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A generalized Caristi type coincidence point theorem and its equivalences in the setting of topological spaces by using a kind of
nonmetric type function are obtained. These results are used to establish variational principle and its equivalences in d-complete
spaces, bornological vector space, seven kinds of completed quasi-semimetric spaces equipped with Q-functions, uniform spaces
with g-distance, generating spaces of quasimetric family, and fuzzy metric spaces.

1. Introduction

Caristi’s fixed-point theorem [1, 2] and its equivalences, Eke-
land variational principle [3, 4], and Takahashi minimization
theorem are forceful tools in nonlinear analysis, control
theory, and global analysis; see, for example, [3-5]. In the
last two decades, Caristi’s fixed-point theorem and Ekeland
variational principle have been generalized and extended in
several directions. About these, one can refer to, for example,
[1-32] and the references therein. In particular, in [25], a very
general Ekeland variational principle and Caristi’s fixed-point
theorem are presented, which give a unified approach to three
classes of Ekeland type variational principle: in the first class,
the underlying space is a sequentially complete uniform space
(or equivalently, a sequentially complete F-type topological
space), and the perturbation involves a family of topology
generating pseudometrics (or quasimetrics); in the second
class, the underlying space is a locally complete locally convex
space (resp., a locally complete locally p-convex space), and
the perturbation involves a family of topology generating
seminorms (resp., topology generating p-homogeneous F-
pseudonorms) or involves a single Minkowski functional; in
the third class, the underlying space is a complete metric
space, and the perturbation involves a w-distance or a 7-
function. On the other hand, Banach fixed-point theorem
has been extended to large class of nonmetric spaces which
included d-complete topological spaces, symmetric spaces,
and quasimetric spaces (see, e.g., [33-35]). But to our

knowledge, neither Ekeland’s variational principle nor any
of its equivalents have been established in such d-complete
topological spaces.

Motivated by the aforementioned works, we attempt to
give a unified approach to the previous works. A generalized
Caristi type coincidence point theorem in the setting of
topological spaces by using a kind of nonmetric type function
is proved. As an application of this Caristi’s coincidence
point theorem, an Ekeland type variational principle and
its equivalences in the setting of topological spaces are
obtained. Also, these results present Caristi type coincidence
point theorem, variational principle, and its equivalences in
d-complete topological spaces. Moreover, these results are
used to establish variational principle and its equivalences
in bornological vector space, seven kinds of completed
quasi-semimetric spaces equipped with Q-functions, uni-
form spaces with g-distance, generating spaces of quasimetric
family, and fuzzy metric spaces. The results of this paper
uniformly extend and generalize the corresponding results
appeared in the literature [1-4, 6-13, 15, 25, 26, 28, 30, 32].

2. Caristi Type Coincidence Point Theorem

The primary goal of this section is to establish two equivalent
generalized Caristi type coincidence point theorems in the
setting of topological spaces by using a kind of nonmetric
type function. As an application of these Caristi’s coincidence



point theorems, equivalent generalized Caristi type common
fixed point theorem, Caristi type fixed point theorem for set
valued, Caristi type fixed point theorem for single-valued
map, Ekeland type variational principles and its equivalences
in the setting of topological spaces are obtained. To establish
our main results, we need the following definitions.

Definition 1 (see [15]). Let (X, T) be a topological space. An
extended real-valued function f : X — (—00,+00] is said
to be sequentially lower monotone if for every sequence {x,}
converging to x and satisfying

f)zfx) 2z 2 fx) 2 )

we have f(x) < f(x,), for each n.

Definition 2. Let (X,7) be a topological space and p
X x X — [0,+00] a function. A proper function f :
X — (-00,+00] (i.e., f(x) is not identically to +00) is
said to be sequentially lower monotone with respect to p (in
short, sequentially lower monotone with respect to p) if for
any sequence {x,} in X satisfying Y 2| p(x,, X,,1) < +00,
lim, , x, = xand f(x,.;) < f(x,) for each n, we have
f(x) < f(x,) for eachn € N.

Definition 3. Let (X, T) be a topological space and p : X x
X — [0, +00] a function.

(1) (X, 1) is said to be p-complete [33, 34] if any sequence
{x,} with Y72 p(x,,x,,;) < +oco implies that the
sequence {x,,} is convergent to some x € X.

(2) (X,7) is said to be sequentially lower complete
with respect to p, if any sequence {x,} with
Yoo, p(x,, x,,1) < +00 implies that the sequence {x,,}
is convergent to some x € X, and

lim infp (x,, y) < p (x, ), ()

for any y € X.

(3) Let f : X — (—00,+00] be a proper function.
The topological space (X, 1) is said to be sequentially
lower complete with respect to p and f if any
sequence {x,} in X satisfying Y o2) p(x,,, X,,,;) < +00
and f(x,,,) < f(x,) for all n is convergent to some
x € X, and (2) holds for any y € X.

Remark 4. It is clearly that if (X, 1) is sequentially lower
complete w.r.t. p, then for any proper function f : X —
(—00, +00], (X, 7) is sequentially lower complete w.r.t. p and

f.

Now, we can prove the following Caristi type coincidence
point theorem in the setting of topological spaces.

Theorem 5. Let (X, 7) be a topological space, p : X x X —
[0, +00] a function, f : X — (-00,+00] a proper, bounded
from below, sequentially lower monotone function with respect
to p, and ¢ : (—00,+00) — (0,+00) a nondecreasing
function. Assume that (X, T) is sequentially lower complete
with respect to p and f. Let D be a nonempty subset of X,
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g : D — X asurjective function, I an index set, and, for each
iel,T,: D — 2% a multivalued map. Then the following
conclusions hold and are equivalent.

(1) Suppose that for each x € D with g(x) ¢ (\;e; Ti(x),
there exists y € X, such that

either 0=p(g(x),y) <o(f(g(x))(f(g())-f(¥),
or  0<p(g(x),y)<o(fg))(f(gt)-f (y))(é)

Then for any x, € X, there exists a coincidence point
u € D of g and {T}};c; that is, g(u) € (V;e; Ti(w), such
that

f(gw) < £ (xo)- (4)

(2) Suppose that for each x € D with g(x) ¢ [\ic; Ti(x),
there exists an iy, € I and y € Tin(x), such that (3)
holds. Then for any x, € X, there exists a coincidence
pointu € D of g and {T}};cp; that is, g(u) € (;e; T;(w),
such that (4) holds.

