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We investigate the properties of a general class of differential equations described by dy(t)/dt = f;.,,(t) y(t)k+1 + fi(®) y(t)k +oeet
£,y + fi(®)y(t) + f,(t), with k > 1 a positive integer and f(t), 0 < i < k + 1, with f;(t), real functions of t. For k = 2, these
equations reduce to the class of Abel differential equations of the first kind, for which a standard solution procedure is available.
However, for k > 2 no general solution methodology exists, to the best of our knowledge, that can lead to their solution. We
develop a general solution methodology that for odd values of k connects the closed form solution of the differential equations
with the existence of closed-form expressions for the roots of the polynomial that appears on the right-hand side of the differential
equation. Moreover, the closed-form expression (when it exists) for the polynomial roots enables the expression of the solution of
the differential equation in closed form, based on the class of Hyper-Lambert functions. However, for certain even values of k, we
prove that such closed form does not exist in general, and consequently there is no closed-form expression for the solution of the

differential equation through this methodology.

1. Introduction

In [1], a differential equation was derived, in the context of the
theoretical analysis of a security protocol, that can be written
in the following form:

-([4]-

In [2], the differential equations (1) are written as partial
fractions in such a way that the form of their solution matches
the recursive pattern of the definition of the Hyper-Lambert
functions that were proposed in [3] as a generalization of the
well-known Lambert W function (see [4] for an introduction

1)
>y(t)k—[k/2]+1(l _ y(t))fk/ﬂ

to this function and its properties). The differential equations
defined by (1) can be seen as belonging to the general
differential equation form

dy (t .
% = fin Oy + £ (0) y()F o)

tt L YO+ A Oy O+ fo (1),

with f;(t), 0 < i < k + 1 real functions. The class defined
by (2) appears to generalize, naturally, the Abel class of
differential equations (see [5]). Unfortunately, no general
solution strategy exists (to the best of our knowledge) for the
solution of this general class for k > 2, in analogy with the
methodology that exists for the Abel class. Thus, we could
not reduce the problem of finding the solution of (1) into the
problem of solving (2) for various values of k.



In this paper, we propose a general methodology which
for odd values of k > 2 provides a closed-form expression
of the solution of (1) based on closed-form solutions of
the roots of the equation g(y(t)) — s where g(y(t)) =
(i) y@ T2 — ()21 (the polynomial on the
right-hand side of (1)) and s # 0. Moreover, this closed-form
solutions are linked with the generalized Hyper-Lambert
functions.

However, for certain even values of k > 2 (at least
for values of k where k + 1 is prime), we prove that
the roots of g(y(t)) — s cannot be expressed by radicals,
and, thus, no closed-form solution can be obtained using
this methodology. This latter result may be of independent
interest.

2. Properties of the Target Class of
Differential Equations

The target differential equation class is the following (see [1]
for its derivation):

dx(t) _ < (k x() V(x@)\
a 2 <J’><1_(1—t)><ﬁ>

j=Tk/2]

J x (f)
Sl Y R
[k/2]-1 k x (1) j x () k-j
<3 (5)<(-a55) (E5)
If we set y(t) = x(t)/(1 - t), (3) becomes
dy(®) _y®)
dt 1-t
X [k/2]-1 k . j ke 1
x| 1- ]ZO (j>( —y )y ) - —
. k) j NS
X =2 ) (1-y@®) y®) .
2 (609
(4)
After some algebraic manipulations, (4) becomes
dy (t)
(l_t)_dt
(5)
ko /k ) » :
=) (j>(1—y(t))]y(t)k’(1—%—)/)-

j=[k/2]

Let g(y(t)) be the polynomial, in y(f), at the right-hand
side of the differential equation (5). Throughout this paper,
when we refer to this polynomial, we will always mean that
the polynomial is in y(t), treating y(¢) as an independent
variable. Based on the following two lemmas, whose proofs
follow by straightforward algebraic manipulations, we will
present the properties of the class of ordinary differential
equations defined by (5).
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Lemmal. Foranyl, 0 < < k, and independently of y, it holds

()0 0-D--(2) @

5=l

Based on Lemma 1, the following can be proved.

Lemma 2. The right-hand side of the differential equation (5)
can be written as follows:

k-1
glym) = ({q ~ 1) y(t)k—[k/ﬂﬂ(l _ y(t))rkm. @)
2

From Lemma 2, the following property of the polynomial
g(y(t)) can be readily derived.

