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We introduce the concepts of (H,y, @)-contraction and probabilistic («, ¢)-contraction mappings in generalized probabilistic
metric spaces and prove some fixed point theorems for such two types of mappings in generalized probabilistic metric spaces.
Our results generalize and extend many comparable results in existing literature. Some examples are also given to support our
results. Finally, an application to the existence of solutions for a class of integral equations is presented by utilizing one of our main

results.

1. Introduction and Preliminaries

The notion of a probabilistic metric space was introduced
and studied by Menger [1]. The idea of Menger was to use
distribution functions instead of nonnegative real numbers
to describe the distance between two points. It has become
an active field since then and many fixed point results for
mappings satisfying different contractive conditions have
been studied [2-8].

On the other hand, Mustafa and Sims [9] defined the
concept of a G-metric space and presented the Banach fixed
point theorem in the context of a complete G-metric space.
Following their results, some authors have obtained many
fixed point theorems for contractive mappings in G-metric
spaces [9-16].

As a generalization, using PM-spaces and G-metric
spaces, Zhou et al. [17] defined the notion of generalized
probabilistic metric spaces (or probabilistic G-metric spaces).
The purpose of this paper is to establish some fixed point
theorems for two types of mappings satisfying the (H, v, @)-
contraction or probabilistic («, ¢)-contraction in generalized
probabilistic metric spaces. As consequences, our results
generalize and extend many comparable results (see, e.g., [6-
8,14,16,17]).

We introduce some useful concepts and lemmas for the
development of our results.

Let R denote the set of reals and R* the nonnegative reals.
A mapping F: R — R" is called a distribution function if it
is nondecreasing and left continuous with inf, ; F(¢) = 0 and
sup, g F(t) = 1. We will denote by D the set of all distribution
functions and let D* = {F € D : F(¢) = 0, Vt < 0}.

Let H denote the specific distribution function defined by

0, t<0,

Definition 1 (see [2]). The mapping A : [0,1] x [0,1] —
[0,1] is called a triangular norm (for short, a t-norm) if the
following conditions are satisfied:

(A-1) Ala,1) = a, foralla € [0,1];

(A - 2) A(a) b) = A(b) a);

(A=3) Ala,b) < A(c,d), forc > a,d > b;

(A - 4) A(aa A(b3 C)) = A(A(aa b)) C)-

Three sample examples of continuous f-norms are

A, (a,b) = max{a + b - 1,0}, A,(a,b) = ab, and A \,(a,b) =
min{a, b} for all a,b € [0, 1].

Definition 2 (see [17]). A Menger probabilistic G-metric
space (briefly, a Menger PGM-space) is a triplet (X,G", A),
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where X is a nonempty set, A is a continuous t-norm, and
G” is a mapping from X x X x X into D" (G; ,, denotes

the value of G* at the point (x, y, z)) satisfying the following
conditions:

(PGM -1) G;)y)z(t) =1forallx,y,z € Xandt >0
ifandonlyifx = y = z;

(PGM - 2) G;’x)y(t) > G;’y’z(t) for all x, y € X with
z# yandt > 0;

(PGM -3) G; (1) = G, (1) = G, () = -
(symmetry in all three variables);

(PGM -4) G, (t+3s) = AG

X2 x,0,a

x,¥,2,a € Xandt,s > 0.

t),G,

a,y,z

(s)) for all

Example 3. Let (X, d) be an ordinary metric space. Define
G (x,y,2)(t) = H(t - k(d(x,y) + d(y,2z) + d(x,2))) and
G, (x,y,2)(t) = H(t — max{d(x, y),d(y, z),d(x, z)}), where
k > 0. Then (X,G},A ) and (X, G,,, A ;) are both Menger
PGM-spaces.

Example 4. Let Q be a distribution function, Q(0) = 0, and

at least two of x, y,z are distinct,
xX=y=z

(2)
Then (X, G", A ) is a Menger PGM-space.
Example 5. Let (X, d) be an ordinary metric space, let Q be a

distribution function different from H, satisfying Q(0) = 0,
and

t
G () = Q(d(x,y)+d(y,z)+d(x,z)>’
%y 0 at least two of x, y, z are distinct,

H({), x=y=z

(3)
Then (X, G", A ) is a Menger PGM-space.