Proof. (1) We take an x, € X, since f # +o00; without
loss of generality, we can assume that f(x,) < +o0o. Since
g: D — Xisasurjective function, there exists 1, € D, such
that g(uy) = x,. If g(uy) € [,y T;(14g), then the conclusion
holds. Otherwise, by the supposition, there exists y € X, such
that

either 0=p (g (up), y) <@ (f (9 (1)) (f (9 (o))~ (¥)),
or  0<p(g(u),y)<o(f(g(u))(f(g (uo))—f(y)gﬁ_;)

Thus,
p(x0,y) = p(g (), )
<29 (f (g () (f (g ()= f () (6)
=29 (f (x0)) (f (x0) = f ())-

Hence,

S1={y € X:p(x0y) <20 (f (%)) (f (x0) = F (")} ¢(Q;-)

Obviously, for any y € S, f(x,) > f(»). Thus, we can take
y, € §; such that

Fo0 <3 (Fe) v @) < fm). ®

Assume that y, has been taken, and y, = g(u,) for u,, € D. If
g(u,) € Nie; T:(u,,), then the conclusion holds. Otherwise,

Sa= 1 € X200 ) <20 O G)=f D20,

Note that for any y € S,,,, we have f(y,) > f(y). Thus, we
can take y,,, €S, such that

FOu) <3 (F00+ f F@)<F O )
p(yn’ywrl) < Z(P (f (yn)) (f (yn) - f(ywrl))' (11)
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It remains to consider the case that there is an infinite
sequence {y,} which satisfies (10) and (11). From (10), we
know that {f(y,)} is a decreasing sequence. Since ¢ is
nondecreasing, it follows from (11) that

2.2 O 3un) < .20 (£ 030) () = £ )

(o9

< Z(P (f (XO)) Z (f (yn) - f (yrﬁ-l)) (12)

< 20 (f (x0)) (£ (x0) - inf £ ()

Since (X,7) is sequentially lower complete w.r.t. p and
f, there exists v € X such that lim, ,y, = v and
lim inf, _,  p(y,,x) < p(v,x) for any x € X. Assume that
v = g(u), u € D. We claim that the conclusion holds for u.
Since f is sequentially lower monotone, we have

Flg@)=f) < f(y) < f(x). (13)
Thatis (4) holds. If g(u) ¢ [;; T;(), then there ex1stsy € X,
such that
p(»y)=r(gw.y)

<20(f(g)(flaw)-£()) @)
=20(f W) (FW-£(y)).

It follows from lim inf, , . p(y,,¥') < p(v,y') that there
exists a subsequence {y,, } C {y,} such that

) = lim infp (yn, ) 15)

n— 00

kh—{%op (y e

From this and (14) we know that there exists an 1 such that
for all k > m,

Py ) <20(f N (FO-1()).  @6)
From (13) we have

y)<20(f () (F)-£0), @
that is, y' € S

P (V>

k > m. From (10) we have

inf f(y) < 0O as

yES

n+1°
2f (yun) = £ ()
By letting k — +00, we get that

Jim f(y,)=lim f(rn)<f(y). @9
Combing with (13) we have f(v) < f( y') which contradicts
(14). Thus the conclusion of Theorem 5(1) holds.

(2) It is clear that Theorem 5(1) = Theorem 5(2). Now,
we prove that Theorem 5(2) = Theorem 5(1). Assume that

the conditions of Theorem 5(1) are satisfied; then, for each
x € D, if g(x) ¢ (e Ti(x), there exists y € X, such that (3)
holds. Then we get that

G(x)={yeX:g(x),y satisfy (3)} £0 (20)

and g(x) ¢ G(x). For each i € I, we define Ti :D — 2% by

T, (x), ifg(x)EmTi(x);
_ - il
L= muGw, ifge e (170 (21)
iel

It is clear that g(x) € [y Ti(x) if and only if g(x) €
Mier T.(x). Also, {T,} satisfies the condition of Theorem 5(2).
Then by the conclusion of Theorem 5(2), there exists a
coincidence point u € D of g and {T};c;; that is, g(u) €
Nicr Ti(u), such that (4) holds. Therefore, there exists a
coincidence point u € D of g and {T}};; that is, g(u) €
Nic; Ti(u), such that (4) holds. That is Theorem 5(1) holds.
The proof is completed. O

Remark 6. If for any x,y € X with x+# y implies that
p(x, y) > 0, then the conclusion (1) of Theorem 5 can be

rewritten as: for each x € D with g(x) ¢ [);; T;(x) there
exists y € X, such that
0<p(g(x),y)<e(flg)(f(g@))-f(¥). (2)

In particular, if D = X and g : D — X is the identity
map in Theorem 5, then we obtain the following generalized
Caristi type common fixed point theorem, Caristi type fixed
point theorem for set-valued, and single-valued map.

Theorem 7. Let (X, T) be a topological space, p : X x X —
[0, +00] a function, f : X — (—00,+00] a propet, bounded
from below, sequentially lower monotone function with respect
to p, and ¢ : (—00,+00) — (0,+00) a nondecreasing
function. Assume that (X, ) is sequentially lower complete
w.r.t. p and f. Then the following conclusions hold and are all
equivalent to Theorem 5.

(1) Let I be an index set, and, for each i € I, let T; :
X — 2% be a multivalued map Suppose further that
foreach x € X with x ¢ (\;¢; Ti(x), there exists y € X,
such that

iel ~i

either 0= p(x,y)

<o (f)(fx)=f(y),
or 0<p(xy) (23)

<e(f))(fx)-f(r)

Then for any x, € X, there exists a common fixed point
u € X of {T}}ieps that is, u € (;¢; T; (), such that

fw) < f(x). (24)

(2) Let T : X — 2% be a multivalued map. Suppose
further that for each x € X with x ¢ T(x), there exists
y € X, such that (23) holds. Then for any x, € X, T
has a fixed point u € X, such that (24) holds.



(3)LetT : X — X beamap. Suppose further that for
each x € X with x + T(x), there exists y € X, such that
(23) holds. Then for any x, € X, T has a fixed point
u € X, such that (24) holds.

Proof. 1t is clear that the following implications hold: Theo-
rem 5(1) = Theorem 7(1) = Theorem 7(2) = Theorem 7(3).