Corollary 3. The roots of the polynomial g(y(t)) are 0 with
multiplicity | k/2] + 1 and 1 with multiplicity [k/2].

Lemma 4. The solution y(t) of the differential equation (5)
with y(0) € [0,1) is a function that has the following two
properties: (i) all its values are real numbers in the interval
(0, 1), and (ii) it is monotonically increasing.

Proof. Since y(0) € [0,1), because 0 < x(0) < landt =
0, and the polynomial g(y(¢)) contains the factors y(¢) and
(1 - y(t)) and its roots are 0 and 1, the solution function y(t)
of the differential equation (5) cannot get values below 0 or
above 1. Thus, statement (i) holds.

Since dy(t)/dt is always positive, as g(y(t)) is always
positive for y(t) € (0,1) and 1 —t > 0, then y(¢) is a
monotonically increasing function, thus proving statement
(ii). O

Lemma 5. The roots of the first derivative of g(y(t)) as a
function of y(t) are w, = 0 with multiplicity | k/2], w, = 1
with multiplicity [k/2], and wy = (k+1-T[k/21)/(k+1), while
wy is a maximum point of g(y(t)).

Proof. Since g(y(t)) is continuous on [0, 1], g(0) = g(1) = 0,
and it is differentiable on (0, 1), there is w € (0,1) where
dg(y(t))/dy(t)ly(t):w = 0 and g(y(t)) attains minimum and
maximum values on [0, 1]. After some algebraic manipula-
tions we obtain a closed formula for the first derivative of

gly@)):

)
(e )

x y(t)k*[k/ﬂ(l _ y (t))Fk/ﬂ

From (8), it is readily derived that the roots of the first
derivative of g(y(t)) are w, = 0 with multiplicity |k/2],
w, = 1 with multiplicity [k/2],and w; = (k+1-[k/21)/(k+1).
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The second derivative of g(y(t)) is given by the following
formula:

1 dg(y®)
(o) DO

- (k - m ) w (1) y(e)

% (1 _ y(t))rk/ﬂ _ {g} w (t) y(t)k—[k/z]

€)

(1= y ()< _ [lﬂ ()T

« (l —y (t))l'k/2'|—2,

where w(t) = k+ 1 - [k/2]1(1/(1 = y(t))). For y(t) = w,
the factor w(t) of (9) becomes 0, and thus a negative term
remains. Thus dzg(y(t))/dy(t) < Oon [0, 1] which means that
wjy is a maximum point of g(y(t)). ]

Lemma 6. The function g(y(t)) as function of y(t) is not
monotonic on [0, 1], and it is an increasing function on (0, ws)
and a decreasing function on (ws, 1).

Proof. Since y(t) € (0,1), the sign of the first derivative of
g(y(t)) in (8) is determined by the factor (k+1—[k/21(1/(1 -
y(t)))). Specifically, it holds that (dg(y(t))/dy(t)) > 0 for
y(t) € (0,w;) and (dg(y(1))/dy(t)) < 0 for y(t) € (ws,1).
Since the dg(y(t))/dy(t) changes sign on [0, 1], the function
g(y(t)) is not monotonic, but it is an increasing function on
(0, ws) and a decreasing function on (ws, 1). O

Lemma 7. For odd k, wy; = 1/2 and g(w;) = ([kl;Z_]l—l)
(1722521 while for even k, wy = 1 — (k/(2(k + 1))) > 1/2

and lim, _, ,;w; = 1/2.

Proof. Foran odd k, itholds [k/2] = (k+1)/2 and k—[k/2] +
1 = [k/2]. Thus,

Ck+l-[k2] 1
T k+1 S (10)

and by applying y(t) = w; in (7), we obtain the following:

g(w3):<{z}_il>(%)z[k/2]. (11)

2
For even k, it holds [k/2] = k/2. Consequently, we obtain

k

“2ED "

w; =1

which means that w; > 1/2. Applying CHospital’s rule, for
large even k, we have that lim; _, . w; = 1/2. O

The following theorem gives the specific form of the
polynomial function g(y(t)) of (5).

