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We study the bifurcation and stability of trivial stationary solution (0, 0) of coupled Kuramoto-Sivashinsky- and Ginzburg-Landau-
type equations (KS-GL) on a bounded domain (0, L) with Neumann’s boundary conditions. The asymptotic behavior of the trivial
solution of the equations is considered. With the length L of the domain regarded as bifurcation parameter, branches of nontrivial
solutions are shown by using the perturbation method. Moreover, local behavior of these branches is studied, and the stability of

the bifurcated solutions is analyzed as well.

1. Introduction

The mathematical theory of pattern formation [1-3] has a
wide range of applications. In the field of fluid mechanics,
Rayleigh-Bénard convection is the most widely studied exam-
ple. Like the thermally driven Bénard convection, the surface
tension-driven Marangoni convection is also an interesting
pattern formation of nonlinear system. With mass transfer
from liquid phase to gas phase, a typical setup for the
Marangoni convection is a liquid layer resting on a rigid
surface, with a free deformable upper interface contacting
an infinite layer of gas. Nevertheless, at present, we still
find it hard to analyze the governing equations for the
Marangoni convection, that is, Navier-Stokes equations and
mass (surfactant) transfer equation. What we can only use is
numerical simulation so far. There is little work that has been
done on the nonlinear Marangoni convection.

In this paper, we consider a simplified model, which is
proposed to capture important nonlinear features yet more
amendable to analyse:

A=A+ A, - |A| A+ Ah,

2
ht = _hxx - hxxxx + (X'A |xx’

where A(x,t) is the amplitude for the Marangoni convec-
tion mode and h(x,t) is the interface deformation (real
function). Equation (1) has been derived by Golovin et
al. [4]. The constant « = k/(Ma - Mac)l/5 is positive,
with Ma denoting the Marangoni number, and represents
the gradient (derivative) of surface tension with respect
to surfactant concentration. Ma, is the critical Marangoni
number at which the trivial stationary state becomes linearly
unstable, and k > 0 is a constant related to other system
parameters.

Equation (1) without the interaction term A#h is the well-
known Ginzburg-Landau equation [5, 6], while the second
equation without the term |A?|, is the linearized version of
the so-called Kuramoto-Sivashinsky equation [7]. Both the
G-L equation and K-S equation have been extensively inves-
tigated as model examples of infinite dimensional dynamical
systems. In [8], Kazhdan et al. have done numerical simu-
lation of this coupled system of Kuramoto-Sivashinsky- and
Ginzburg-Landau-type equations (hereafter, KS-GL system).
Duan et al. [9] have discussed the existence and uniqueness
of global solutions of this coupled system, using the contrac-
tion mapping principle and energy estimates. Despite these
publications on KS-GL equation, the static bifurcations of the
equation have not been thoroughly studied. In this paper,
we focus on studying bifurcations of the KS-GL system. In



[10], Xiao and Gao analyzed the bifurcations of the 1D Swift-
Hohenberg equation with quintic nonlinearity. Two types of
structures in the bifurcation diagrams are presented when
the bifurcation points are closer, and their stabilities are
analyzed. Li and Chen have applied singularity theory and
the perturbation method to study the bifurcations of the 1D
and 2D K-S equations and get the asymptotic expressions of
the steady-state solution branches that have bifurcated from
the equilibrium in [11, 12]. In this paper, we will use the
methods in [10-12] to discuss the bifurcated solutions. In
(1), A is complex. Namely, we can write A = Rexp(i0). The
additional phase 6 makes analysis very complicated. Here,
we restrict our attention to invariant subspace in which A is
real. We hope to return to the general case in future study. In
this paper, we discuss steady solutions of the parabolic partial
differential equations

A, =A+A_ - A+ Ah,
2 @
ht = _hxx - hxxxx + (X(A )xx’

on the cylindrical domain Q = (0,L) x R" subject to the

boundary conditions
A,=h.=A . =h, =0 atx=0,L. (3)

The steady-state equation of (2) reads as

A+A_ -A +Ah=0, 0<x<lL,
Ny = P + “(Az)xx =0, 0<x<L,
0A 0’A (4)
_:0’ _:0) :0, L,t>0,
ox x> *
oh o*h
_:0’ _:Oa :0, L,t>0.
ox x> *

We will discuss the bifurcation of the trivial steady state of the
equations.