Remark 6 (see [17]). Zhou et al. pointed out that if (X, G*, A)
is a Menger PGM-space and A is continuous, then (X, G*, A)
is a Hausdorff topological space in the (g, 1)-topology T; that
is, the family of sets {N,(&,A) : € > 0,A € (0,1]} (x € X) is
a basis of neighborhoods of a point x for T, where N, (¢, A) =
{yeX: G;’y’y(e) >1-A, G;’x’x(s) >1-A}

Definition 7 (see [17]). Let (X, G", A) be a PGM-space.

(1) A sequence {x,} in X is said to be convergent to a
point x in X (write x, — x) if, for any ¢ > 0 and
0 < A < 1, there exists a positive integer M, , such
that x,, € N, (¢, A), whenever n > M.

(2) A sequence {x,} in X is called a Cauchy sequence if,
forany e > 0and 0 < A < 1, there exists a positive
integer M, ,, such that G;n’xm’xl (¢) > 1 — A, whenever
n,m,l > M.
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(3) A PGM-space (X,G",A) is said to be complete if
every Cauchy sequence in X converges to a point in
X.

(4) A mapping T : X — X is said to be continuous at a
point x € X if {x,} is convergent to x implying that
{Tx,} is convergent to T'x.

Definition 8 (see [3]). At-norm A is said to be of H-type if the
family of functions {A™(¢)},;, is equicontinuous at t, where
A'(t) = A(t,t) and A™(t) = A(t, A" (1)), m = 1,2,...,t €
[0,1].

Definition 9 (see [4]). A function ® : R* — R" is said
to satisfy the condition (®) if it is strictly increasing, right-
continuous and ®*(t) — 0,¢ > 0,asn — 00, where ®”(t)
is the nth iteration of ®(t).

Lemma 10 (see [6]). Suppose that F € D'. For everyn € Z*,
let F, : R — [0,1] be nondecreasing and g, : (0,+00) —
(0, +00) satisfy lim,, _, ..g,(t) = 1 foranyt > 0. If F,(g,(t)) >
F(t) for any t > 0, then lim,, _,  F,(t) = 1 foranyt > 0.

Lemma 11 (see [17]). Let (X, G, A) be a Menger PGM-space.
Let {x,}, {y,}, and {z,} be sequences in X and x, y,z € X. If
X, = X, ¥, = y,andz, — zasn — oo, then, for any
t>0, G;wywzn(t) — G: (t)asn — co.

X,,2

2. Main Results

In this section, we will give some fixed point theorems for
two types of mappings satistying the (H, y, ®)-contraction or
probabilistic («, ¢)-contraction in generalized probabilistic
metric spaces. We first present some useful lemmas.

Lemma 12. Let (X,G",A) be a Menger PGM-space and A
be a continuous t-norm. Then the following statements are
equivalent:

(i) the sequence {x,} is a Cauchy sequence;

(ii) forany e > 0 and 0 < A < 1, there exists M € N such
that G, . . () > 1A, foralln,m > M.
Proof. (i)=(ii). This can be easily obtained from Definition 7
(2).

(ii)=(i). Since A is continuous, for every ¢ > 0 and A > 0,
there exists A, € (0,A),such that A(1-A,,1-A/2) > 1-A. Let
A, = min{Ay, A/2}. Then A(1-A4,1-1;) > 1-A. Hence, from
(ii), there exists M € N7, such that G} | (¢/2) > 1- A,
and G;l,x x (€/2) > 1 - Ay, foralln,m,l > M. Then we have
G . ’xl(s) > AGy (5/2),G;bx o (8/2)) 2 A(1-Ay,1-

A,) > 1 - A. Thus, {x,} is a Cauchy sequence. O

Lemma 13. Let (X,G", A) be a Menger PGM-space. For each
A € (0, 1], define a function G, by
G, (x,3,2) = inf {t 20:G,, ()>1- A} . (@)

for x, y,z € X. Then
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(1) Gy (x, y,2) < t if and only lfoyz(t) >1-X

(2) Gy(x,y,2) =0 forall A € (0,1] ifand only if x = y =
Z;

(3) Gy (%, 3,2) = G (1, %,2) = Gy (1, 2, %) =

(4) if A = Ay, then, for every A € (0,1], G (x, y,2) <
G, (x,a,a) + Gy(a, y,2).