TABLE 1: The polynomial of the right-hand side of (13) for various
values of k.

g(iy(@®))
-y@®)’ +y@)’
29(t)* - 4y(t)’ +2y(t)
3y(t)° - 6y(1)* +3y(t)’

—6y(t)° +18y(t)° — 18y(t)* + 6y(t)°
—10y(t)” +30y(t)° = 30y(t)* + 10y(t)*
20y(t)* = 80y(t)” + 120y(t)° — 80y(t)* + 20y(t)*
35y(t)° — 140y (t)* + 210y(t)” — 140y(t)° + 35y(t)°

N U e W

Theorem 8. The right-hand side g(y(t)) of differential equa-
tion (5) is a polynomial function of one argument of (k + 1)
degree, and the minimum degree of its terms is k — [k/2] + 1;
that is, it has the form:

d}’ ®) [k/2]

(A-0)—=7—= gly®)= Y a;-y®™,  (3)
=0

wheres = k — [k/2] + 1 and

e (ER)

Proof. Based on (7) and the binomial theorem, the results of
the theorem can be readily deduced. O

Lemma 9. The function g is concave on [0, 1].

Proof. The interval [0, 1] is convex, since every interval in R'
is convex. Thus, for 0 < A < 1, the convex combination of
any y(t;) and y(t,), y(t;) = Ay(t;) + (1 — A)y(¢,) is in the
interval [0, 1]. If A is close to 0, the convex combination is
close to y(t,). Based on Lemma 6, it is obvious that g(y(t;)) >
Ag(y(t;)) + (1 — A)g(y(t,)), which means that the function g
is concave. O

Table 1 presents the polynomial function of the right-
hand side of the differential equation using Theorem 8 for
various values of k.

Some plots of the polynomial function g(y(t)) as a
function of y(t) in the same graph for various odd values of
k appear in Figure 1. It is easy to verify the result of Lemma 7
that the local maxima of g appear at y(¢) = 0.5 independently
of k value. Moreover, the function g is symmetric around the
axis y(t) = 0.5; that is, for every value g(y(t)) < ¢(0.5),
there are y(t;) < 0.5, y(t,) > 0.5, and |y(t,) — 0.5 =
|y(t,) — 0.5] where g(y(t,)) = g(y(t,)). By solving the
differential equation (5) for a certain odd value of k where
gy(t)) € (0,9(0.5)), we can calculate t that g(y(t)) gets its
maximum value; that is, the first derivative of y(t) becomes
maximum. This value of ¢ along with the fact that g(y(t)) is
symmetric around the axis y(t) = 0.5 can be used to calculate
the time value at which the sought function attains a specific
target value, which can be of use in determining a particular
stopping time for the protocol given in [1].
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FIGURE 1: A plot of g(y(t)) as a function of y(t) for odd values of k.
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FIGURE 2: A plot of g(y(t)) as a function of y(t) for even values of k.

Figure 2 presents some plots of g as a function of y(¢) in
the same graph for various even values of k. In these plots, the
local maxima of g appear at y(t) = 0.66,0.6,0.57, and 0.55
for k = 2,4,6,8 correspondingly. Moreover, as k increases,
the local maxima of g are obtained at a y(t) closer to 0.5.
But in practice, k takes small values. Moreover, the range
(0, g(w;)) where the function g is an increasing function is
longer than the range (g(w;), 1) where the function g is a
decreasing function; that is, the values of g are not equally
balanced around axis y(t) = ws.
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Theorem 10. For s € (0, g(w,)), the equation g(y(t)) = s has
always one real root r,(s) within the interval (0, ws;) and one
real root r,(s) within the interval (ws, 1). In addition, the root
r1(s) is a monotonically increasing function of s, while r,(s) is
a monotonically decreasing function of s.

Proof. Let p(y(t)) = g(y(t)) — s. Since the first derivative
of p(y(t)) is equal to the first derivative of g(y(t)), from
Lemma 5, it follows that w; is also a root of dp(y(t))/dt.
By Lemmas 5 and 6 we conclude that the polynomial
p(y(t)) attains its maximum at w;. Moreover, it is monotone
increasing for y(t) < w; and monotone decreasing for y(t) >
w;.
It holds p(0) = p(1) = —s < 0, while p(w;) = g(w;) — s >
0 since s € (0, g(w;)). Thus, since p(y(t)) as a function
of y(t) is continuous on (0,1) and it has opposite signs at
the endpoints of intervals (0, w;) and (ws, 1), it has one real
solution 7, (s) in the first interval and one real solution r,(s)
in the second one.
Finally, due to the monotonicity of p(y(t)) in each of
these intervals, the root r,(s) monotonically increases as s
increases, while the root r,(s) monotonically decreases. [

Lemma 11. For odd k, it holds r,(s) + r,(s) = 1.