2. Analysis of the Trivial Steady State (0, 0)

In this section, we study some properties of the linear
problem associated with problem (4). Let X = {(A,h) €
H?*[0,L] x H*[0,L] | A"(0) = A'(L) = A"(0) = A"'(L) =
H©) = W(L) = 1" 0) = W' (L) = 0}. We linearize the
problem at the trivial solution (0, 0), and then we have the
corresponding differential operator matrix

— +I 0
= ox 2 g | (5)
Cox? oxt
and the eigenvalue problem is

P te=Ap, 0<x<IL,
“Vix ™ Vaxxx = /\l//’
95 (0) = @y (L) = @y (0) = P (L) = 0,

Yy (0) = ¥ (L) = Yy (0) = Wy (L) = 0.

0<x<L,

(6)
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The eigenvalues A are given by

2 2 4
he (a2 (2
L L

m L
n,me N.

7)

If A,, = 6,,, then the corresponding eigenvectors are

mmnx 0
CoS L i nnx | (8)
0 COS —
L

If A, #0,, then for A,, = —(mm/L)* + 1, the corresponding

eigenvector is
cos X
L | )
0

and for §,, = (n/ L)* = (nm/L)*, the corresponding eigenvec-

tor is
0
Ccos x| (10)
L

It will be convenient to rescale the spatial variable so that
the domain (0, L) maps onto the fixed domain (0, 1). Thus,
we introduce the variables X and #, LX = x, #(X) = u(x),
7(X) = v(x), then omit the tildes, and we find that problem
(4) becomes

A+LPA, —-L*A’+L*Ah=0, 0<x<]1,

2 2 2
~L’hyy = By +al?(A%) =0, 0<x<1,

0A O’A (11)
— =0, — =0, x=0,1,t>0,

ox ox3

oh ’h

— =0, — =0, x=0,1, t>0.

ox ox3

The corresponding eigenvalue problem at (0, 0) is

o +L@=MNop, 0<x<1,
~LPy,, - =AMy, 0<x<l,
V’xx l//xxxx 1// (12)
Px (0) = 92 (1) = Prx (0) = P (1) = 0,
¥ (0) = ¥ (1) = Wi (0) = W (1) = 0.
It is easy to find that A’ = L*.
3. Bifurcation and Stability Analysis in
Different Cases
Let L be a bifurcation parameter; L = 7 is a bifurcation

point. In this section, we discuss how many nontrivial
solution branches will be bifurcated from the trivial solution



Journal of Applied Mathematics

near L = 7 and their asymptotic expression. Moreover, we
will discuss the stability of the solution branches.
When L = 7, the eigenvector at (0, 0) of (12) is

COS 7TX 0
el—< . >, eZ_(cosnx)’ ceR 13)
We set
L=n+y(e)- s (14)

<12> = ;5“1'61' +& <z Ez: 2) , 15)

where ¢ is a small parameter, (ZE; ?) efene} al+ag = 1.

Substituting (14), (15) into (11) leads to

(socl cos7tx + €a (x, s))” +(r+ye)-e)
X (socl costx + €a (x, s)) —(r+y(e)-e)
X (s(xl cosmx + €%a (x, s)) +(m+y(e)- 8)2 (16)
X (8 cosTx + €%a (x, s))
X (scxlc + eq, COSTIX + € ’b (x, s)) =

—(r+y(e)- s)z(soclc + e, cosmx + £°b (x, s))”
- (scxlc + e, cos mx + £°b (x, s))””
+a(m+y(e)- e)2<(e(x1 cosmx + €2a (x, s))z)” =0,

17)

where / means 0/0x and " means 9%/9x>.
Letting the coefficient of €% vanish in (16), (17) gives

a(')’ (x) + ﬂ2a0 (x) +2my (0) &y cos x
(18)
+ 7 cos7mx (¢ + a, cos mx) = 0,

"” (x)+m b (x) + 27y (0) & cosx

19)
+ 7% cosmx (¢ + a, cos mx) = 0,

(x) 50 n
where (Zs(;)) = (‘;gog) €{en e}
Taking the inner product of (16) with cos x, we obtain

1 1
J a(')' (x) cos x dx + J ay (x) cosx dx
0 0
1
+ 27y (0) oy J cos’mx dx (20)
0

1
2 2
+m J cos 7x (@ ¢ + oy cosx) dx = 0
0

For the first term of (20), integrate it by part and from the
boundary condition a'(0) = a’'(1) = 0, and we have

1 1
J a(')' (x) cosmxdx = —m° J ay (x) cos x dx. (21)
0 0

Substituting (21) to (20), we get

y(0) = ——cocln, (o, #0),

(22)
(a; =0).