Now, we prove that Theorem 7(3) = Theorem 5(1).
Assume that the conditions of Theorem 5 hold. It is similar
to the proof of Lemma 2.1 in [36] that, by using the axiom of
choice, we can prove that there exists a subset E € D such
that g(E) = g(D) = Xand g : E — X is one-to-one. Define
amapT:X — Xby

x, ifgw=xe(|,w),uckE
— i€l
T2, tgw-xe( L@ ouce @

i€l
where y € X such that either

0=p(gw,y)=p(xy)
<o(fgw))(fgw)-f(¥) (26)
=o(f))(f)-f(),

or

0<p(gw),y)=p(xy)
<o(fgw))(f(gw)-f(») (27)
=p(f@)(fx)-f(p).

Then T satisfies the condition of Theorem 7(3); thus for any
xy € X, T has a fixed point v € X, such that f(v) < f(x,)
holds. Since g(E) = X, there exists u € E C D, such that
g(u) = v. Then by the definition of T', we get that g(u) = v €
(Mic; T;(u). That is, the conclusion of Theorem 5 holds. The
proof is completed. 0

The following corollary is an extension of the results in
[19, 20]. In Corollary 8, we remove the condition that # is
nondecreasing, which is used in [19, 20].

Corollary 8. Let (X, d) be a completed metric space. Suppose
that n : [0,+00) — (—00,+00) satisfies #(0) = 0 and that
f:X — (-00,+00) is lower semicontinuous on X, and there
exist x, € X and two real numbers a,b € (—00,+00), such
that

f(x) = ad(x,x,) +b, (28)
and one of the following conditions is satisfied:

(i) a > 0, 5 is nonnegative on W = {d(x, y) : x,y € X},
and there exist ¢ > 0 and & > 0 such that

nt)yzct, Vie{t=20:nt)<efnw; (29)
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(ii) a < 0, 5(t) + at is nonnegative on W, and there exist
¢ > 0and e > 0 such that

nt)+at>ct, Vte{t=>0:n(t)+at<efnW. (30)

Then each Caristi type mapping T : X — X (ie,
satisfying n(d(x, Tx)) < f(x) — f(Tx),Yx € X) has
a fixed point v € X.

Proof.

Case (i). It follows from a > 0 and (28) that f is a bounded
from below, lower semicontinuous function on X. Let

a:ilel)f(f(x), Q={xeX: f(x)<a+e}. (31)

Then, as in the proof of the Theorem 1 in [20] that (Q, d) is a
complete metric space, TQ ¢ Q, and

0<ndxTx)< fx)-f(Tx)<e VYxeQ. (32)

Thus we have, by (29),

cd(x,Tx)<n(d(xTx) < f(x)- f(Tx)<e, VxeQ

(33)

Define a function p : Q x Q — [0,+00] by p(x,y) =
cd(x, y). Let {x,} be a sequence in Q, such that

ZP (xn"xn+1) = ZCd ('xn’ xn+1) < +00. (34)
n=1 n=1

This implies that {x,,} is a Cauchy sequence in Q. Since (Q, d)
is a complete metric space, {x,,} is a convergent sequence in
Q. Iflim,_, . x, = x, then for any y € Q,lim, _, . p(x,, y) =
lim, | cd(x,,y) = cd(x,y) = p(x,p). Thus, (Q,d) is
sequentially lower complete w.r.t. p. Clearly, all conditions of
Theorem 7 are satisfied. Therefore, T has a fixed point in Q.

Case (ii). Let

v (x) = f(x)—ad(x,x)), VxeX,
(35)
n (t) =n(t) +at, Vte[0,+00).
Then we have
m(dxTx) <y(x)-y(Tx), VxeX.  (36)

Thus, the conclusion can be deduced by Case (i). The proof is
completed. O

In Theorem 9, by using Theorem 5, we present a gener-
alized Ekeland type variational principle, maximal element
theorem for a family of multivalued maps, equilibrium
theorem, and a generalized Takahashi minimization theorem
in topological spaces and prove the equivalence among these
results.

Theorem 9. Let (X, T) be a topological space, p : X x X —
[0, +00] a function, f : X — (—00,+00] a propet, bounded
from below, sequentially lower monotone function with respect
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to p, and ¢ : (—00,+00) — (0,+00) a nondecreasing
function. Assume that (X, ) is sequentially lower complete
with respect to p and f. Then for any x, € X, the following
conclusions hold, and they are equivalent to Theorem 5.

(I) (Ekeland type variational principle in topological
spaces) There exists v € X, such that f(v) < f(x,)
and

prx) =9 (f)(f - fx),

Vx € X with p(v,x) =0,

Pwx)>o(fM)(f W) - f),
Vx € X with p(v,x) > 0.

(37)

(II) (Maximal element for a family of multivalued maps in
topological spaces) Let I be any index set, and, for each
ielletT,: X — 2% beamultivalued map. Assume
that for each (x,i) € X x I with T;(x) # @, there exists
y = y(x,1) € X, such that (23) holds. Then there exists
v € X, such that f(v) < f(x,) and T;(v) = 0 for each
i€l

(III) (Equilibrium theorem in topological spaces) Let F :
X x X — (—00,+00] be a proper, bounded from
below, sequentially lower monotone function in the first

argument. Suppose that there existsw € X such that for
each x with

{ueX:F(x,u)>0}+0, (38)
there exists y = y(x) € X such that

either 0= p(x,y) < ¢ (F(x,w)) (F(x,w)-F(y,w)),

or 0<p(xy)<e(F(x,w) (F(x,w)-F(y,w)).
(39)

If (X, 1) is sequentially lower complete w.r.t. p and
F(-,w), then there exists v € X, such that F(v,w) <
F(xy,w) and F(v, y) <0, forall y € X.

(IV) (Generalized Takahashi minimization theorem in
topological spaces) Suppose that for any x with f(x) >
inf, .y f(x), there exists y € X such that (23) holds.
Then there exists v € X, such that f(v) < f(x,) and

f(v) =inf,x f(x).