Proof. From Lemma7, w; = 1/2. Thus r,(s) € (0,1/2)
and r,(s) € (1/2,1). Since p(y(t)) as a function of y(t) is
continuous on (0, 1) and it has opposite signs at the endpoints
of intervals (0, 1/2) and (1/2, 1), the roots r;(s) and r,(s) can
be approximated by the use of the bisection method.

After n iterations of the bisection method on these
intervals, the calculated roots r,(s) and r,(s) satisty the
identity r,(s) + r,(s) = 1 since the intervals are balanced,
g(ry(s)) = g(r,(s)) = s, and in each iteration the method
operates in one of the two halves of the two intervals. O

3. The Solution of the Class of the Differential
Equations for Odd k

By the class of differential equations defined by (13), it is easy
to see that it has the form dy(t) /dt = Y} f.(t) y(t)', with k >
land f;(t),0 < i < k+1, specific real functions of t. This form
appears to generalize the class of Abel differential equations of
the first kind in that it involves the sought function to powers
greater than 3, for k > 3. To the best of our knowledge,
no general solution strategy exists for generalized differential
equations of the Abel type that can be exploited to solve
(13). In this section we will describe such a solution strategy
for odd k that makes use of the result of Lemma 4 and the
properties of the polynomial function g(y(t)) that have been
proved in Section 2.

Definition 12. Let I be an index set, and let f; : C — C be
arbitrary complex functions which do not vanish identically.
Assuming m,n € N such that m > n, we define F, , (z) :
N?x C — C as follows:

ifn=1,

15
if n> 1. (15

A
e
Fn’m (Z) = {efm(nl)(z)Fnl,m(z)
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Definition 13. Let f; be as in Definition 12 and z € C. Then
we define

G(f1 (2), f,(2), "fj (Z);Z) =ZFj+1,j+1 (2). (16)

Definition 14. Let f; be as in Definition12, G as in
Definition 13, and y € C. Then the function HW({ f;};c15 »)
is the function which satisfies the following equation:

G({fi}iel;HW({fi}iez;y)) =) 17)

If wesets € R, at the right side of (1), we obtain the following
functional equation:

(1-1n2°Y dy (t) (18)

Our approach relies on the following fact for the solution #(s)
of the functional equation (18).

Claim 1. Let r(s) be a real function in R, such that each value
of t ! belongs to the domain of (s) for every value s € R,.
Assuming that b = t(s), then y(b) = y(t(s)) = r(t (b))

Lemma 15. The solution t(s), s € R,, of the functional
equation

(1-n22 dy (t) (19)

forms a solution of the equation g(y(t)) =s.

Proof. Given s € R, and the solution ¢(s) to (18), it follows
from (13) that y(t(s)) is a root of the polynomial equation
gly(t)) =s. ]

Theorem 16. For odd k and s € R, the solution t(s) of the
functional equation (18) is equal to

t(s)=1+ce [@/s)(@dr(s)/ds)ds (20)

with r(s) = \1 —4h(s))/2, where h(s) =
(s/ ( [kl/(z_1l_1 ))1/[k/21 and the real positive solution of the
equation g(y(t)) = s.

Proof. For odd k the exponents of y(t) and (1 — y(t)) of the

polynomial g(y(¢)) in (7) become equal, that is, k—[k/2]+1 =
[k/2] = I, and the polynomial g(y(t)) could be written as

follows:
k-1 l
gy®) = ({E} _1>y(f)l(1-y(t))- (1)
2
Based on (21), the polynomial equation g(y(t)) = s becomes

y(®)(1-y®) =Jﬁ (22)

[k/2]1-1

Let h(s) = A[s/ ( [k/z ) the right-hand side of (22). By
Lemmas 5 and 7, we have s < ( [k]/<27]1—1 ) (1/(2*™/21)) which

leads after some algebraic manipulations to 4h(s) < 1. This
means that the discriminant of the quadratic equation (22)
A = 1 — 4h(s) is positive, and consequently by applying
the closed-form formula for the solutions of the quadratic
polynomial equation (22), we find that the solutions are the
following:

r(s) = 1+ \/12— 4h (s),

) (s) = 1- \/12— 4h (s).