Proof. It is not difficult to prove that (1), (2), and (3) hold.
Now, we prove that (4) also holds. For any A € (0,1] and
e > 0, we have G, (G)(x,a,a) + ¢/2) > 1 - A and

ayZ(G/\(a ¥,2) + €/2) > 1 — A. Hence, from (PGM - 4)
and A = A, we have

Gy, (G (x,a,0) +G) (a, ,2) +¢)
> min{G;M<G; (x,a,a) + f),
- 2
(5)

* * &
Ga,y,z <G/\ (a’y’z) + 5)}
>min{l-A,1-A}=1-21

which implies that G, (x, y,2) < G} (x,a,a) + G, (a, y,2) +&.
Lettinge — 0, we have G, (x, ,2) < G, (x,a,a)+G)(a, y,2)
forall x, y,z,a € X. O

Lemma 14. Let (X,G",A) be a Menger PGM-space and let
{GY}re(o,1) be a family of functions on X defined by (4). If A
is a t-norm of H-type, then, for each A € (0, 1], there exists
p € (0, A], such that, for eachm € Z",

m—1

GH (xz’ Xiy1> X l+1)
i=0

G:{ (xO’ X X
(6)

m—1

G}, (%0, X0, %) < ZG; (% Xp X131) »

i=0

forall xy, xy,...,%,, € X.

Proof. Since A is a t-norm of H-type, there exists 4 € (0, ],
such that, for allm € Z*,

A" (1-pu)>1-A\ (7)

For any given m € Z* and Xy X15eeer X
G, (% X5 X541) =1, (= 0,1,2,...
it is evident that G;(x,-,xM, Xj41) < t; + ¢/m. By Lemma 13,
fori=0,1,2,...,m

* &
Gxi’xiﬂ’xiﬂ (ti + E) >1-u (8)

By (7) and (8), we have

n € X, we put
,m —1). For every ¢ > 0,

— 1, we have

G. (tg + 1, +

X0sXp>Xm ottt 8)

3
A(...,A(G; L (tm_2+ 3),
m=2>"m-1>"m-1 m
* €
N )
>A"(1-p)>1-2

)
Again by Lemma 13, we get G, (xg, X,,,, X,,,) < to + 1, + -+

€ X, we have

G} (Xg> Xy X)) < Y0 G, (x; Xi41, X;41)- Similarly, we have
-1

G (x> X Xp) < X G;(xi,xi,xiﬂ). O

tn1 + € Lettinge — 0, for all xy, x,...,x,,

Inspired by the notion of H-contraction mappings in [8],
we introduce the notion of (H, y, ®)-contraction mappings
in PGM-spaces.

Definition 15. Let (X,G",A) be a Menger PGM-space, ®
satisfy the condition (®) and y : (-00,1) — (—00,1) be
a nondecreasing function, y(s) = 0 if and only if s = 0,
lim, ,,-w(s) = 1. Amapping T : X — X is said to be a
(H,y, ®)-contraction mapping on (X, G"), if, for any ¢ > 0
and x, ¥,z € X,

Groryr: (@ (1) >y (1-@ (1)), (10)

whenever G;%z(t) >y(l—t). Ify(s) =sforalls € (-00,1),
then T is said to be a (H, ®)-contraction mapping.

Theorem16. Let (X, G", A) be a complete Menger PGM -space
and let A be a continuous t-norm. Let T : X — X be a
(H, y, ®)-contraction mapping satisfying (10). Then we have
the following:

(i) T is continuous on X;

(ii) T has a unique fixed point in X, and, for any given x,, €
X, the iterative sequence {T" x,} converges to this fixed
point.

Proof. (i) Since @ is right continuous, strictly increasing and
®(0) = 0, we have lims_, ;+@®(5) = 0 and O(¢) > 0, for ¢t >
0. Since lim__, ;-y(s) = 1, we get lims _, +y(1 — O(J)) = 1.
Hence, for any given € > 0 and A € (0, 1), there exists § > 0,
such that 0 < ®(§) < eand y(1 - D(5)) >1- A

Now, for each x € X, suppose that {x,} is convergent to
x. Then, for § > 0, there exists M € N, such that Gx ex(0) >
y(1-3), whenever n > M. Since T'is a (H, v, ®)-contraction
mapping, we have G;wax’Tx((D((S)) > y(1 — ©(J)), whenever
n > M. Thus, G;meX)Tx(s) > G;wax)Tx((D((S)) > y(l -
®(0)) > 1 — A, which implies that T is continuous at x. By
the arbitrariness of x, we obtain that T is continuous on X.