Proof. “Theorem 5(1) =Theorem 9(II)” If the conclusion of
(IT) does not hold, then for any x € X, there exists 7, such that
T;(x) # 0. By the hypotheses of (II), there exists y = y(x,i) €
X, such that (23) holds; thus, y#x.Let D = X, g = I (the
identical map of X),

(T, () Uy D)\ 1}, i T, (x) #0,

{x}, it T; (x) = 0. (40)

H; (x) = ‘{

Then the conditions of Theorem 5(1) are satisfied for {H;},,,
D = X and g = I;. Thus, from Theorem 5(1) there exists
v e X suchthatv e (), Hy(v). This is a contradiction with

the definition of H;. Therefore, there exists v € X with f(v) <
f(x,) suchthatT;(v) = @ foranyi e I.
“(I1) = (I11)” Let

_ [{x}, if F(x,y) >0,
Ty(x)_{ﬂ, if F(x,y) <0.

From this we know that if Ty(x) #0, then F(x, y) > 0. By the
hypotheses of (IIT) there exists z = z(x) € X, such that

(41)

either 0 =p(x,2) < ¢ (F(x,w)) (F(x,w) - F(z,w)),
or 0<p(x,2) <@ (F(x,w)) (F(x,w) - F(z,w)).
(42)

By using (II) for f(x) = F(x,w), there exists v € X, such
that F(v,w) < F(x,, w) and Ty(v) = @ for any y € X; thatis
F(v,y) <0, forany y € X.

“(II) = (IV)” Let F(x, y) = f(x) —inf, x f(x). If

{ueX:F(x,u) >0} #0, (43)
then f(x) > inf, x f(x). Fix w € X; then F(x,w) < F(x,, w)

itand only if f(x) < f(x,). By the hypothesis of (IV), there
exists y = y(x) € X, such that either

0=p(xy)<o(f)(fx)-f(»)

44)
= ¢ (f () (F (x,w) - F (y,w)),
or
0<p(xy)<o(f)(fx)-f(1) )
= ¢ (f () (F(xw) - F(y,w)).
Define y : (-00,+00] — (0,+00) by y(t) = ¢(t +

inf, .y f(x)). Then y(F(x, ¥)) = ¢(f(x)); thus, the hypothe-
ses of (III) are satisfied for ¥ and F. It follows from (III)
that there exists v € X, such that F(v,w) < F(x,,w) and
F(v,y) < 0, for any y € X. This implies that f(v) < f(x,)
and f(v) <inf, .y f(x), thatis, f(v) = inf  x f(x).

“(IV) = (I)” If (I) does not hold, then for any x € X with
f(x) < f(x,), there exists y = y(x), such that

either 0= p(x,y) <o (f(x)(f ()~ f(»),
or  0<p(xy)<e(f)(f)-f().

This implies that condition of (IV) holds on X, = {x € X :
f(x) < f(x,)}. Then, by (IV) there exists v € X, such that
F) < f(xp) and f(v) = inf,cx, f(x) = inf,cx f(x). This is
a contradiction with (46). Thus, (I) holds.

“(I) = Theorem 5(1)” From (I), there exists v € X, such
that f(v) < f(x,) and (37) holds. Since g is a surjective
mapping, there exists a u € D, such that g(u) = v. We claim
that g(u) € (;e; Ti(w). If g(u) ¢ (;e; T1(u), by the hypotheses
of Theorem 5(1), there exists y € X, such that (3) holds.
This is a contradiction with (37). Thus, g(u) € ();¢; T;(1) and
f(g(m)) < f(xy). That is, Theorem 5(1) holds.

The proof is completed. O

(46)



Remark 10. Theorem 5-Theorem 9 also present Caristi type
coincidence point theorem, Ekeland type variational princi-
ple, and their equivalences in p-complete topological spaces.
Moreover, from [34] we know that d-complete topological
spaces include d-complete symmetric (semimetric) spaces
and complete quasimetric spaces.

3. Applications to Some Non-Metric Spaces

In this section, we show that our results in section two can be
used with many nonmetric spaces. The reader may refer to the
references [6, 13,15, 25, 28, 37] for the notions and symbols in
this section.

In [6], the authors introduce the concept of Q-function
in quasimetric spaces which generalizes the notion of the
T-function and w-distance, and they also prove an Ekeland
variational principle as well as its equivalences in such spaces.

For the convenience of the reader we present the main
concept of quasimetric space in the following (refer to [38]).

Let X be a nonempty set. A real valued function d : X x
X — [0,+00) is said to be a quasi-semimetric on X if the
following conditions are satisfied:

(QMI) d(x, y) > 0and d(x,x) =0 forall x, y € X;
(QM2) d(x, y) < d(x,z) +d(z, y) forall x, y,z € X.

If further

(QM3) d(x, y) = d(y,x) = 0 implies x = y forall x, y € X,

thend : XxX — [0,+00) is said to be a quasimetric
on X. A nonempty set X together with a quasimetric d
(or quasi-semimetric d) is called a quasimetric space
(or quasi-semimetric space), and it is denoted by
(X,d). If (X, d) is a quasi-semimetric space, for x € X
and r > 0, we define the balls in X by the formula

B(x,r) ={y € X : d(x, y) < r}—the open ball, and
Blx,r] ={y € X :d(x, y) < r}—the closed ball.
The topology 7 of a quasi-semimetric (X,d) can be

defined starting from the family V(x) of neighborhoods of
an arbitrary point x € X:

VeV(x) © Ir > 0suchthat Bx,7) cV o Ir' >0
such that B[x,7'] c V.

The convergence of a sequence {x,,} to x with respect to T
can be characterized by d(x, x,,) — 0.

Definition 11. Let (X,d) be a quasi-semimetric space. A
sequence {x,} in X is said to be

(i) left d-Cauchy if for each € > 0 there is a point x in X
and an integer k such that d(x, x,,,) < e for all m > k;

(ii) right d-Cauchy if for each & > 0 there is a point x in X
and an integer k such that d(x,,, x) < e for all m > k;

(iii) d-Cauchy if for each & > 0 there is an integer k such
thatd(x,,x,) < eforallr,s > k;

(iv) right K-Cauchy if for each & > 0 there is an integer k
such that d(x,, x,) < eforallr > s > k;
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(v) left K-Cauchy if for each € > 0 there is an integer k
such thatd(x,, x,) < eforalls > r > k;

(vi) weakly left (right) K-Cauchy if for each € > 0 there is
an integer k such that d(x;, x,,,) < € (d(x,,, x;) < ¢€)
forallm > k;

(vii) corresponding to the seven definitions of Cauchy
sequence in a quasi-semimetric space, we have seven
notions of completeness: X is said to be left (right)
d-, [weakly] left (right) K-, or d-sequentially complete
if every left (right) d-, [weakly] left (right) K-, or d-
(resp.) Cauchy sequence in X converges to some point
in X (with respect to the topology 7 induced on X
by d).