(23)

It is obvious that 7, (s) +7,(s) = 1. Thus, r;(s) and 7, (s) are real
valued functions, where r,(s) is a monotonically decreasing
function with w; < r;(s) < 1 and r,(s) is a monotonically
increasing function with 0 < r,(s) < ws;. By Theorem 10 and
Lemma 11, the roots r, (s) and r,(s) are the appropriate roots,
and consequently we set r(s) = r,(s) for y(t) € [0,0.5] and
r(s) = r(s) for y(t) € (0.5,1].

Using the chain differentiation rule, we obtain the follow-
ing:

(24)

d
}’(t(S))—r(s):>< y(t)) ( dt(s) _ dr(s)

dt )iy ds  ds

However, since (1 — t)(dy(t)/dt) = s fort = t(s), it follows

that
dy (1) 3 s
( dt >t:t(s) S 1-t(s) (25)

Thus, (24) becomes

<dy (t)) dt(s) dr(s) . s dt(s) dr(s)
dt )iy ds  ds 1-t(s) ds  ds

(26)

Solving the differential equation in (26), we obtain the
solution shown in (20) as required. O

Corollary 17. Let a(s) = /1 — 4h(s). Then the solution to (18)

is equal to
1 +c<%)ems), if r(s)=r(s),
t(s) = (27)
tee(SG ) o =n,
where p,(s) and p,(s) are given by

[k/21 pi~1 ( 2[?]{//22]]—_11—1 )
p(s) = —
1 2 -1 (i)

= (i

|: ( 1)1 1 : ]
X T - - 5>
(@@ -1" (a(s)+ 1)

[k/2] pi~1 (Z[k/21—i—1 )

( ) — [k/Z]—i
P 1:22 =1 ()

(28)

X — + - .
(@@ -D"" (als)+ D"



Proof. We compute the integral in (20) for r(s) = r,(s). Let
l = [k/Z], m = ( [kl/cz—]l_l ), and

1/2
a(s)=<1—4(%>1/1> , (29)

r(s) = % + %a (s). (30)

After some algebraic manipulations, we obtain the derivative
7' (s) of (s) as follows:

r (s) == a (s). (31)

By (29), we obtain the following expression for s:

Q:ﬁff&f, (32)

S = 41

Multiplying (31) by 1/s and after some algebraic manipula-
tions, we obtain

1, 4 a (s)
—r (s)= — —
s 2m (1 —a(s)z)

Based on (32) and (33), the integral in (20) becomes

(33)

Ly (04 d(
J; r(s) = . J (a(s)z - l)l ds. (34)

Setting a(s) = w for convenience, we can form the rational
parts expansion of the rational part of the integral in (34) as
follows:

1 1
w -1 W-Dw+1)

I A, I B,
-2 Z(w+ 1y

o(w- 1) i1

(35)

with the coeflicients given, by standard calculus techniques,
by the following:

1 [ 4%
Ai = Y (I-i) ﬁ]
(I-i)!| dw (w-1)(w+1) Jyy

1 [ 4% 1 ]

(w-1)

T =i | dw™ (1)
o (36)
Bi: 1} —.(w+1)l—]
(= i) | dw®™ w-D'w+1) |y
1 [ da%
C (=) | dwtD (w '

fori=1,...,L

International Journal of Differential Equations

Since

a1 L1 @l=i-1)!

W wey ) @t a-nr 0

the coeflicients A; and B; become

1 = 1 @l-i-1)!
Ai_(l—i)!( D 22 (1-1)!
21— lz
(e
5 1 1 @-i-1)! (38)
o (zY (-2%7 (-1

(2-i-1 1
- I-i (—l)l 92l-i

Based on (34), (35), and (38), the integral in (20) becomes

)4 [ d A & d 6B,
T 2m J[;(a(s)—l)i+;(a($)+l)i

=(%E)ln<au)+1>+(—nﬁ’
m a(s)—1 2m

1 ! A. 1 ! B.
XJ[Z “ ’ﬁz a0 11’] (39)

ima®-1" Z@E)+1)
() fa+1
 om 1n(a(s)—l)