From the aforementioned orthogonality condition, we
know that

y(0) is an arbitrary constant,

1
J a, (x) cos mx + cby (x) dx = 0, (23)
0

1
J by (x) cos mx dx = 0. (24)
0

Taking the inner product of (19) with cos 7x, we obtain

1 1
J b" (x)cosmxdx + J b(;' (x)cosmtxdx
0 0
1
- 2a,7°y (0) J cos’mx (25)
0

1
2 4
+ 2000010 J cos2nmtxcosmxdx =0
0

Because of the boundary condition b'0)=b'(1) =" (0) =
") =0, orthogonality condition (24), we get
Y0 =0, (a#0),
(26)
y(0) is an arbitrary constant, («, = 0),
from (25).

Comparing (22) and (26), for ocf + oc% = 1, we deduce the
following important relation:

1
y(0) = 5T, (27)
Substituting (27) to (18), we get
a(;' (x) + m*ay (x) + M’ &,co8 X = 0. (28)

For a,(x) satisfies the boundary condition a(',(O) = a{(O) =
n n

a, (0) = a, (1), we calculate from (28) that
ay (x) =k, cosx + % cos 27X — %, k, € R.
(29)

Next, we want to calculate b;(x) and substitute (27) to
(19); we get the following ODE:

"" (x) + 7T2b (x) + cocloczn4 COS TTX

(30)
+ 20cocf7'r4 cos2mtx = 0.

By lengthy computations and the boundary conditions
b(;(O) = bl'(O) = bé"(O) = b(;”(l), we deduce that

aa?
by (x) = ¢, + ¢, cosmx — ?1 cos 27x, ©

coxay = 0. (32)



Taking the inner product with cosx of (31), from (24), we
know that

1 oc(xf
J ¢ + ¢, cosTTx — e cos2nx |cosmxdx =0, (33)
0

which gives us

6 =0, (34)
2 2 2
T T 3 T 3
—a, — —an; — —«o] |cos3nxb, (x
(961 961 241) 0 (%)
35
, (35)
=¢ - —2 cos 27x.
6
Substituting (29), (35) to (23), we have
! oo o0
J CoS 7TX (kl oS TX + ——2 cOs 271X — ¥>
0 6 2
i (36)
oo
+cfeq- Tcosan dx =0,
from which we get
ky = —2ccy,
o o (37)
ay (x) = —2cc; cosmx + % COS 271X — %
From the previous discussion, we obtain
coya, =0, (38)
with the normal condition
o +al-1=0. (39)
When ¢ = 0, then we have
Yo =0 (40)
at this time,
o o
ay (x) = 16 2 Cos 27X — 12 2
(41)

2
oo
by (x) =¢ — Tl COS 27IX.

Letting the coeflicient of & of (16), (17) vanish, we get
ai' (x) + 7'[2(11 (x) + 27y, (0) cos mx
23 3 2
— " cos X + 1"y cos mxby (x) (42)
+ 7 aya, (x) cos 7mx = 0,
b1”” (x) + nzbl” (x) — 20cloc712 cos nxaé’ (x)
+ 404104713 sin nxa(') (x)
(43)
+ 200t cos mxay (x)

- 2713)/1 (0) &, cos mx = 0,
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where a,(x) = (0a(x,€)/0x)|,—p> bj(x) = (0b(x,€)/0x)|.=0
and y,(0) = y'(O).
Taking the inner product of (42) with cos mx, we obtain

1 1
J a;' (x) cos x dx + m° J a; (x) cosmx dx
0 0

1 1
2 2 3 4
cos“mxdx — e J cos x dx

+ 2ma; y; (0) J .

0

1 (44)
+ J cos’mxby (x) dx
0
1
+ 1, J aq (x) cos’mx dx = 0,
0
from which we know that
2
3 ax;T T 5
1 (0) = —mxf Ay —mx%, a, #0,
8 24 2 24 (45)
y: (0) is an arbitrary constant, «; = 0.

Next, we discuss the expression and the stability of the
bifurcated solutions in different cases.