Remark 12. The implications between the seven notions of
Cauchyness (refer to [38]) are as follows: d-Cauchy = left and
right K-Cauchy, left (right) K-Cauchy = weakly left (right)
K-Cauchy = left (right) d-Cauchy.

Definition 13 (see [6]). Let (X,d) be a quasi-semimetric
space. A functiong: X x X — [0, +00) is called a Q-function
on X if the following conditions are satisfied:

Q) forallx, y,z € X, q(x,2) < q(x, y) + q(y,2);

(Q2)if x € X, {y,},en is @ sequence in X such that it
converges to a point y (with respect to the quasi-
semimetric) and g(x, y,) < M for some M = M(x) >
0, then q(x, y) < M;

(Q3) for any € > 0, there exists § > 0 such that g(x, y) < 6
and q(x, z) < § imply d(y,z) < e.

Lemma 14. Let (X, d) be a quasi-semimetric space with one
of seven completeness defined in Definition 11(vii). If q is a Q-
function on X, then (X, d) is sequentially lower complete w.r.t.

q.

Proof. Assume that {x,} is a sequence in X and
Z;z“;l q(xn’ xn+1) < +00. Let An = Zl?;nﬂ q(xwxnﬂ)’ then
we have lim,, _, A, = 0 and for any m > n,

q (% %) < Ay (47)

By (Q3), for any € > 0, there exists § > 0 such that q(x, y) <6
and g(x,z) < & imply d(y, z) < . For the § > 0, there exists
K > 0, such that A, < § for any n > K. It follows from (47)
that for any r,s > n > K, we have

q(x,,x,) <A, <6, q(x,,x5) <A, <6. (48)

Thus (Q3) implies that d(x,,x,) < e. Thatis, {x,} is a d-
Cauchy sequence. Therefore, by Remark 12, {x,} is any one of
seven Cauchy sequences in Definition 11. Thus, {x,,} converges
to some x € X. Equation (47) and (Q2) imply that g(x,,, x) <
A, This shows that lim,, , q(x,,x) = 0. Forany y € X, it
follows from (Q1) that

q(x ) <q(x,x) +q(x,y). (49)
Therefore

lim infg (x,, y) < lim q(x,,x) +q(x,y) =q(x, y).
(50)
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Thus, (X, d) is sequentially lower complete w.r.t. . The proof
is completed.

From Lemma 14 and Theorems 5, 7, and 9, we can
get the following Ekeland type variational principle and its
equivalences in quasi-semimetric spaces equipped with Q-
functions, which also generalize the results in [6, 12].

Theorem 15. Let (X, d) be a complete quasi-semimetric space
with one of seven completeness defined in Definition 11(vii) and
q: XxX — [0,+00) a Q-function on X. Let f : X —
(—00, +00] be a proper, bounded from below, sequentially lower
monotone function and ¢ : (-0o0,+00) — (0,+00) a non-
decreasing function. Let D be a nonempty subset of X, g : D —
X a surjective function, I an index set and for eachi € I, T; :
D — 2% a multivalued map. Then the following conclusions
hold and are equivalent.

(1) Suppose that for each x € D with g(x) ¢ ()
there exists y € X, such that

either 0=q(g(x),y) <o (f(g9(x))(f(g(x)~-f (),

or  0<q(g(x),y)<e(f(g))(f(g(x)- f(y))(én

T;(x),

i€l

Then for any x, € X, there exists a coincidence point
u € D of g and {T };cps that is, g(u) € (;¢; Ti(u), such
that

flgw) < f(x). (52)

(2) Suppose that for each x € D with g(x) ¢ [\ie; Ti(x),
there exists an iy € I and y € Tio(x), such that (51)
holds. Then for any x, € X, there exists a coincidence
pointu € D of g and {T}};cp; that is, g(u) € (;e; T;(w),
such that (52) holds.

(3) Let I be an index set, and for each i € I, let T; :

X — 2% be a multivalued map. Suppose further that
foreach x € X with x ¢ (\;¢; Ti(x), there exists y € X,
such that

either 0=q(x,y) <o (f(x)(f ()~ f(»),
or 0<g(xy)<o(f)(fx)-f().

Then for any x,, € X, there exists a common fixed point
u € X of {T}};cps that is, u € (;¢; T;(w), such that

fw) < f(xp)- (54)

(4) (Ekeland type variational principle in quasi-semimetric
spaces) For any x, € X, there exists v € X, such that

f(v) < f(x,) and
qvx) =9 (fM)(f () - f ),
Vx € X with q(v,x) =0,

qx) > (fW)(f ) - f(x),
Vx € X with q(v,x) > 0.

(55)

Moreover, the rest of corresponding equivalent princi-
ples in Theorem 9 hold.

In particularly, if (X, d) is a complete quasi-metric space,
then from Theorem 15, we have the following results.

Theorem 16. Let (X, d) be a complete quasimetric space with
one of seven completeness defined in Definition 11(vii) and
q: XxX — [0,+00) a Q-function on X. Let f : X —
(—00, +00] be a proper, bounded from below, sequentially lower
monotone function and ¢ : (-co,+00) — (0,+00) a non-
decreasing function. Let D be a nonempty subset of X, g :
D — X a surjective function, I an index set and for each
i€, T,: D — 2% amultivalued map. Then the following
conclusions hold and are equivalent.

(1) Suppose that for each x € D with g(x) ¢ ()i Ti(x),
there exists y € X \ {g(x)}, such that

4(9(),y) <@ (f(g)(f(gx)-f ().  (56)

Then for any x, € X, there exists a coincidence point
u € D of g and {T}};c; that is, g(u) € (V;e; T;(w), such
that

flgw) < f(x). (57)

(2) Suppose that for each x € D with g(x) ¢ [\ie; Ti(x),
there exists an iy € I and y € T, (x) \ {g(x)}, such
that (56) holds. Then for any x, € X, there exists a
coincidence pointu € D of g and {T}};c; that is, g(u) €
Micr Ti(w), such that (57) holds.