1 2i_1 (21;1’;1 al (S)
+§[ C1)m Jm@—w

211(21 j al(s) ]
m (a(s)+1)" |

Since (le_—12> = m, after some algebraic manipulations (39) is

rewritten as follows:

1, 1
J;r(s)=ln<§§3tl>+pl(s), (40)
where
1 21'—1 (21;1;1 )
P (s) = ;—(1 “Dm
(41)
o e
X — — — | .
@@ -D" (a(s)+ 1)
For r(s) = r,(s), the derivative 7'(s) of (s) becomes
v’ (s)=—-= a (s). (42)
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Applying the previous proof method for #'(s) given by (42),
the integral in (20) becomes

j L) ds = ln( a(s) -
s a(s)+1

) +py(s), (43)

where

1211 2111
pa(s) = Z )

-1
i=2 (l )m (44)

o o)
X — + — | .
(a(s)-1)"" (a@)+1"!
Thus, from (20), we obtain the following:

1+%“@+U@@,ﬁr@=nm,
a(s)—1
t(s) = ©-1 (45)
a(s) -
Lo B2 ) el if ¢ (s) = :
+C<a(s)+1>e itr(s)=r,(s)
completing the proof of the theorem. O

We now need to invert the function #(s) or, equivalently,
to solve (27), with unknown s. By setting z = 1 +a(s), (27) for
r(s) = r,(s) after some algebraic manipulations becomes

_z=2)

t(s)-1 ’ (46)
where Q(z) is the rational function of z given by
Zl: 1 1 (21
= -1)m
= (47)

( l)l i— 1+(Z 2)i—1
Zl(z -2

With regard to the constant c, its value may be obtained from

x(0) as follows. Since y(t) = x(¢)/(1 — t), then y(0) = x(0).

Setting t = 0 in g(y(t)) = s, we obtain the value for s. Thus,

using this value of s, we have established the relation ¢(s) = 0,

and we can compute a(s) and z. Now we can solve (46) for c.
Setting

o= nee _ZZ(I —LO) | Qe(zz)) 4s)

we rewrite (46) as follows:
z= /@ (49)

Based on Definitions 12, 13, and 14 for j = 1, we can rewrite
(49) as follows:

z=e/@

= ze /97 =1
(50)

= G(-f(2);2) =1

= z=HW (-f(2);1).

Letl = [k/2] and m = ([k17511_1 ) Since z = 1 + a(s) by
substituting a(s) and after some algebraic manipulations, we
obtain the following formula for s:

B mzl(z - 2)l
- 7
(51)
mHW(-f (2);1)' (HW (=f (2);1) - 2)'

4l

Equation (51) gives values of s for specific values of t through
Hyper-Lambert functions. Specifically, for a certain value of
t, the function f(z) takes a particular form, and through (51),
we obtain a value for s. Thus, we have found ¢ ' (s). In [6], (51)
has been derived for k = 3.

Based on Theorem 16, Lemma 15, (50), and that r(s) =
z/2, a solution of the differential equation (13) can be
obtained by

HW (-f (@);1). (52)

y(t(s) =r(s) = 5

Equivalently, we can obtain the solution by

([ mEW(-f (2); 1) (HW (£ (2);1) - 2)
y(s)=r y
(53)

with r(s) = r,(s).

We will now demonstrate the previous methodology for
k =3.Sincel = [k/2] = 2andm = (J51,) = 2, ()
becomes

g(y®) =291 -y ()’
=2y(t)* - 4y(t)’ +2y(t)>.

(54)

From Theorem 16, the real positive solutions r,(s) and r,(s)
of g(y(t)) = sfor s < (1/8) can be written as follows:

rl(s):1+ 1—2\/2’ rz(s)zl_ 1—2@. (55)

2 2

Moreover, the rational function Q(z) of z involved in (46)
becomes, after some algebraic manipulations, as follows:

2z-1)

Q(2) = z-2)

(56)

Thus, the function f(z) defined by (48) becomes

f(z):ln(c(z—z)ei(l—t(s)))+ 2(z-1) ' 57)

z(z-2)€*




Finally, the formula for s defined by (51) and the solution of
the differential equation (54) defined by (53) can be written
as follows:

22 (z-2)°
S§= —M—
8
_ HW(-f (2); 1) (HW (-f (2);1) - 2)°
8 .
_ (BW(=f (2);1)*(HW (- f (2);1) - 2)°
y(E@s) =r - )

(58)

where r(-) = 7,(s).

