R x R, R),
and a € C(R,R).

Recently, a lot of attention has been focused on the study
of homoclinic and heteroclinic solutions for this problem; see
[1-8]. This may be due to its concrete applications, such as
physics and mechanics; see [9, 10]. More precisely, Tersian
and Chaparova [5] studied periodic case. They obtained non-
trivial homoclinic solution by using mountain pass theorem.
For nonperiodic case, Li [7] studied the existence of nontrivial
homoclinic solution for this class of equations. Sun and Wu
[8] studied multiple homoclinic solutions for the following
nonperiodic fourth-order equations with a perturbation:

u +wi +a () u = f(x,u)+ Ah(x) luPo2y, @
2

x€eR, 1<p,<2.

Before stating the results of [8] and our results, we introduce
some notations. Throughout this paper, we denote by |||, the

L"-norm, 2 < r < 00. L(R) is the Banach space of essentially
bounded functions equipped with the norm

lullo = ess sup {|u(x)|: x € R}. (3)

If we take a subsequence of a sequence {u,,}, we will denote it
again by {u,}.

Theorem 1 (see [8]). For any real number k >
following conditions are satisfied,

(Ay) there exists a positive constant a, such that 0 < a; <
a(x) — +ooas|x| — +coandw < 2+/a;.

1, if the

(F,) f(x,s) is a continuous function on R x R such that
f(x,s) =0forall s < 0and x € R and, moreover, there exists
b e L®(R,R") with |b], < cos§ such that

lim f ()]i’ 9 =b(x) uniformlyin x € R,
s— 0" 5
(x.5) (4)
fi,S >b(x) Vs>0, xeR,
s

where ¢, is defined by (12) in Section 2 and S, are the best
constants for the embedding of H*(R)in L'(R) for2 < r <
0.

(F,) There exists g € L™(R,R") with ||, > cos§ such
that

lim f(x9)

2 = uniformlyin x € R. (5)
§— 00 S

q(x)
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(F5) There exist two constants 0, d,, satisfying 0 > 2 and
0 < dy < (¢S5(6 - 2)/26) such that

F(x,s)—%f(x,s)ssdos2 Vs >0, x € R, (6)

where F(x,s) = IOS f(x,7)dt, then one has the following
results:
(i)ifk = 1 and p < 1 with

y = inf {JR (u" (x))2 - wi (x)°
+a(x)u(x)*dx | u € H*(R), (7)

JR q (x) u(x)*dx = 1} ,

then there exists A > 0 such that, for every A € (0,A),
problem (2) has at least two homoclinic solutions,
(ii) if k > 1, then there exists A > 0 such that, for every
A € (0, A), problem (2) has at least two homoclinic solutions.
The sublinear perturbation RO |ulP?u, 1 < p < 2istoo
strict; for example,

oy = | POl <1,
I =) ', =1,

does not satisfy this perturbation. However, one can see that

our results in this paper can also work in this case. In addition,

p in Theorem 1 was defined in R. Motivated by the above

results, in this paper, we consider more general perturbation

and the case of ¢ defined in local bounded open set Q) ¢ R.
Now, we state our main result.

(8)

Theorem 2. For any real number k > 1, if (A), (F,)-(F;) and
the following conditions are satisfied,
(G,) there exist a constant p € (1,2) and a positive function

h e LY@ P(R,R") such that

|9 (x,9)| < ph(x) s, 9)

(G,) there exist a constant v € (1,2), a bounded open set Q) C
R, and a positive function & € C(Q, R™) such that

IG(x,8)| = E(x)|s|”, VxeQ, (10)

where G(x,s) = _[OS g(x,T)dt, then one has the following

results:
(i) ifk =1 and u < 1 with

p = inf «U (u" (x))2 —wi' (x)?
Q
+a (x) u(x)’dx | u € Hy (Q), (1)
J q(x) u(x)’dx = 1} ,
Q
then there exists A > 0 such that, for every A € (0, A), problem
(1) has at least two homoclinic solutions,

(ii) if k > 1, then there exists A > 0 such that, for every
A € (0, A), problem (1) has at least two homoclinic solutions.
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The paper is organized as follows. In Section 2, we present
some preliminaries. In Section 3, we give the proof of our
main results.

2. Preliminaries

In order to prove our main results, we first give some prope-
rties of space X on which the variational setting for problem
(1) is defined.

Lemma 3 (see [5]). Assume that the (A) holds. Then, there
exists a constant ¢, > 0 such that

J [u"(x)2 - wu'(x)2 +a(x) u(x)z] dx
" (12)

> llulp, VYue H*(R),

where ||u||§{z = (J[R{[u"(x)2 +u (%) +u(x)?]dx)"? is the norm
of Sobolev space H(R).