(3) Let I be an index set, and for eachi € I, let T; : X —

2% be a multivalued map. Suppose further that for each
x € X with x ¢ [,y Ti(x), there exists y € X \ {x},
such that

q(xy)<o(f @) (fx)-f(y). (58)

Then for any x, € X, there exists a common fixed point
u € X of {T}}ieps that is, u € (;e; T; (), such that

fw) < f(xp)- (59)

(4) (Ekeland type variational principle in quasimetric
spaces) For any x, € X, there exists v € X, such that

f) < f(x,) and

qu,x)>o(fM)(fM - f(x), VxeX withx+v.

(60)

Proof. The equivalence of the conclusions (1)-(4) is clear. We
only prove (4). It follows from (4) of Theorem 15 that for any
X, € X, there exists v € X, such that f(v) < f(x,) and

qa(x) = (f M) (f ) - f ),
Vx € X with q(v,x) =0,

q(v,x) > (f W) (f ) - f (),
Vx € X with q (v, x) > 0.

(61)



If v satisfies (60), then conclusion (4) is proved. Otherwise,
there exists x € X \ {v}, such that

0=qwx)=¢(f)(f ) - fx). (62)

If x and y satisfy (62), then g(v,x) = 0 and g(v, y) = 0. By
using (Q3) in Definition 13, we get that d(x, y) = 0. It follows
from (QM1) that d(x,x) = 0, and then (QM3) implies that
x = y. That is, there is only one point X which satisfies (62).
Let

S)={yeX:q(xy)<o(f(x)(f&x)-f()} (63)

Then S(v) = {x}. Since X € S(v), we can imply that S(x) ¢
S(v) = {x}. This shows that for any x #x, x ¢ S(x); that is, X
satisfies (60). The proof is completed. O

Definition 17 (see, e.g., [37]). Let X be a real vector space; a
collection A of subsets of X is called a vector bornology on
X, if it satisfies the following conditions:

(B1) x € X implies that {x} € %;

(B2) B, € B, and B, € & imply that B, € %;
(B3) By, B, € % implies that B, U B, € %;
(B4) B,, B, € & implies that

B,+B,={x+y:x€By,y€B,} €% (64)

(B5) for any bounded interval I ¢ (-00,+00), B € &
implies that

I-B={ax:a€l,x € B} €% (65)

In view of (B5), if B € 3, so is its balanced hull B,
which is defined by B, = [-1,1] - B.

Definition 18. The ordered pair (X, %) is called a bornolog-
ical vector space (in short: BVS), and every element of % is
called a bounded subset (with respect to 9).

Definition 19 (see, e.g., [28, 37]). Let (X, &) be abornological
vector space.

(i) A sequence {x,} in X is said to be Mackey-
convergent (or M-convergent) to a point x, denoted
by limf,_,ooxn = x, if there is a balanced B € % and
a sequence of positive real numbers {A,} such that
lim, , A, = 0Oand x, —x € A,Bforanyn € N.
Also, we say that x is a bornological limit of {x,,}.

(ii) A sequence {x,} in X is said to be Mackey-Cauchy
(or M-Cauchy) if there is a balanced B € % and a
double sequence of positive real numbers {A,,,} such
that lim,, , A, = 0and x,, — x,, € A, B for any
m,n € N.

(iii) A ¢ X is said to be Mackey-closed (or M-closed) if

it contains all bornological limits of any sequences in
A.

(iv A < X is said to be Mackey-complete (or M-
complete) if every M-Cauchy sequence in A will be
M-convergent to some element in A.
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(v) A BVS (X, RB) is said to be separated if every M-
convergent sequence is M-convergent to exactly one
bornological limit.

Remark 20. From Lemma 2.13 in [28] we know thatif A ¢ X
is a M-complete subset, then A is M-closed. On the other
hand, if (X, %) is M-complete and A ¢ X is M-closed, then
A is M-complete. For the details about BVS, one can refer to
(17, 28, 37].

The collection of all (complements of) M-closed subsets
of X defines a topology on X, and we called it bornological
topology. Therefore, (X, %) endowed this topology is a
topological space (but, from Remark 2.4 in [28], we can see
that it is rarely a vector topology with respect to the algebraic
structure of X). In the following, we will assume that (X, %)
is separated; that is (v) in Definition 19 holds.

Let X be a separated bornological vector space and
P: X — (-00,+00] a positively homogeneous subadditive
function. By Lemma 4.4 in [28], P(x) > 0 for any nonzero x
if P satisfies the following condition:

(P1) theset C = {x € X : P(x) < 1} is M-complete and
bounded.

Lemma 21. Let p : X x X — (—00,+00) be defined by
p(x, y) = P(x — y). If (P1) holds, then (X, B) is sequentially
lower complete with respect to p.

Proof. Let {x,} be a sequence in X and Y o, p(x,, X,,1) =
Yo P(x, - x,,,) < +00. Then for any 0 < § < 1, there exists
a positive integer n,, such that Zino P(x, — x,.,) < 6. Since
P is subadditive, we get that for any m > n,,

m—1
P(xno —xm) < ZP(xn—an) < 4. (66)

n=n,
From this we have
P(x, —x,) <8< (67)

So we have x, — x, € C.Foranym > n,let A, =

km:;l P(x; — x3,,), and then we have P(x, - x,,) < A,,,,, and
lim A, = 0. It follows from

m,n— 00" "mn

p ((xno - Xm) - (Xno - xﬂ)) =P (xn - xm) < /\mn (68)

that (x,, —x,,) - (x, —x,) € A,,,C € A,,,C, where C,, is the
(bounded) balanced hull of C. That is, {xn0 -x,} is M-Cauchy.
Since C is M-complete, {x,, —x,}is M-convergent. Thus, {x,}
is also M-convergent. Assume that {x, } is M-convergent to a
point x. If we set

Ay = ZP(xk - Xpei1) > (69)
k=n
then A,,, < A, and hence A,,,C ¢ A,C whenever m > n. It
follows from (68) that x,, — x,,, € C for m > n. Since A,,C is
M-closed by (P1), we have
lim” (x, —x,,) =x,—x€A,C. (70)

m— 00
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Consequently, P(x,, —x) < A,,and hencelim,, _,  P(x,—x) =
0. Since P(x,, — y) < P(x,, — x) + P(x — y), we have

lim infP (x, - y) < lim P(x, - x)+P(x - y)
(71)
=P(x-y).

That is,
lim infp (x,, y) < p (x, 7). (72)

Thus, (X, %) is sequentially lower complete with respect to p.
The proof is completed. O

From Lemma 21 and Theorem 9, we can get the following
Ekeland type variational principle in bornological vector
space, which is also proved in [17, 28].

