Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 120781, 7 pages
http://dx.doi.org/10.1155/2014/120781

Research Article

Existence and Estimates of Positive Solutions for
Some Singular Fractional Boundary Value Problems

Habib Maagli, Noureddine Mhadhebi, and Noureddine Zeddini

Department of Mathematics, College of Sciences and Arts, King Abdulaziz University, Rabigh Campus, P.O. Box 344,

Rabigh 21911, Saudi Arabia

Correspondence should be addressed to Noureddine Zeddini; noureddine.zeddini@ipein.rnu.tn

Received 25 December 2013; Accepted 14 February 2014; Published 1 April 2014

Academic Editor: Samir Saker

Copyright © 2014 Habib M4agli et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We establish the existence and uniqueness of a positive solution u for the following fractional boundary value problem: D*u(x) =
—a(x)u’(x), x € (0,1) with the conditions lim, _, o+ x* *u(x) = 0, u(1) = 0, where 1 < « < 2,0 € (-1,1),and aisa nonnegative
continuous function on (0, 1) that may be singular at x = 0 or x = 1. We also give the global behavior of such a solution.

1. Introduction

Recently, the theory of fractional differential equations has
been developed very quickly and the investigation for the
existence of solutions of these differential equations has
attracted considerable attention of researchers in the last few
years (see [1-11] and the references therein).

Fractional differential equations arise in various fields
of science and engineering such as control, porous media,
electrochemistry, viscoelasticity, and electromagnetism. They
also serve as an excellent tool for the description of hereditary
properties of various materials and processes (see [12-14]). In
consequence, the subject of fractional differential equations
is gaining much importance. Motivated by the surge in
the development of this subject, we consider the following
singular Dirichlet problem:

D*u(x) = -a(x)u’ (x), xe€(0,1),

)

lim x> “u(x) =0, wu(l)=0,
x—0"

where 1 < a« < 2, -1 < ¢ < 1, and a is a nonnegative
continuous function on (0, 1) that may be singular at x = 0
or x = 1. Then we study the existence and exact asymptotic
behavior of positive solutions for this problem.

We recall that, for a measurable function v, the Riemann-
Liouville fractional integral Izv and the Riemann-Liouville

derivative DPv of order 8 > 0 are, respectively, defined by

Iy (x) = ——= r (x -t v @) dt,

0

r x-"Pvmdr ()

0

DPy(x) = m(%)n

d n
= <a> L,_gv (%),

provided that the right hand sides are pointwise defined on
(0,1]. Here n = [B] + 1 and [f] means the integer part of the
number 8 and T' is the Euler Gamma function.

Moreover, we have the following well-known properties
(see [3,13, 15]):

(i) IgIv(x) = I, v(x) for x € [0,1],v € L'((0,1]), B +
y=1

(ii) Dﬁlﬁv(x) = v(x) for a.e. x €
L'((0,1]), B > 0

[0,1], where v €
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(iii) if v € C((0,1)) N L'((0,1)) and DPy(x) = 0, then
v(x) = Z] lc]tﬁ 7, where (¢, ¢, ...,¢,) € R"and n
is the smallest integer greater than or equal to f3.

Several results are obtained for fractional differential
equations with different boundary conditions, but none of
them deal with the existence of a positive solution to problem
1).

Our aim in this paper is to establish the existence and
uniqueness of a positive solution u € C,_, ([0, 1]) for problem
(1) with a precise asymptotic behavior, where C,_,([0,1])
is the set of all functions f such that t — T f(@) is
continuous on [0, 1].

To state our result, we need some notations. We will use
F to denote the set of Karamata functions L defined on (0, #]

by
L(t) :=cexp (J:I @ds) , 3)

for some # > 1, where ¢ > 0 and z € C([0,#]) such that
z(0) = 0. It is clear that a function L is in % if and only if L is
a positive function in C Lo, n]) such that

tL' (t) _

(0 L) )

For two nonnegative functions f and g defined on a set S, the
notation f(x) = g(x), x € S, means that there exists ¢ > 0
such that (1/¢c) f(x) < g(x) < cf(x) for all x € S. We denote
by x* = max(x,0) for x € R and by B*((0, 1)) the set of all
nonnegative measurable functions on (0, 1).