(ii) For any given x, € X, define the sequence {x,} by
x, =T"x,.Lete > 0. ThenGx P (I+e) =0 > y(1-(1+¢)),
and it follows from (10) that GTnxO’Tnxm’Tnxm (@"(1+¢)) > y(1-
O"(1+¢)) forn,me Z".

Sincelim,_, ., ®"(1+¢) = 0, we havelim,, _, ., w(1-®"(1+
€)) = 1. Hence, for any € > 0 and A > 0, there exists M € Z*
such that ®"(1+¢) < eand y(1-®"(1+¢)) > 1-A, whenever



n > M. Hence, for n > M, we have szxn+m,xn+m (e) =
G;me)Tnwanxm (&) = y(1-®"(1+¢)) > 1-A. Using Lemma 12,
we know that {x,} is a Cauchy sequence. Since (X,G") is
complete, there exists x* € X such that x, — x". Since T
is continuous, we have Tx™ = x*.

Now, Suppose that y* is another fixed point of T. Then,
foranye > 0and A > 0, G;*,y*’y* (I+¢&) > y(1-(1+¢)), which
implies that G}nx*)Tny*)Tﬂy* (@"(1+¢)) > y(1-D"(1+¢)). For
any given ¢ > 0 and A > 0, there exists M € Z" such that
O"(1+e¢) < eand y(1 - D"(1+¢)) > 1— A, whenevern > M.
Hence, for n > M, we have G;*)y*)y* (e) = G;X*,Ty*’Ty* (e) =
G;mx*’Tny*,Tny* (®"(1+¢)) > 1-A, which implies that x™ = y™.
This completes the proof. O

Now, we present an example to illustrate Theorem 16.

Example 17. Let X = [0,1]. Define G* : Xx X x X — D'
by G;y’z(t) = H(t — max{|x — y|,|y — z|,|x — z|}) for all
x,y,z € Xandt € R.Itis easy to verify that (X,G",A)
is a complete Menger PGM-space. Let O(t) = (1/3)t for all
t € R*,let y(s) = s> forall s € (0o, 1), and let T : X — X
be defined by T'x = (1/4)x.

Now, if t > 3, then G:)y’z(t) >0 > (1-1°and
Groryr:(t/3) 20> (1-1/3) forall x, y, z € X.

If1<t<3,thenG,,,(5)=1>(1 —t)’. Forany x, y,z €
X = [0, 1], we have max{|x — y|,|y — zl|, |x — z|} < 1. Hence,

" t
GTx,Ty,Tz ( 5 )

t 1 1 1
- (5 -max{Zle sl gl -el g he-aif)

I
ay

(% [t— Zmax{lx—yl)ly—ZI,lx-zl}D (1)

1 (1= 3 maxile= ). |y -2l be- 21

3
i(e-)en(i-2)-s (L)
4 4 3
If0<t<1land G;’y,z(t) = H(t —max{|x— y|, |y —zl|, |x -
zl}) > (1t 20,then G: _(t) = 1 and

X9,z
* t
GTx,Ty,Tz ( g )

:H(t—Zmax{|x—y|,|y—z|,|x—z|}>

\%

(12)
> H (t-max{|x-y|,|y - 2|, Ix - zl})

3
(1L,
3

Thus, all the conditions of Theorem 16 are satisfied. Hence, T
has a unique fixed point in X. In fact, x = 0 is the unique fixed
point of T'.
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Remark 18. Theorem 16 generalizes and extends fixed point
theorems for H-contraction mappings in [8] to the setting of
generalized probabilistic metric spaces (take y/(s) = s).

Definition 19. Let T : X — X be a given mapping and
a 1 X°x (0,000 — [0,00) be a function. We say that T
is generalized a-admissible; if x, y,z € X, forallt > 0,
alx, y,z,t) > 1, then o(Tx, Ty, Tz, t) > 1 forall t > 0.