Theorem 22 (Ekeland type variational principle in bornolog-
ical vector space). Let (X, B) be a separated bornological
vector space and P X —  (-00,+00] a positively
homogeneous subadditive function satisfying the condition
(P1). Let f : X — (-00,+00] be a proper, bounded
from below, sequentially lower monotone function and ¢ :
(—00,+00) — (0,+00) a nondecreasing function. Then for
any x, € X, there exists v € X, such that f(v) < f(x,) and

P(v=x)>o(fW)(f )~ f(x),

Moreover, the corresponding equivalent principles in Theorem 9
hold.

Vx #v. (73)

Definition 23 (see [25]). Let X be a uniform space. An
extended real-valued function p : XxX — [0, +oo] is called
a g-distance on X if the following conditions are satisfied:

(ql) forany x, y,z € X, p(x,z) < p(x, y) + p(y,2);

(q2) every sequence {y,} ¢ X with p(y,,y,,) — 0 (m >
n — 00) is a Cauchy sequence and in the case
p(y,,y) — 0implies that y, — yin X;

(q3) for x, ¥,z € X, p(z,x) = 0 and p(z,y) = 0 imply
xX=y.

Here p(y,, ¥,,) — 0 (m >n — o00) means that for any
e > 0, there exists n, € N such that p(y,,y,,) < ¢ for all
m>nzmn,.

Definition 24 (see [25]). Let (X, %) be a uniform space and p
a g-distance on X. A proper function f: X — (—00,+00] is
said to be sequentially lower monotone with respect to p (in
short, sequentially lower monotone with respect to p) if for
any sequence {x,} in X satistying p(x,,x,,) = 0 (m>n —
00), p(x,,x) — 0 (n — oo)and f(x,,;) < f(x,), we have
f(x) < f(x,) for eachn € N.

Definition 25 (see [25]). Let (X, %) be a uniform space, p a
g-distanceon X, and f: X — (-00,+00] a proper function.
(X, %) is said to be sequentially complete with respect to
(p, f 1) if for any sequence {x,} in X satisfying p(x,, x,,,) —
0 (m>n — oo)and f(x,,,) < f(x,) for eachn € N, there
exists X € X such that p(x,,x) — 0 (n — 00).

Lemma 26. Let (X, %) be a uniform space, p a q-distance on
X, and f: X — (—00,+00] a sequentially lower monotone
with respect to p, proper function, bounded from below. If
(X, %) is sequentially lower complete with respect to (p, f |),
then (X, %) is sequentially lower complete with respect to p and

f.

Proof. Assume that {x,} is a sequence in X with f(x,,;) <
f(x,) foreachn € Nand Y72 p(x,,x,,;) < +0o. Let A, =
Yot P(% X,.,1), then we have that lim,, _, A, = 0, and for
any m > n,

P (%, X,) < A (74)

This shows that p(x,,x,,) — 0 (m > n — o00). By using
Definition 23 and Definition 25, we get that there exists X € X
such that p(x,,x) — 0 (n — o00) and {x,} converges to x.
Then for any y € X, by p(x,,, y) < p(x,,%) + p(x, y) we have
that

lim infp (x,, y) < lim p(x,,%) + p (%, y) = p(%.y).
(75)

Thus, (X, %) is sequentially lower complete w.r.t. pand f. The
proof is completed. O

From Theorems 5, 7, and 9, we can get the following
Caristi type coincidence point theorem and Ekeland type
variational principle in uniform space equipped with g-
distance. From Lemma 26, we also see that this is a transfor-
mation of the results appeared in [25].

Theorem 27. Let (X, %) be a uniform space, p a q-distance on
X, and f: X — (—00,+00] a sequentially lower monotone
with respect to p, proper function, bounded from below. Let D
be a nonempty subset of X, g : D — X a surjective function,
I an index set, and, for eachi € I, T; : D — 2% a multivalued
map. If (X, U) is sequentially complete with repect to p and f
and ¢ : (—00,+00) — (0,+00) is a nondecreasing function,
then the following conclusions hold and are equivalent.

(1) Suppose that for each x € D with g(x) ¢ iy Ti(%),
there exists y € X \ {g(x)}, such that

P(@x),y)<o(f(g@)(flgx)-f(r). (76)

Then for any x, € X, there exists a coincidence point
u € D of g and {T}};; that is, g(u) € (V;e; T;(w), such
that

flg@) < f(x). (77)

(2) Suppose that for each x € D with g(x) ¢ (\;c; Ti(x),
there exists an iy € I and y € T;, () \ {g(x)}, such
that (76) holds. Then for any x, € X, there exists a
coincidence pointu € D of g and {T}},c; that is, g(u) €
Mic; Ti(w), such that (77) holds.

(3) Let I be an index set, and, for eachi € I, letT; : X —
2% be a multivalued map. Suppose further that for
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eachx € Xwithx ¢ (;¢; Ti(x), there exists y € X\{x},
such that

p(xy)<o(fx)(fx)-f(y). (78)

Then for any x,, € X, there exists a common fixed point
u € X of {T}};cps that is, u € (\;o; T;(w), such that

)< f(x). (79)

(4) (Ekeland type variational principle in uniform spaces)
For any x, € X, there exists v € X, such that f(v) <
f(x,) and

pvx)>o(fW)(f() - f(x), VxeX withx#v.
(80)

Moreover, the rest of corresponding equivalent princi-
ples in Theorem 9 hold.

Proof. The equivalence of the conclusions (1)-(4) is clear. We
only need to prove (4). The proof of (4) is similar to the proof
of Theorem 16, by using (q3). So we delete the detail of the
proof. 0

Remark 28. If ¢ : (—00,+00) — (0,+00) is upper semi-
continuous and (76) is replaced by

p(g(x),y)

< max{p (f (9(x)), ¢ (f ()} (f(g) - f (y)z) |
81

then the conclusions of Theorem 27 hold. In this case, the
proof is similar to the proof of Theorem 2.1 in [11].

As noted in Remark 5.1 in [25], from our Theorem 27,
we can deduce [13, Theorems 3.1 and 3.2, and Corollary 3.3]
and [15, Theorems 4-6]. Furthermore, we will show that
Theorem 27 improves some coincidence point theorems and
their equivalences in F-type separated topological space (or
equivalently, generating spaces of quasimetric family) and
fuzzy metric spaces, which were proved in [8-11].