4. Nonclosed-Form Solvability Results for
Even Values of k

In this section, we consider the case where the parameter k is
an even integer greater than 2, that is, k = 2m, with m > 2.
This case is of distinct interest because it does not seem to
be amenable to the methodology we have followed for k odd.
In Section 3 where we considered odd values of k, a key step
in linking the solution of the differential equation with the
class of Hyper-Lambert functions was to find the closed-form
solution y(t), given s, of the polynomial equation g(y(t)) =
s, with g(y(t)) given by (21). This closed-form solution was
needed in Lemma 15 and Theorem 16. When we attempted to
apply the same methodology for even values of k > 4, we
were not able to find a closed-form solution of the equation
g(y(t)) = s, even for fixed value of k (e.g., k = 4). Thus, we
focused our attention on investigating the possibility that the
equation does not have a closed-form solution. As it turned
out, this was indeed the case, at least for values of k such that
k + 1 is prime and certain ranges of s. We believe that this
result may be of independent interest.

Before proving it, we will state three fundamental theo-
rems of Algebra.

Theorem 18 (Eisenstein’s irreducibility criterion). Let g be a
prime number, and let f(x) = a,x" +--- + ax' + a, be a
polynomial of degree n with integer coefficients satisfying the
following properties:

(i) q does not divide a,;

(ii) q divides ay, ay, ...,a,_;;

(iii) qz does not divide a,.

Then the polynomial f is irreducible over the field of Q of
rational numbers.

Theorem 19. Let K be a subfield of R, and let f € K[X] be
an irreducible polynomial of prime degree n > 2. If the Galois
group of f over K is solvable, f has either exactly one root in
R or all its roots in R.

Theorem 20. Let f be a polynomial with coefficients in a field
K of characteristic zero. Suppose that f is solvable by radicals.
Then the Galois group of I (f) of f is a solvable group.
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We now state and prove the main result, concerning the
unsolvability, in closed form, of the polynomial equation

gly@®)) =s.

Theorem 21. The equation g(y(t)) = s is not solvable by
radicals over Q for k = 2m withm > 2, n = k + 1 a prime,
and s = 1/b a rational number, given in its lower terms (i.e.,
ged(l,b) = 1), such that s € (0, g(ws)), Ib#0, and b is a square
free integer.

Proof. Let s = I/b € Q, with [b#0. Then, our target poly-
nomial is p(y(t)) = g(y(t)) — (I/b). We will, first, show
that p(y(t)) is irreducible over the set of rational numbers
Q using Theorem 18. We will work, in the following, with
the polynomial bp(y(t)) in order to have a polynomial
with integer coefficients, as required by the statement of
Theorem 18. The degree of this polynomial according to
Theorem 8 isn = k+1, which has been assumed to be a prime.

We will show, however, that Theorem 18 is not, directly,
applicable to bp(y(t)) since the first two conditions of the
theorem are not met. The coefficients g;, i = 0,...,n in
Theorem 18 are as follows:

_ 2m-—1 m i—(m+1)
ai_b(m—l)(i—(m+1)>(_l) Y,

i=m+1,..., n=2m+1,

(59)
a,=0, i=1,...,m,
ay = —1.
Since |a,| = a,,, = b(*"!), the first two conditions of

Theorem 18 do not hold. Since 0 is not a root of p(y(t)), we
can set y(t) — 1/x, in order to consider the polynomial
f(x) = bp(1/x), instead of bp(y(t)). Then each nonzero root
x, of the polynomial f(x) corresponds to a nonzero root y,
of p(y(t)) and vice versa by the correspondence y, < 1/x,.
Consequently, p(y(t)) is solved by radicals if and only if f(x)
is solved by radicals.

Thus, from now on we will consider the polynomial
f(x) = bp(l/x). In order to have the inverse of 1/x, we
will use the polynomial h(x) = K2l f(x). We will apply
Theorem 18 to this polynomial because if it applies to it, then
f(x) will be irreducible, as well as, in turn, p(y(t)).

After some algebraic manipulations, the polynomial
h(x) = x¥m*! f(x) can be written as follows:

neo =2 ) Y () - (e
i=0

Now the coefficients a;, i = 0,...,n = 2m + 1 of the

polynomial h(x) in (60) are as follows:

Dm+1 = _l’

a; =0, j=m+1,...,2m,

2 -1 m—ij .
aj:b(r?—l)(mn—l)(_l) o j=0,,m.