Definition 20. Let (X, G") be a PGM-space and let¢ : R —
R" be a strictly increasing function such that q)_l({O}) = {0}
and Y2, ¢"(f) < +oo forany t > 0. A mapping T : X —
X is said to be a probabilistic («, ¢)-contraction mapping on
(X, G*) if there exists a function & : X° x (0,00) — [0, 00),
foreach x, y,z € X, t > 0,

Groryr: (9(0) 2 a(x, 3, 2,)U, .. (), (13)

where U, (t) = min{G}, J,)Z(t), Gy e (D), G;Ty’Ty(t),
G;,TZ,TZ (t)’ G;,x,Tx(t)’ G;,y,Ty (t)’ G:,Z,TZ (t)}

Theorem 21. Let (X,G", A) be a complete Menger PGM-space
such that A is a t-norm of H-typeand A > A,. LetT : X —
X be a probabilistic («, ¢)-contraction mapping satisfying (13).
Suppose that the following hold:

(i) T is generalized a-admissible;

(ii) there exists x, € X such that a(xy, Txy, Txy,t) > 1 and
a(xy, xg, Txg, ) = 1 for allt > 0;

(iii) if {x,} is a sequence in X such that «(x,,, X, 1> X171, 1) =
L a(x,, X, X1, t) 2 1 foralln € N, t > 0, and x,, —
x, then a(x,, x, x,t) = 1 and a(x,, x,,, x,t) > 1 for all
neNandt > 0.

Then T has a fixed point in X. Moreover, let A be the set of fixed
points of T; if, for each x, y € A, we have a(x, y, y,t) > 1 for
allt > 0, then T has a unique fixed point in X.

Proof. Letx, € X and define the sequence {x,} by x,, = T"x,,.
Suppose that x,, # x,,, for any n € N (If not, there exists
ny € N,such thatx, , = Tx, = x, and then the conclusion
holds).

Since T is «a-admissible, a(x, Tx,, Txy,t) > 1, and
a(xg, x> Txg,t) > 1 forall t > 0, we have a(xy, x,, x,, 1) > 1
and a(xy, x1, x,,t) > 1 for all £ > 0. By induction, we obtain
that

OC(.X'”, xn+1’xn+1’t) 2 1’ “('xn’ xn’xn+1’t) 2 1’

VneN, t>0.
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For any n € N, from (13) and (14), we have
G;n’xn+l>xn+l ((P (t))

> o (x, 1> X, X, £) Min {G;M,xn,xn ), G;,.,pxwxn ®,

* *
X>Xn+1>Xn+1 ( )’ X>Xn+1>Xn+1 (t) ’

),

*

*
t)
Gxn—l)xn—bxn ( > Gx,l,xn,xnﬂ

Gi o B}

n+l

. * * *
2 min {Gxnfl’xwxn ( ) > XXt 15Xn+1 ( ) > Gxn—l’xn—l’xn (t) >

Gy D)
Gy o (@)

N (t)
b
Xn-1XpXn

),

> o (X,,_1> X,_1> X, £) Min {G;nfpan,xn t),G
* *
Gxn—l’xwxn (t) > Gxn’xn+l’xn+l

* *
Xn—1>Xn-1Xn (t) > Xn-1Xn-1Xn (t) >

G;n’xn’xn+l (t)}

(), G,

Xn—1>Xn—1>Xp (t) ’

> min {G* ®),G:

Xn—1>Xp>Xp XpoXnt1>Xns1

G 3

Xn>Xn X1 ( )

(15)

Suppose that Q,(t) = min{G;wxm’an (t)’G;,,,xn,xm ®)}.
Then, from the above inequalities, we get Q,(¢(t)) =
min{Q,(t), Q,_, ()} If min{Q,(£), Q,_; (1)} = Q,(t), then

Q@ 1)2Q, (¢ )2 2Q,().  (16)

By Lemma 10, we have Q, () = 1 for any ¢t > 0. Then, x,, =
X,.1> which is in contradiction to x,, # x,,,1.
Hence, min{Q,,(¢), Q,_; ()} = Q,_;(¢). Then we have

Q@ ®)2Q (¢ 1)z 2Q1). W)

Next, we show that {x,,} is a Cauchy sequence. For every
A € (0, 1], suppose that D, = inf{t > 0: Q,(¢) > 1 — A}. Then
Qy(Dy + 1) > 1 — A. From (17), for every A € (0, 1], we get
Q,(¢"(Dy + 1)) > 1 — A. By Lemma13, for any n € Z*, we
have

G;‘» (xn’ xn+1’xn+l) < (Pn (DA + 1) >
* n (18)
G/l (xn’xn’xn+1) <¢ (DA+1)'

By Lemma 14, for every A € (0, 1], there exists p € (0, A] such
that

m+n-1

G; (xn’xn+m’xn+m) < Z G; ('xi’xi+1’xi+1) >
i=n (19)

Yn,me Z*.