Letting

X = {u e H*(R) | JR [u”(x)2 —wi'(x)* +a(x) u(x)z] dx

< +oo]» ,
(13)
then X is a Hilbert space with the inner product
)= [ [ 0V ) - )V ()
® (14)
+a(x)u(x)v(x) ] dx
and the corresponding norm lull* = (u, u). Note that
X cH*(R) c L' (R) (15)

for all r € [2, +00] with the embedding being continuous.

Lemma 4 (see [8]). Assume that the condition (A) holds.
Then, X is compactly embedded in L' (R) for all v € [2, +00].

Now, we begin describing the variational formulation of
problem (1). Consider the functional J : X — R defined by

T (u) = %uuu2 - jR F (x, 1) dx — A JR Glouydx.  (16)

Since f, g are continuous, by Lemma 4, ] € C'(X, R) and its
derivative is given by

J' wyv
= J [u" (x) V" (x) —wid (x)V (x) +a(x)u(x)v (x)] dx
R

- J f(xu(x)v(x)dx —AJ g (x,u(x))v(x)dx
R R )
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for all u,v € X. In addition, any critical point of ] on X is a
classical solution of problem (1).

Next, we give the variant version of the mountain pass
theorem which is important for the proof of our main results.

Theorem 5 (see [11]). Let E be a real Banach space with its
dual space E*, and suppose that I € C'(E, R) satisfies

max{I(0),I(e)} spu<n< ||34?pr (u) (18)

for some yu < n, p > 0ande € E with |e| > p. Let ¢ > n be
characterized by

c= ‘y’éﬁ maxI (y (7)), 19)

where I = {y € C([0,1],E) : y(0) = 0,y(1) = e} is the set of
continuous paths joining 0 and e; then, there exists a sequence
{u,} € E such that

(L uaaD) 1 1)

as n — o0.

I(u,) —e=mn,

E* — 0,

(20)

3. Proof of the Main Results

To prove our main results, we first give the following lemma.

Lemma 6. For any real number k > 1, assume that conditions
(A), (F))-(F,), and (G) hold. Then, there exists A > 0 such that
for every A € (0, A) there exist two positive constants p, 1 such
that ](u)|”u":P > n> 0.

Proof. Forany e > 0, it follows from conditions (F,)-(F,) that
there exist C, > 0 and » > max{2, k} such that

|b|oo +652 Ce

F(x,s) < + =s|", VseR. (21
r

By (9) and (21), the Sobolev inequality, and the Holder
inequality, one has, for all u € X,

J(u) = %llu”z - J.RF(x, u)dx -\ IRG(x,u) dx

I\

el - jR 'b'°;+ € u(x)dx

r

- J Ce iy dx— 1 J B (x) 1 ()| dx
R R

|b| + € 2 C
% 2 ul? - — e ul’
26,55 rey “Sy

[\

Lo
Siul? =
2|| [

—p/2 A—
~ 26,28, Il o gy lull?

= lul? [%(1—

—p)2 o
- A" Szp"h”z/(zm] :

bl + €

_ C _
3 ) >~ - r/—§||”||r r
2¢,S; ey “Sr

(22)

3
Take € = (cOSg/Z) - |bly, and define
1(t) = it” _CrlGEST, ves0. (23)
It is easy to prove that there exists p > 0 such that
r-2 | (2-p) rcg/ZS: Gp)fir=2)
max! () =1(p) =
f20 4(r-p)| 4(r-p)C
(24)

Then, it follows from (22) that there exists A > 0 such that for
every A € (0, A) there exist two positive constants p, 7 such
that J(u)l,-, 2 7 > 0. O

Consider the minimum problem
4= inf HQ [ () - wid (x)?
+a(x)u(x)’]dx |ueH (Q), (25
L 4@ uwidx =1},

Then, we have the following results.

Lemma 7. There exist a constant ¢, > 0 and ¢, € Hg’Z(Q)
with JQ q(x)$, (x)*dx = 1 such that u > ¢, and

p= L [(¢7 @) - w0 +a @) (0] dx; (26)

that is, the minimum (25) is achieved.

Proof. For any u € Hg’z(Q) with _[ q(x)u(x)zdx = 1, by
Lemma 3 and the Sobolev embedded theorem, we have

J [u"(x)2 —wi'(x)* +a(x) u(x)z] dx
Q

.52 (27)
22 5.

2 2 2
> ol 2 oSl =
o0

Therefore, there exists a constant ¢; > 0 such that y > .
Let {u,} ¢ H;(Q) be a minimizing sequence of (25). Clearly,
_[Q q(x)un(x)zdx = 1 and {u,} is bounded. Then, there exist a
subsequence {u,} and ¢; € Hy(Q) such that u, — ¢, weakly
in H}(Q) and 4, — ¢, strongly in L*(Q). So it is easy to
verify that _[Q q(x)un(x)zdx — IQ q(x)¢1(x)2dx asn — 00
and jQ q(x)¢; (x)*dx = 1. Therefore,

= L (7 ) - gl (0 + a () ¢, () x

< lim ian [u;'(x)2 - wu;(x)2 +a(x) un(x)z] dx (28)
n— oo Q

<.