Throughout this paper, we assume that a is nonnegative
on (0, 1) and satisfies the following condition:

(Hy) a € C((0,1)) such that for ¢ € (0, 1)

a®) =t 'L, (1 -t L, (1-1), (5)

where A <a+(2-a)(1-0),u <, L;,L, € X satisfying

0 t/\+(27oc)a—1

J"L 20 4 oo, (6)

th— a+l
In the sequel, we introduce the function 0 defined on (0, 1) by

0 (x) = mm(l(2 AM(a—2)0)/(1-0) (L (x ))1/(1 o)
1/(1-0) (7)
X( x)mlnl(tx w/(1-0) (iz(l —X))

>
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where
) fAl<a-—(x-1)
’ x(1-0),
J”Ll(s)ds ifA=a—-(ax-1)
T =1l s ’ x(1-0),

1% = L ifa—(a-1)(1-0)
e <A<a+Q2-a)(1-0),
JXLl(S)ds fA=a+2-«a)

/0 S ’ X(I_G))
(1, ifu<a+o-1,
1
JLZ—(S)ds, ifu=a+o-1,
zz(-’c)z< N .
L, (x), ifa+to-1<u<a,
JIL(S)ds, ifpu=a
LJo N

(8)

Our main result is the following.

Theorem 1. Let 0 € (-1,1) and assume that a satisfies
(Hy). Then problem (1) has a unique positive solution u €
C,_,(10, 1]) satisfying for x € (0, 1),

u(x) =~ x* 20 (x). 9)
Remark 2. Note that, for x € (0, 1), we have

xoc—Ze (x) ~ xmin(oc—l,(oc—}t)/(l—a))

1/(1— i _ _
x (L, ()" (1 - gymintlemia=on g

X (fz 1- x))l/(lig).

This implies in particular that, for 1 < &« < 2and & < A <
a+ (2 — a)(1 — o), the solution u blows up at x = 0 and for
A <o, limy | gu(x) =

This paper is organized as follows. Some preliminary
lemmas are stated and proved in the next section, involving
some already known results on Karamata functions. In
Section 3, we give the proof of Theorem 1.

2. Technical Lemmas

To let the paper be self-contained, we begin this section by
recapitulating some properties of Karamata regular variation
theory. The following is due to [16, 17].

Lemma 3. The following hold.
(i) Letting L € K and € > 0, then one has
tlerO1+t L(t)=0. (1)

(ii) LetL,,L, € K and p € R. ThenonehasL,+L, € %,
LiL,e H, and L} € %.
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Example 4. Let m be a positive integer. Let ¢ > 0,
(py> s - - > thy) € R™, and d be a sufficiently large positive
real number such that the function

o-film ()" @

is defined and positive on (0,#], for some # > 1, where
log,x = logeologeo---ologx (k times). Then L € #.

Applying Karamata’s theorem (see [16, 17]), we get the
following.

Lemma 5. Let y € R and L be a function in K defined on
(0,7]. One has the following:

D if u < -1, then I: sL(s)ds diverges and Lﬂ st
L(s)ds~; o+ — " L(t)/(u + 1);

(i) if w > -1, then f: sL(s)ds converges and fot st
L(s)ds~,_, gt ™ L(t)/(u + 1).

Lemma 6. Let L € % be defined on (0,#]. Then one has

lim =8 _y
t—0* J';l (L(s)/s)ds . (13)
If further L:’(L(s) /s)ds converges, then one has
im O
tHO*J;(L(S)/S)dS ’ (14)

Proof. We distinguish two cases.
Case 1. We suppose that J.:(L(s)/s)ds converges. Since the

function t — L(t)/t is nonincreasing in (0, w], for some
w < 7, it follows that, for each t < w, we have

L(t) < Lt @ds. (15)

It follows that lim, _, 4+ L(t) = 0. So we deduce (13).
Now put

()= @

for t € (0,7). (16)
Using that lim, _, ,+ (tgo'(t)/(p(t)) = —1, we obtain

J @ (s)ds~,_ o — J. S(p’ (s)ds=-to(t) + J @ (s)ds.
0 0 0

17)
This implies that
t t
J &d&"'t_)(y -L(t)+ J &ds. (18)
o S 0o S
So (14) holds.