Suppose that ¢ > 0 and A € (0,1] are given. Since
Yo (p"(DM +1) < 400, there exists N € Z*, such that

Y ¢'(D, +1) < eforalln,m > N.Thus, by (18) and (19),
we have G} (x,,, X, > Xn) < € Using Lemma 13, we have
G* (&) > 1= Aforall n,m > N. From Lemma 12,

XnsXptmoXntm

we know that {x,} is a Cauchy sequence. Since X is complete,
there exists x* € X, such that x,, — x".

Since x, — x*, by (14) and (iii), we have
a(x,, x*,x*,t) > 1 and a(x,, x,, x",t) > 1 foralln € N and
t > 0. From (13), for any n € N, we have

G;n,Tx",Tx* (o))
> o (x, 1, x*, x*, ) min {G;n,l,x*,x* (1) ’Gzn,bxn,xn @),
Gy rer et ()5 Goe e e (£
Gy, G ()
Gy o (O}

t),G,

(t) >
Xn—1Xn-1Xn

> min {G;n—l’x*’X* t),G:

Xn—1XnXp

G;*,Tx*,Tx* (t) > G;*,x*,Tx* (t)} >
G:n,xn,Tx* ((P (t))

* . * *
> o (x,_1, X, 1, X", t) min {Gxn,l,xn,l,x* ®).G, . . ®,

* *
Gxn,l,xn,xy, (t) ? Gx*,Tx*,Tx* (t) >

* *
Xn-1Xn-1>%Xn (t) ’ Xn-1Xn-1>%Xn (t) >

Gl o e (t)}

(t), G,

Xn—1>Xn—1>Xn (t) >

> min {G;n,l,x*,x* t),G:

Xn-1>Xn>Xn

R (S A (5]
(20)

Lettingn — 00, since x, — x" asn — ©0, by Lemmall,
(20), we have
min {G}. 11 (9(0), Gy e 1 (9 D)}
(21)
> min {1, 1,1, G gy e (8), Gl o e (B}

Hence,
min {Gx*,Tx*,Tx” ((Pn (t)) ’ Gx*,x*,Tx‘ (q)" (t))}
> min {Gy 1y 1 (@77 (1) G e (@771 ()}

> > min {Gye 1y e (6),Ge o e (D)}
(22)

By Lemma 10, we have G}. 1. 1. (t) = 1and G} . 1. () = 1
forallt > 0. Thus Tx" = x™.

Moreover, let A be the set of fixed points of T’ if for each
X,y € A, we have a(x, y, y,t) > 1 for all t > 0. Now, suppose



that y* is another fixed point of T. Then a(x*, y*, y*,t) = 1
for all t > 0. Hence, by (13), we have

Gx*,y*,y* ((P (t))
= G;x*,Ty*,Ty* (goﬂ (t))
>a(x", " y"t)

X min {G;*)y*)y* ((p"_l (t)) s Gl T Tt ((p"_1 (t)) ,

Gyezyery (077 (0), G gy (9771 )
Go e (0771 (0), G oy (9771 )

Gy (9 O)}
>min{G}. . . (¢"" (1), 1,1, 1,1, 1,1}

>Gro ey (@) 2 2GL L ().
(23)

By Lemma 10, we get x* = y*. This completes the proof. [
Now, we present an example to illustrate Theorem 21.

Example 22. Let X = [0,+00] and A = A,,. Then A is a t-
norm of H-type. Define G* : X x X x X — D" by

x 0, <0,
Grye ) =1 omaxtixstly-abie-atiie oo (24)

for all x, y,z € X. We claim that (X,G*,A,,) is a Menger
PGM-space. In fact, (PGM — 1)-(PGM - 3) are easy to check.
Next, we prove that (PGM — 4) holds.