Casel. ¢ =0, a; #0.
Substituting (41), (45) to (42), we have

, , 2 2, o7
a +7n7a +| —o - —aa; — —a; |cos3nx = 0.
v () +ma () (121 2% 73 1)
(46)
Because of the orthogonality condition
1
J a, (x) cosxdx = 0, (47)
0
and boundary condition
a) (0) = a] (1) = 0, (48)
we get
2 2 2
T T 3 T3
a (x) = (9—6041 ~ 96 %M T 5% ) cos 37mx. (49)

Substituting (41) to (43), we have

b'" (x) +7°b) (x)

5
- <27T3y1 0)«, + g(xaftxzﬂ4> CoSTTX (50)

3
+ E(xocfoczﬂ4 cos 3mx = 0.
Taking the inner product of (50) with cos mx, we obtain

1 1
J b1”” (x) cos mx dx + m° J- b1” (x)cosmxdx
0 0
) 3 5 2 4 ! 2
- 277y, (0) oy + Pt cosmxdx  (51)
0

1
3 5 4
+ Eococloczrr cos3mxcosmxdx =0,
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for b, (x) satisfies the orthogonality condition

1
J b, (x) cosx dx =0, (52)
0

and the boundary condition
b (0)=b (1) =b" (0)=b" (1); (53)

we know
. 1
J bl”" (x) cos tx dx + 1 J b1” (x)cosmxdx =0, (54)
0 0
which forces
3 S 2 4
2y (0) ey + Zaejoom = 0. (55)

From (45) and (55), we get

2
5 5, 3 L, axim gm 5
0)=-——axjm=—na] + —— — — + — 7K,
v (0) = —paam = g+
a, #0,
(56)
or
2
3 [0 7014 5
y (0) = —mxf i L. U —mx;,
8 24 2 24 (57)
a, = 0.
Substituting (55) to (50), we get
3
b1”” (x) + ﬂzb{' (x) + Eococf(xzn4 cos3mx =0, (58)
which gives us
~ 1
b (x)=¢ - gaaltxz cos 3mx. (59)

As has been discussed previously, we have the following.
For L near 7, there are nontrivial steady-state solution
branches of (11) bifurcated from the trivial solution:

5 [ o0 o
A(e) = e cosmx + € L2 cosmx — 2
6 2

2 2 2

m m m

+€ —oy - —oc(xf - —ocf cos 37x
96 96 24

+0(83),

, (60)
oo
h(e) = ea, cos rx + € (c1 - Tl cos 27'rx)

1
3~ 2 3
+e€ <c1 - Eococloc2 cos37'rx) +o(e ),

L:ﬂ+82y1 (0)+O(82).

a, #0, «,, y,(0) satisfy (56), (57). ¢;,¢ € R. ¢, ¢ are arbi-
trary constants.

Next, we wish to consider the stability of the nontrivial
solutions given in (60).

Considering the eigenvalue problem

BON ) (90O
P (@@, 1@ ($9) =10 (50). @

since A(0) = 0, ¢(0) = cos x, y(0) = 0, we assume

(vi6) = (%57) welr) 2 02)

Ae) = A+ et +---,

Fuy (A(e),h(e),L(g))

2
L* + % —3L%A% (¢) + L*h (¢) L*Ale)
X
L. 0A() 0 *A(e) ? , 00 ot
2aL <27ax a+ 32 +A(£)ﬁ> -L Fy i
(62)
Substituting (62) to (61), we get
aZ 2 2 42
@‘/’(SHL ¢ (e) —3L"A" (e) ¢ (¢)
+L*h(e) ¢ (e) + L*A(e) v (¢)
-A =0,
()¢ (e) (63)
0A (¢) 0p () %A l(e) ° (¢)
2al’( 2 A
* ( ox ox | ox $E+AE) Ox?
oy d'y
S e A = 0.
ox?  oxt Ay (e)=0

On the branches given in (60), equating the coeflicient of ¢ in
(63) to 0, we obtain

", 2 2 2
¢, + ¢, +aymcos mx — A cosmx = 0,

(64)
4oc<xln4 €os 27X + 7121//{' + 1//;"' =0.
From (64) and the boundary conditions
$1(0) = (1) =¢" (0) =" (1),
! ! n n (65)
Yy, 0=y, D)=y, (0)=y, (1),
we get
A =0,
Py cosmx + N COS 27TX 22
. =2 )
)-(men ) e
1 q; + g, cosmx — > COs 27X

q1-9, € R.