This implies that

= L (o) (x))2 —wé (x)* +a(x) ¢ (x) dx. (29)
O

Lemma 8. For any real number k > 1, assume that conditions
(A), (F)-(F,), and (G,)-(G,) hold. Let p,A > 0 be as in
Lemma 6. Then, one has the following results.

(i) Ifk = 1 and p < 1, then there exists e € X with |le|| > p
such that J(e) < 0 forall A € (0, A).

(ii) If k > 1, then there exists e € X with ||| > p such that
J(e) < 0forall A € (0,A).

Proof. (i) In case k = 1. Since y < 1, we can choose a

nonnegative function ¢ € Hg(Q) with _[Q q(x)go(x)zdx =1
such that

L [go”(x)2 —we'(x)* +a(x) go(x)z] dx < 1. (30)

Therefore, by condition (F,) and the Fatou lemma, we have

lim —] (t(P)

t—+o0 2

F(xt) ,
L R
A v
_tll’+oot2 Y J‘ E(x) |(P| dx (31)

1 2_1 2
< Slel” -3 Lq(xﬁp dx

1 2
- 2lolF 1) <o.
So, J(t¢) — —ooast — +00; then, there exists e € X with
llell > p such that J(e) < 0 forall A € (0, A).
(ii) Incase k > 1.q € L°(R,R") with g" #0in Q, and we
can choose a function w € Hg(Q) such that

IQ q () | dx > 0. (32)

Therefore, by condition (F,) and the Fatou lemma, we have

o L09) el EGte) e
t_1>1}_’100 tk+1 - 2tk 1 t—1>r-POO tk+1 k+l
-l J Sl
k+1
< - d
i1 Jﬂq(x)w X
< 0.

So, J(tw) — —ocoast — +00; then, there existse € X
with [le] > p such that J(e) < 0 forall A € (0, A). O

Next, we define

B = inf maxJ (y (7)), (34)

yel 0<7<1
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where I' = {y € C([0,1],E) : y(0) = 0,y(1) = e}. Then,
by Theorem 5 and Lemmas 6 and 8, there exists a sequence
{u,} ¢ X such that

Jw)— B @+ [uw | @), — o

(35)
as n — ©o.

Then, we have the following results.

Lemma 9. For any real number k > 1, assume that conditions
(A), (F))-(F;), and (G,)-(G,) hold. Let A > 0 be as in
Lemma 6. Then, {u,} defined by (35) is bounded in X for all
A € (0,A).

Proof. For n large enough, by the Holder inequality and
Lemma 3, one has

B12 () = 5 (I ()10,)
~(5-g) bl - [ [Feam) -5
[ [G 6o - 5o nm)u,|ax

2l - o |

—A(l + g)JRh(x)uf:dx
2

0 - 2
2,

-1 (1 + g) S;p|h|2/(2—p) ””n"P

0-2
)l

- A (1 + g) S;p|h|2/(2—p) "”n”P’

(x,u,) un] dx

\%

\Y

e

[\

(36)

which implies that {u,} is bounded in X, since1 < p < 2. O

For p given by Lemma 6, denote B, = {u € X : |lul < p}.
Then, by Ekeland’s variational principle and Lemma 4, we
have the following lemma, which shows that J has a local
minimum if A is small.

Lemmal0. Forany real numberk > 1, assume that conditions
(A), (F))-(F;), and (G,)-(G,) hold. Let A > 0 be as in

Lemma 6. Then, for every A € (0, A), there exists u, € X such
that

J (uy) = inf {](u) Tu€ Ep} <0, (37)

and uy, is a homoclinic solution of problem (1).
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Proof. Since & € L(R,R") with £ #0 in Q, we can choose
a function y € Hg (Q) such that

Jof(x) [y|"dx > o. (38)

Hence, we have
tz 2
Jew) = Sl - | Flopds

v L £ () |yl dx (39)

t’ . .
< vl - n J £ |y['dx <0
Q

for t > 0 small enough. This implies 8, := inf{J(u) : u €
Ep} < 0. By the Ekeland variational principle, there exists a

minimizing sequence {u,} Ep such that J(u,) — 6, and

] '(un) — 0asn — 0. Hence, Lemma 4 implies that there
exists 1, € X such that J'(u,) = 0 and J(1,) = ¢, < 0. O

Proof of Theorem 2. From Lemmas 4 and 8, there is u € X
such that, up to a subsequence, 1, — u weakly in X and
u, — ustrongly in L(R) for s € [2,00]. By using a stan-
dard procedure, we can prove that 4, — u strongly in X.
Moreover, /(1) = 8 > 0 and & is another homoclinic solution
of problem (1). Therefore, combining with Lemma 10, we
prove that problem (1) has at least two homoclinic solutions
uy, u € X satistying J(u,) < 0 and J(u) > 0. O
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