Case 2. We suppose that IOW(L(S) /s)ds diverges. We have, for
some w < #,

Lw @ (s)ds~,_, o+t (1) — wep (w) + th @ (s)ds. (19)

This implies that
J &dSqHWL () — we (w) + J &ds. (20)
t N t S
This proves (13) and completes the proof. O

Remark 7. Let L € K be defined on (0, #]; then using (4) and
(13), we deduce that

AN J" L) s e 7. 1)
t S

If further J:(L(s) /s)ds converges, we have by (13) that

t— Jt &dse K. (22)
0 N

Lemma8. Givenl < a < 2and ¢ € C([0, 1]), then the unique
continuous solution of

Du(x)=-¢(x), xe€(0,1),
o (23)
;linox u(x)=0, u(l)=0
is given by
1
u(x) =Gy (x) := L G, (x,t) @ () dt, (24)
where
1 o— oa— +\a-1
Go (8) = o5 [ -0 = (-0 29

is Green’s function for the boundary value problem (23).

Proof. Since ¢ € C([0, 1]), then u, = —I,¢ is a solution of the
equation D*u = —¢. Hence D*(u + I @) = 0. Consequently
there exist two constants ¢, ¢, € R such that u(x) + I,@(x) =
6 x* ! + ¢,x*7%. Using the fact that lim_ ;x> *u(x) = 0 and
u(1) = 0, we obtain ¢, = 0 and ¢; = I ¢(1). So

u(x) = L(Xx“‘l Ll (1-1)"g(t)dt

1 * a—-1
e L (x -0 lg (1) dt (26)

1
- J G, (x,1) ¢ (1) dt.
0 O

In the following, we give some estimates on the Green
function G, (x, y). So, we need the following lemma.



Lemma 9. For A,y € (0,00) and t € [0, 1] one has

min(l,%)(l -t <1-1 < max(l,%)(l -t"). (27)

Proposition 10. On (0, 1) x (0, 1), one has
(i) G, (2, 1) = x* (1 - £)** min(x,t) (1 — max(x, t));

(ii) there exist two constants c;,c, > 0 such that

ax* (1 - (1 -x) <G, (x,1) < x* 2t(1 - )%
(28)

Proof. (i) For x,t € (0,1) x (0, 1) we have

(- X! (x-t)r\*"
G“(x,t)—W[l—<x(l_t)> ] (29)

Since (x—t)"/x(1-t) € (0,1) for x, ¢ € (0, 1), then by applying
Lemma 9 with 4 = & — 1 and A = 1, we obtain

G, (x,1) =~ x* (1 - 1) (1 LN )

X (1 - t) (30)

= x*2(1 - ) min (x,£) (1 — max (x,1)).
(ii) Using the following inequalities for x, ¢ € [0, 1],

x(1=-x)t(1—-t)<min(x,t) (1 -max(x,t)) <t(l-1t),
(31)

we deduce the result from (i). O

As a consequence of Proposition 10, we obtain the follow-
ing.

Corollary 11. Let f € B"((0,1)) and put G, f(x) :=
[ Gy t) (1)t for x € (0, 1]. Then

G, f (x) < 00 for x € (0,1)

1 (32)
iffj t(1— 1) f (t)dt < oo.
0
Proposition12. Given 1 < « < 2 and f such that the function
t — t(1 - t)“_lf(t) is continuous and integrable on (0, 1),
then G, f is the unique solution in C,_,([0, 1]) of the following
boundary value problem:
Du(x)=-f(x), x€(0,1),

33
lim x> “u(x) =0, u(l)=0. (33)
x— 0"

Proof. From Corollary 11, the function G, f is defined on
(0, 1) and by Proposition 10, we have

1
G |f] (%) < 6x*7? L t1-0)* | f@®)]d,  (34)
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which implies that I,_,(G,|f]) is bounded on (0, 1). Now,
using Fubini’s theorem, we have

IZ*(X (Gotf) (x)

_ 1 * _ -
- oo L (x =BG, f (1) dt 5)

- T(21— «) Jol (

On the other hand, we have

r (x—1)'"°G, (t,s) dt> f (s)ds.

0

1 * 1-«
o L (x = 8)1°°G, (t,5) dt

_ 1 _ el * _ plaa-1
- taare (09 [ oo

x 1-« N
—L (x—t) " (@t-9)7") dt (36)
)lX*l

1 * 1-«
“Ta—ar@ b

=x(1-s

x ((t - 5)+)“_1dt.

Now, suppose that s < x; then we have

r (x =)t - 5)") at
b (37)
- J (x =)'t - 5)*dt.