Using the second-order term of ¢ in (63), we obtain
n,o_2 32 22
¢, +P, - —5% +oq, — g(xl " — A, | cosmx

o
+ (Iﬂ + m)ﬂzcosZﬂx
2 2

3, 1, 7 5
+| ——a] + —a] — —ax] | cos3mx
4

4 12 (67)
n n
TSPt S he = 0,
m o, 2.om 3 4 4
v, +my, - gocloczom cos X + 4o pymm cos 2mx
+ 3ocloc2<xn4 cos3mx =0,
and considering the boundary condition
$,(0) =) (1) = ¢," (0) = ¢" (1),
(68)

n n

¥, (0) =y, (1) = 93" (0) = 9" (1),

we deduce that (67) has solution if and only if &, = 0; in this
case, we have o = +1 (o} +o] = 1). Taking the sign of ¢ into
account in (15), we consider «; = 1 only. Therefore, we have

3 [0 2
Ay = (—— -—+ )ﬂ ,
2 2 e I
b2
(‘l’z)
e 3., ¢« ie)
=<p2cos71x+6c05271x(32+32)c053nx2>.p2’

4y + g, cosmx — ?cosZﬂx

91-9; € R.
(69)

So in Case 1, on the branches (60), the eigenvalue
of F,;,(A(e), h(e), L(¢)) is

WO = (3§ ra) e o). 00

The corresponding eigenfunction is

¢ COS TTX Py cosx
= + « €
(1//) ( 0 ) q, + g, cosmx — 3 COS 27X

3« 2 9
P, cosTtx — + €os3mx — == + == cos 27X
+ 32 32 o« 2 6 &2

g + g, cosmx — %cosan

+o ().

(71)

From (70), we know that the eigenvalue of the lin-
earized operator F,;,(A(e), h(e), L(¢)) at the nontrivial solu-
tions given in (60) is negative if g, < (3/2+«/6), and positive
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if g, > (3/2 + «/6). Finally, for small ¢, if g, < (3/2 + a/6),
then the corresponding solution branches are stable; if g, >
(3/2 + «/6), then the corresponding solution branches are
unstable; if g, = (3/2 + «/6), we need higher-order items
of A to determine the result.

Thus, we have proved the following theorems.

Theorem 1. For L near m, there are nontrivial steady-state
solution branches of (4) bifurcated from the trivial solution:

TT. o 27T oo
A(e)=ea1cos—"+82(¥cos_x__1 z)
L 6 L 2

2 2 2
3
+é n—ocl - n—ococf - n—(xf cos o + 0(83) ,
96 96 24 L

X 2
h(e) =ea,cos — +€& | ¢, — — cos —
(e) 2 I <1 p

1
3~ 2 3
+e& (cl - E(xoclocz cos 37Tx> + o(s ),

L= 7T+82y1 (0) +0(82),
(72)

where oy = 1, &, = 0, y,(0) =3/8 + /24 — /2, ¢, € R.

Remark 2. Since y,(0) = 3/8 + /24 — ¢;/2, when ¢; < 3/4 +
«/12, L = 7 is a supercritical bifurcation point; when ¢; >
(3/4 + «/12), L = 7 is a supercritical bifurcation point.

Theorem 3. The eigenvalue of the linearized operator
F,1,(A(e), h(e), L(e)) at the nontrivial solutions given in
Theorem 1 is negative if g, < (3/2+a/6), positiveifq, > (3/2+
«/6). Finally, for small ¢, if g, < (3/2 + a/6), then the corre-
sponding solution branches are stable; if q; > (3/2+ «/6), then
the corresponding solution branches are unstable.

Case2. ¢ =0, a; =0.

If c =0, «; =0, then «, = *1; taking the sign of ¢ into
account in (15), we consider a, = 1 only. In this case, from
(40), (41), (45), (49), (56), and (59), we have

ay(x)=0, by(x)=¢, y(0)=0,
- (73)

a(x)=0, b(x)=¢, y(0)=0.

Similarly discussed as in Case 1 previously, we get
2(0) =93 (0) =y, (0) =--- = 0. (74)

Remark 4. Since y(0) = y,(0) = y,(0) = p;(0) = y,(0) =
--- = 0, there are no solution branches of (4) bifurcated from
the trivial solution in Case 2.