Suppose that t,s > 0, x,y,z,a € X, and A (G (1),
G2, (5)) = minfer e, g maxlaylly-ztla-zllisy _ ol
Then we have (s/t)|x — a|l > max{la — y|,|y — zl,|la — zl}
and so (t + s)/tlx —al = |x —a| + (s/t)|lx —a|l = |x —a| +
max{la - y|,|y - zl,la - z|} > max{|lx - yl,|y — 2|, |x - zl},

which implies that G} |, (t +5) = e max{lx=yhly=zhlx=zl}/(t+s)

e = A (G, (.G, (9)).

Similarly, if A (G, ,(0), G;’y,z(s)) = G;)y)z(s), then we
also have G;’y’z(t +5) = AM(G;,M(t),G;y’Z(s)). Hence,
(PGM - 4) holds. It is easy to prove that (X,G",A,,) is
complete. Let ¢(t) = t/2 fort € RY,

1
f+—, x €[0,2],
Tx=43 3
X2, x € (2,00), (25)
x, ¥,z €[0,2],

13
a(x,y,2,t) = {

0, otherwise.

It is not difficult to prove that o and T satisty (i), (ii), and (iii)
of Theorem 21. Now, suppose that at least one of x, y, z is in
(2,00). Then a(x, y,z,t) = 0 and so inequality (13) holds.
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Hence, for x, y,z € [0,2], we have «(x, y,z,t) = 1 for all
t > 0. Then, for t > 0, we have

* t
GTx,Ty,Tz ( E )

= o~ (1/3) max{lx=yl|y-zl.lx—2l}/(1/2)t
= ¢~ @/3) max{lx—ylly-zl.lx-zl}/t (26)

> o~ max{lx—ylly—zllx—zl}/t

=a(xy,21) G, ().

Thus, all the conditions of Theorem 21 are satisfied. Hence, T
has a unique fixed point in X. In fact, x = 1/2 is the unique
fixed point of T' in X.

Remark  23. Theorem 21  generalizes and  extends
Theorem 4.2 in [16] and Theorems 3.5 and 3.6 in [17]
(take at(x, y,z,t) = 1and t > 0).

3. An Application

In this section, we will apply one of our main results to
investigate the existence of solutions for a class of integral
equations.

Consider the following class of integral equations:

Ty
x(t) = L K(t,s) f(t,s,x(s))ds +x, (1), (27)

wheret € I = [0,T,], T, > 0,and x, : [0,T;)] — R, K :
[0,T,]* — R*,and f:[0,T]* xR — R* areall continuous
functions.

Let X = C([0,T,],R) be the set of all real continuous
functions defined on [0, T,)]. We define G* : XxXxX — D'

by

G,,, 1)

X,),2

:H(t—max{ sup |x () = y ()], sup]|y(t)—z(t)|,

t€[0,T,] te[0,T,

sup |x (f) - Z(t)l}> ,
t€[0,T, ]
(28)

for all x,y,z € X andt € R.Itis easy to verify that
(X,G", A ,,) is a complete Menger PGM-space.

Now, we define T : X — X by Tx(t) =
IOTU K(t,s) f(t,s, x(s))ds + x,(t), for t € [0,T,] and we write
x < yifand only if x(¢) < y(t) for all t € [0,T,]. Then, x isa
solution of (27) if and only if it is a fixed point of T
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Theorem 24. Suppose that the following hypotheses hold:

(i) f(t,s,-) is nondecreasing and ¢ : R* — R isa
strictly increasing function such that (p_l({o}) = {0}
and y>, ¢"(t) < +0o for any t > 0;

(ii) one of the following conditions is satisfied:

(a) forallx,y € X, x < y, and € > 0, we have

TO
sup] J Kts)[f(ts,y(s)— f(ts,x(s)]ds<g(e),

te[0,T,

whenever sup [y () - x(t)] <&
t€[0,T;]

(29)

(b) there exists a continuous function L : [0, T,]*
R" such that

LKW [fthsv) - ftsu)] < ¢()+L(t H-u,
T, T,
Vu,veR, u<v, tse[0,T,];

(30)

T
(iii) sup;eror) .[0 " L(t,s)ds < 1.
Then the integral equation (27) has a solution in X.