By considering the substitution t = s + 6(x — s), we obtain

r (x=0)" =)t =T ()T 2-a)(x—s). (38)

N

Moreover if x < sand t € (0,x), we have on(x -

' (¢ - 9" dt = 0.
So, it follows that

1 * 1-a
o L (x = 8)1°G, (t,5) dt .

=x(1-9s)" = (x-9)".
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This implies that
127oc (Gocf) (x)

1
=j [x(1 - 9% = (x = 9)'] £ (5) ds

0

- x Lx (=9 =1) f(5)ds

x 1
+ J. sf(s)ds+ xJ- (1 —s)“ilf(s)ds,
0 x

« d*
D (Gocf) (x) = @ (127o¢ (Gocf)) (x)
=—f(x), forxe(0,1).
(40)

Moreover, using part (i) of Proposition 10 and the domi-
nated convergence theorem, we conclude that lim,, _, o x”™*
G,f(x)=0and G, f(1) = 0.

Finally, we prove the uniqueness. Let u,v € C,_,([0,1])
be two solutions of (33) and put w = v — u. Then w €
C,_.([0,1]) ¢ L'((0,1)) N C((0,1)) and D*w = 0. Hence,
it follows that w(x) = ¢,x* " + ¢,x* 2. Using the fact that
lim, _, o+ x* *w(x) = w(1) = 0, we conclude that w = 0 and
sou=v.

In the sequel, we assume that < 2 and y < v and we put

b(t) =t PLy()(1-H7Ly(1-1), (41)
where L;, L, € # satisfy
n n
J L (t)dt < 00, I VL, () dt < 0o, (42)
o th1 0

So, we aim to give some estimates on the potential function
G,b(x).
We define the Karamata functions yj, ¢, by

J L3(t)dt, if B=2,
o t
~ L;(x), ifl<p<2, )
Ve = "L, (1) .
JTdt, ifB=1,
| 1, itf<1,
J Li® g ey -
o t
~ L,(x), ifa-1<y<a 44
¢y(x)_ ’1L4(t) ) (
JTdt, ity=a-1,
L1, ify<a-1.

Then, we have the following.

Proposition 13. For x € (0,1),

Gob (x) = xR (1 — )™y () ¢, (1 - ).
(45)

5
Proof. Using Proposition 10, we have
1
G b (x) = J (1 -2 P min (x,£)
0
x (1 —max (x,t)) Ly (t) L, (1 —t)dt
~(1-x) I (1-1)* 2P
0
(46)

xLy(t)L, (1 —t)dt

1
+x J (1-1)* 7P

X
XLy ()L, (1-1t)dt
=1 -x)I(x)+xJ(x).
For 0 < x < 1/2, we have I(x) = f: tlf"‘;L3(t)dt. So, using
Lemma 5 and hypothesis (42), we deduce that

7 PLy(x), ifp<2

I =~ x 47
) jL3(t)dt, if = 2. )

0

Now, we have

1/2

J (x) = J tPL, (1) dt

X

1
+ J -0, -tydt (48)
1/2

1/2
~1+ J tPL, (1) dt,

X

which implies by Lemma 5 that

! PL(x), if1<B<2,
] (x) = JHL%(t)dt, B =1, (49)
l,x if p<1.

Hence, it follows by Lemma 6 and hypothesis (42) that, for
0 < x<1/2, we get

J Li®g  ifp=s,
0 5 t
X PLy(x)  ifl<pB<2,
xz_“Gab (x) B " L3 (t) ﬂ (50)
xj =0 itp=,
[ x if p<1.

That is

Gy (x) = x™ Py (). (51)



Now, for 1/2 < x < 1, we use again Lemma 5 and hypothesis
(42) to deduce that

I(x)

a

1/2
j tPL, (1) dt
0

+ I 1-0*7L, (A -t)dt
1/2

Il

1+j (1-0*7L, (1 -t)dt
1/2

(1-x)""L,(1-x), fa-1<y<a,

n
= J L4—(t)dt, ify=a-1,
1-x t
1 ify<a-1,
1-x
J(x) = J VL, () dt
0
1-x)"L,(1-x), ify<a
= 1-x
J IL(t)dt, ify=a.
0 t

(52)
Hence, it follows from Lemma 3 that, for x € [1/2, 1), we get

c rl-x
J IL(t)dt,
0 t

(1- x)a—yL4 (I-x),

n
(1—x)j L4T(t)dt, ify=a-1,
1-x

\l_x)

ify=aqa,

fa-1<y<a,
X 4Gb (x) = 1 Y

ify<a-1
(53)
That is
X VGb(x) = (1-x)"" Vg (1-x).  (54)
This together with (51) implies that, for x € (0, 1), we have
Gob () = ™MD (1 )™ Dy () b, (1~ ).