(61)
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In this way, we have decoupled the coefficient a, = a,,,,,
from all the rest so as to be feasible to satisfy the first two
conditions of Theorem 18. Since, by assumption, ged(l, b) = 1,
in order to satisfy the first two conditions, it suffices to choose
as q any prime divisor of b. Since b is, by assumption, a
square free integer, then the third condition is satisfied too.
Thus, Theorem 18 applies to /i(x) in (60) and, thus, to p(y(¢)).
Therefore, p(y(t)) is irreducible over Q.

We will, now, prove that the number of real roots of h(x)
is neither equal to 1 nor its degree, which is n = k + 1. From
Theorem 10, since we have assumed that s € (0, g(w;)), it
follows that g(y(t)) has at least two roots and, thus, h(x) has
also at least two roots because of the relationship between
their roots. We will prove that not all of its roots are real.
Let us assume, towards a contradiction, that /(x) has 2m + 1
real roots. We can differentiate h(x) m times to obtain its
mth order derivative, which is equal to I((2m + 1)!/ m)x™ 4+
mlb (2m-1). If h(x) had 2m + 1 real roots, then its mth order
derivative would have, at least, 2m+ 1 —m = m+1 > 3 (since
m > 2, by assumption) real roots.

The roots of I((2m + 1)!/m)x™" + mlb (™! are the
(m + 1)th roots of —B/A, with A = [((2m + 1)!/m!) and
B = mlb(¥m]). These roots have the form | — B/A|Ym*D
(cos(xm + 2dm)/(m + 1) + isin(xm + 2dm)/(m + 1)) with
d =0,...,m (+mr is w if -B/A is positive and —m if —-B/A
is negative).

A root is real if and only if the imaginary part is 0; that
is, (£ + 2dm)/(m + 1) = n((2d £ 1)/(m + 1)) is an integer
multiple A of 7z. Since d < m, we only need to consider A = 1.
Solving (2d £1)/(m+1) = 1,weobtaind = (m+151)/2.Itis
easy to see that this gives us at most two values for d: (i) two
values for even m: m/2 (for the “~” sign in (2d + 1)/(m + 1))
and (m+2)/2 (for the “+” sign in (2d + 1)/(m+ 1)) and (ii) no
such value for odd m. Thus, the mth order derivative of h(x)
has at most 2 real roots for even m or no real roots for odd m,
while according to the assumption that /i(x) has 2m + 1 real
roots, it should have at least 1 + 1 > 3 real roots, which is a
contradiction.

Therefore, either there are no real roots of h(x), or the
number of real roots of h(x) is more than 1 but less than its
degree n = 2m + 1. Thus, from Theorems 19 and 20, it follows
that h(x) is not solvable by radicals over Q. Therefore, p(y(t))
is not solvable by radicals over Q too. O

5. Conclusions and Future Work

In this paper we studied the properties of the solution of the
differential equation

k-1
(1-1) % = <[E“ B 1> y(t)k*[k/ﬂﬂ(l _y(t))[k/ﬂ'
2

(62)
This differential equation arose out of the theoretical analysis
of a security-related bit-agreement protocol (see [1]) and does
notappear to have been documented elsewhere. It can be seen
as a subclass of a natural generalization of the well-known
class of Abel differential equations of the first kind.

In this paper we showed that, for odd k, the solution of
this equation can be expressed in closed form through the
roots of the polynomial on its right-hand side. Moreover,
the resulting expression can be transformed into a closed-
form expression involving the generalized Hyper-Lambert
functions that were proposed in [3] as a generalization of the
well-known Lambert W function.

For even values of k it was not possible to follow the same
approach since, as we showed, no closed-form expression
exists for the roots of the polynomial, at least when k + 1 is
prime. One possible direction for future research is to extend
the proof to cover all value of k or show that closed-form
solutions exist for nonprime k.

Another, more interesting direction would be to see
whether the more general class given in (2) can be attacked
using the strategy proposed in this paper, that is, based on
deriving closed-form solutions of the polynomial on the
right-hand side and linking them with the solution of the
differential equation, at least for certain polynomials f;. There
seems to be very scarce research work on the properties of
(2), and any result towards the determination of its solution
or, at least, the properties of its properties would be of high
importance.
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