Proof. Since A = Ay, Aisat-norm of H-typeand A > A .
Let

1, x,93,z€X, x<y<z
a(x,y,z,t) = 31
(xy ) {0, otherwise. (3D
If x,y,z € X, forallt > 0, a(x,y,2,t) > 1, then

x < y < z Since f(t,s,-) is nondecreasing, we have
Tx < Ty < Tz. Hence, «(Tx,Ty,Tz,t) > 1. Thus, T is
generalized a-admissible. Let y, = x, € X. Then y, < Ty,.
Hence, a(yy, ¥o» Tvo-t) = 1 and a(yy, Ty, Tyy,t) = 1 for
all t > 0. Suppose that {y,} is a sequence in X such that
“()’n>)’n+1’ Yn+1> ) 21 and “(}’m)’w yn+1> ) 21 foralln € N;
t>0,andy, —» y.Theny, <y, <<y, <y, <+ <
y. Thus, a(y,, ¥, ¥,t) = 1 and oc(yn,y, y,t) > 1 for all neN
and t > 0.

We now prove that G;x,Ty,TZ(cp(s)) > a(x, y, 2, s)G;’y’Z(s),
for ¢ > 0. Suppose that x £ y or y £ z. Then a(x, y,z,€) =0
Hence, the above inequality holds.

If x < y <z then a(x, y,z,¢) = 1 for all ¢ > 0. Here we
distinguish two cases.

Case (a). If max{supte[O)TO][y(t) - x(t)],supte[O’TO][z(t) -
YO, sup,epor, [2(t) — x(1)]} > ¢, then G;X’Ty’Tz(q)(s)) >0=
a(x, y,z, e)G;,y,Z(e).

If max{supte[O)TO][y(t) - x(t)],suptE[O)To][z(t) - y@®)],
suptE[O,TO][z(t) — x(t)]} < &, then we have suptE[O,TO][y(t) -
x(t)] < s, SUPyc(o.1; ] [z(t) — y(t)] < & and supte[O’TO][z(t) -
x(t)] < e By (ii), we get SUPyc(o.1; ] [Ty(t) — Tx(t)] < ¢(e),

supte[O)TU][Tz(t) - Ty(t)] < ¢(e), and SuPte[o,TU][TZ(t) -
Tx(t)] < ¢(e). Hence, G;x)Ty’Tz(go(e)) =1 = alx, y,2,¢)
* o ().
X, ),2

Case (b). Forany x, y € X, x < y, and £ > 0, we have

e+ sup Ty(t)—Tx(t)
te[0,T,]

TO
= J £ s
0 To

Ty
+ sup J K(ts)(f(t,s,y(s) = f(t,s,x(s)))ds

te[0,1,] 70

Ty
= sup J Ti +K(ts)[f(t.s,y(s) - f(ts x(s)]ds

0 0

Tog(e)
< sup +L(t,s) [y (s) - x(s)] ds
]J T,

<@+ sup [y(@) -

Ty
x(®)] sup j L(t,s)ds
te[0,T, ]

te[0,1,] 70

<o+ sup [y(®)-x®)].

te[0,T, ]
(32)

Hence, ¢(¢) — SUPyc(o.1;] [Ty(t)-Tx(t)] = e— SUP;cfo,T,] [y(®) -
x(t)], forall x, y € X, x < y,and & > 0. Then,

sup [Tz (H)-Ty ()],

te[0,T; ] te[0,T; ]

go(s)—max{ sup [Ty (t)-Tx ()],

te[0,T, ]

sup [Tz(t)-Tx (t)]]>

> & — max { sup [y(t)—x@®)], sup [z(t)— y ()],
re[0T,] tel0.T,]
sup [z (t) - x (£)] ]’ ,
t€[0,T;]
(33)

where x < y < z. Thus, G;X,Ty,TZ(go(s)) > ax, y,2,¢€)
xyz(s) fore > 0.
In all case, we obtain Gy, Ty, (@) = alx,y,2,t)
xyz(t) > a(x, y,2,t) x},z(t) forallt > 0, where U xyz(t) is
the same as the one in Definition 20. Thus, all the required
conditions of Theorem 21 are satisfied. Therefore, T has a
fixed point x* € X; that is, x* is a solution of the integral
equation (27). O
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