Case 3. c#0, a; #0.
If c#0, a; #0, then &, = 0, ; = £1; taking the sign of
€ into account in (15), we consider «, = 1 only. In this case,
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from (27), (31), and (37), we have
ay (x) = —2cc; cos x,

o
by (x)=¢ - . cos 27X, (75)
1
0) = —=cr.
y (0) 2c7r
Letting the coefficient of & of (16) vanish, we get

3
a{' (x) + nzal (x) + (clﬂ2 + 27y, — Zczﬂz

3 7'[2 @ 7T2> COSTTX
4F T2 (76)

2
+ ﬁ7'[2 T cos 3rtx = 0.
12 4

Taking the inner product of (76) with cos x, we obtain
1 1
J a{' (x) cos tx dx + J a, (x) cosmx dx
0 0

1
3

+ J <c1ﬂ2 +2my, — ~nt
0 4

(77)
3, )
——n"— —n" )cos“mxdx
4 1
2\ (1
Y L L J cos 37x cos rrx dx,
12 4 /) Jo
from which we get
3, 3 [2%4 o
0)= =+ -m— 1+ + —n,
71 (0) gC T g ko
(78)

1
ay (x) = k, cosx + (ﬁ - —)cos3ﬂx.
9% 32

Letting the coefficient of & of (17) vanish, we get
1111 2.1 8 4
by (x)+7°b (x) - <8c1 + §> maccos2nx =0, (79)
from which we get
2 2
b (x) = <§clocc + 50«:) COS 27X + G,. (80)

Substituting (78), (80) to the orthogonality condition

1
J cosmxa, (x) + ¢b, (x)dx =0, (81)
0

we get

k, = —2cc,. (82)

Thus, we have that for L near 7, there are nontrivial steady-
state solution branches of (11) bifurcated from the trivial
solution:

A(g) = ecosmx + € (=2cc; ) cos mx

1
+e [—ZCQ COSTTX + (ﬁ - —)cos 371x] +o(s3),
9% 32

he) = & (cl - %cos 2nx>
3 2 2 ) 3
+€ + —cjac+ —ac ) cos2nx +o (€ ),
<°z 31% 7 (<)

1 3 3
L=m—- —cns+<—c2n+ —7T
2 8 8

Ay )t o).

(83)
Next, we wish to consider the stability of the nontrivial

solutions given in (83).
Considering the eigenvalue problem

Fu @@ L@ ($8) =10 (50) @0

since A(0) = 0, ¢(0) = cos 7x, ¥(0) = ¢, we assume that

(v16) = (7)< (G) v (@)

Ae)=Ae+ A+,

Fuy (A(e),h(e),L(g))

2
o+ % -~ 31242 (¢) + L% (o) LA
X
0A(e) 0 0*A(e) o , 00 ot
2aL? (2 — Ale) — | -I*—= - —
* ( ax ox  ox @) ox? ox*  ox*

(85)
Substituting (85) to (84), we get

2

%qﬁ (&) + L¢ (&) = 3LA (e) ¢ () + L°h () (o)

+L’Ae) y (e) - A(e) ¢ (e) = 0,

20l (2 ‘gff) “gf)+ a’igs)¢(s)+A(s) —a“i g”)
oy ot
S n e B IOM O

On the branches given in (83), equating the coeflicient of ¢ in
(86) to 0, we obtain

(/51’ + ¢, — cn® cosx — A, cosmx = 0,
(87)

" nn
4o cos 2mx + 7121//1 +y, +Ac=0.



From (87) and the boundary conditions

¢ (0) = ¢; (1) = )" (0) = ¢" (1),

n n

1 (0) = y; (1) = 91" (0) = y}" (1),

(88)

we get
c=0,

A =—cn® =0,

0N Ecosnx — (89)
<‘/’1> - E+é§cosnx— %cosan “Pr

ﬁ,%eR.

We find that ¢ = 0 is a contradiction to ¢ #0, so there are no
solution branches of (4) bifurcated from the trivial solution
in Case 3.

Case4. ¢#0, a; = 0.
If c#0, a; = 0, then a, = +1; taking the sign of ¢ into
account in (15), we consider &, = 1 only. In this case, from
(27), (31), and (37), we have
ay (x) = =2cc, cosmx,

by(x)=¢, y(0)=0. (90)

Similarly discussed as in Case 1 previously, we get
O =90)=p0) =y 0)=--=0. 1)

Remark 5. Since p(0) = ,(0) = ,(0) = y;(0) = y,(0) =
- = 0, there were no solution branches of (4) bifurcated
from the trivial solution in Case 4.

Remark 6. In this paper, trivial stationary solution and
bifurcations at it are considered for the KS-GL equations with
Neumanns boundary conditions on a finite domain (0, L).
The results we get in this paper are new and original. It
would be very interesting and much more complicated to try
and extend our study to stationary patterns and the corre-
sponding bifurcations. Another interesting but challenging
direction would be the case in several space dimensions.
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