(55)
O

3. Proof of Theorem 1
In order to prove Theorem 1, we need the following Lemma.

Lemma 14. Assume that the function a satisfies (H,) and put
w(t) = a(t)t(“_z)“(O(t))“for t € (0,1). Then one has, for x €
(0) 1))

G, (x) =~ x*7*0 (x). (56)

Proof. Putr = min(a—1, (¢ —A)/(1-0)) and s = min(1, (¢ -
/(1 —0)). Then for t € (0, 1), we have
w(t) _ t*/\+raL1 (t) (il(t))ﬁ/(l—ﬂ)
(57)

x (1= L, (1-1) (L, (1 - 1),
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Let f = A—ro,y = p—so, Ls(t) = Ll(t)(zl(t))a/(l—a))

and L,(t) = Lz(t)(fz(t))g/(l_w. Then, using Proposition 13,
we obtain by a simple computation that

4G, (w) (x) = 0 (x). (58)
O

Proof of Theorem 1. From Lemma 14, there exists M > 1 such
that, for each x € (0, 1),

ﬁe (x) < XG0 (x) < MO (x), (59)

where w(t) = a(t)t“276°(t).
Put ¢, = M"1719D and Jet

1
Az{veC([O,l]):—vagqﬂ}. (60)
%
In order to use a fixed point theorem, we denote a(t) =
a(t)t* 7 and we define the operator T on A by
Tv(x) = x*“G, (@) (x). (61)

For this choice of ¢;, we can easily prove that, for v € A, we
have Tv < ¢,0 and Tv > (1/¢,)0.

Now, we have

2-« 1
Ty (x) = ;‘(“) L G (%, ) @(6) 7 (¢) dt

2-a

1
=t |, a0 o

~(x-0")aw v @ at.

Since the function (x,t) — x*'(1 - H)*' - ((x -
£)")*"! is continuous on [0, 1] x [0, 1] and by Proposition 10,
Corollary 11, and Lemma 14, the function t — (1 —
)" a0’ (t) is integrable on (0,1), we deduce that the
operator T' is compact from A to itself. It follows by the
Schauder fixed point theorem that there exists v € A such
that Tv = v. Put u(x) = x* 2v(x). Then u € C,_,([0,1]) and
u satisfies the equation

u(x) = Gy (au’) (x). (63)

Since the functiont — #(1—£)* a(t)u’(¢) is continuous and
integrable on (0, 1), then by Proposition 12, the function u is
a positive continuous solution of problem (1).

Finally, let us prove that u is the unique positive contin-
uous solution satistying (9). To this aim, we assume that (1)
has two positive solutions u,v € C,_,([0,1]) satisfying (9)
and consider the nonemptyset ] = {m > 1: 1/m < u/v < m}
and put ¢ = inf J. Then ¢ > 1 and we have (1/c)v < u < cv. It

follows that 1% < ¢!’y and consequently

-D* (clglv - u) =a (clglv” - ug) >0,

lim x> (clglv - u) (t) =0, (64)

t—0"

(clalv - u) (1) =0,
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which implies by Proposition 12 that clv —u = G, (a(c
%)) = 0. By symmetry, we also obtain that v < c/'u. Hence,
e Jand ¢ < ¢ Since |o] < 1, thenc = 1 and
consequently u = v. 0

Example 15. Let 0 € (~1,1) and a be a positive continuous
function on (0, 1) such that
- - 2
a(t) =~ M1 t) “log<ﬁ>, (65)
where A < a+ (2 - a)(1 — o) and g < «. Then, using

Theorem 1, problem (1) has a unique positive continuous
solution u satisfying the following estimates:

min(a—1,(a— - (T 1/(1-0)
u(x) ~ x (a—1,(a=A)/(1 ))(Ll(x))
(66)
x (1 - x)min(1,(oc—‘u,)/(1—<7))(I':2 a- x))l/(lfa'),
where
5 1, ifA+a—-(a—-1)(1-0),
L =
1 (%) log(z), fA=a-(a-1)(1-0),
X
1, ifu<a+o-1,
(67)

- 21\
L,(x)= <log<;)>, itu=a+o0-1,
2
os ()
og| -
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