In the following, we will assume that (X, <) is an F-
type separated topological space (or equivalently, a uniform
space, see [13,15]) whose topology is generated by a separated
tamily {g,},ca of quasimetrics, where (A, <) is a directed set.
Moreover, let : A — (0, +00) be a nondecreasing function;
thatis, A,y € A, A < pimplies (1) < ao(y). An extended real-
valued function p : X x X — [0, +00] is defined as follows:

px,y)= itél/}zoc Mgy (xy), VY(xy)eXxX (82)

Lemma 29. Let (X, ) be an F-type separated topological
space (or equivalently, a uniform space) whose topology is
generated by a family {q,},cn of quasimetrics, and let p :
X xX — [0,+00] be defined by (82). If (X, 3) is sequentially
complete, then (X, J) is sequentially lower complete w.r.t. p.
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Proof. Assume that a sequence {x,} in X satisfies
Yo P(xpX,,) < +oo. This implies that the sequence
{x,} satisfies p(x,, x,,) — 0 (m >n — o00). It follows from
Examples 2.3 and 3.1 in [25] that p is a g-distance on X, and
there exists an x € X, such that {x,} converges to x and
p(x,,x) — 0. Then forany y € X,

lim infp (x,, y) < lim inf [p (x,, x) + p (x, )] = p(x, »).
(83)

Thus, (X, ) is sequentially lower complete w.r.t. p. The proof
is completed. O

By using Lemma 29 and Theorem 27, we have the
following results.

Theorem 30. Let (X,3) be a sequentially complete and
separated F-type topological space (or equivalently, a uniform
space) whose topology is generated by a family {q, } e of quasi-
metrics, ¢ : (—00,+00) — (0, +00) a nondecreasing function,
and f : X — (-00,+00] a propet, bounded from below,
sequentially lower monotone function. Let D be a nonempty
subset of X, g : D — X a surjective function, and I an index
set, and, for eachi € I, let T, : D — 2 be a multivalued map.
Then the following conclusions hold and are equivalent.

(1) Suppose that for each x € D with g(x) ¢ [y Ti(x),
there exists y € X \ {g(x)}, such that

aM) gy (g(x),y)<e(f(g(x)(f(gx)- (),

VA € A.
(84)

Then for any x, € X, there exists a coincidence point
u € D of g and {T;};c; that is, g(u) € (¢ Ti(w), such
that

flgw) < f(x). (85)

(2) Suppose that for each x € D with g(x) ¢ [\ie; Ti(x),
there exists an iy, € I and y € T, (x) \ {g(x)}, such
that (82) holds. Then for any x, € X, there exists a
coincidence point u € D of g and {T}};c; that is, g(u) €
e Ti(w), such that (84) holds.

(3) Let I be an index set and, foreachi € I, T; : X — 2%a
multivalued map. Suppose further that for each x € X
with x ¢ (;c; Ti(x), there exists y € X \ {x}, such that

aM) gy (xy) <o(f))(f ) - (), VAeA
(86)

Then for any x,, € X, there exists a common fixed point
u € X of {T}};cp; that is, u € (\;; T;(u), such that

fw) < f(xp). (87)

(4) (Ekeland type variational principle in F-type topolog-
ical spaces) For any x, € X, there exists v € X, such
that f(v) < f(x,) and for any x € X with v # x, there
exists Ay € A, such that

a(Ao) gy, 1 X) > @ (fM)(f )= f(x).  (88)



Journal of Applied Mathematics

The following version of coincidence point theorem is an
improvement for the coincidence point theorems proved in
8, 9].

Theorem 31. Let (X,d) : A € A) and (Y,0, : A € A) be two
sequentially complete and separated generating spaces of quasi-
metric family, « : A — (0,+00) a nondecreasing function, D
a nonempty subset of X, g : D — X a surjective function,
h : X — Y aclosed mapping, f : h(X) — (—00,+00]
a proper, bounded from below, sequentially lower monotone
function, and ¢ : (—00,+00) — (0,+00) a non-decreasing
function. Let I be an index set, and, for eachi € I, letT; : D —
2% be a multivalued map. Suppose further that for each x € D
with g(x) ¢ (\ie; Ti(x), there exists y € X \ {g(x)}, such that

a (V) max {d, (g (x),y),cd, (h(g (%), h(y))}

<o(f(h(g(@))(f (h(gx)) - f(h(y))), VAeA

(89)

where ¢ > 0 is a given constant. Then for any x, € X, there
exists a coincidence point u € D of g and {T}},.;; that is, g(u) €
ﬂieI Ti(u), such that

f(h(gw)) < f(h(x))- (90)

Proof. For each A € A, we defineq, : X x X — Rby

4 (% y) = max {d, (x,y),¢d; (h(x), R (y))},  (9D)

and then, by Definition 2 in [15], we can verify that the
collection {g,},¢, defined by (91) is a family of quasimetrics
on X. Since (X,d; : A € A)and (Y,6, : A € A) are
sequentially complete generating spaces of quasimetric fam-
ily and h is a closed mapping, we can deduce that (X, g, :
A € A) is also a sequentially complete generating space of
quasimetric family. Next, we assume that {x,} ¢ X is a
sequence which converges to x in (X, g, : A € A) and satisfies

fhx))z f(h(x)z-z f(h(x,) 2. (92)

By (91) we know that {x,} converges to x in (X,d, : A € A)
and {h(x,)} converges to h(x) in (Y,8, : A € A). Since
f: h(X) — (-00,+00] is a sequentially lower monotone
function, we have f(h(x)) < f(h(x,)), for each n, thatis, foh
is a sequentially lower monotone function on (X, g, : A € A).
Then by using Theorem 27 (1) for (X,q, : A € A) and
f ° h, we can get the conclusion of Theorem 31. The proof
is completed. O

The following version of coincidence point theorem is an
improvement for the coincidence point theorems proved in
[11].

Theorem 32. Let (X,d) : A € A) and (Y,5, : A € A) be two
sequentially complete generating spaces of quasimetric family,
a: A — (0,+00) a nondecreasing function, D a non-empty
subset of X, g : D — X a surjective function,h: X — Y a
closed mapping, f : h(X) — (-o00,+00] a proper, bounded
from below, sequentially lower monotone function, and ¢ :
(—00,+00) — (0,+00) an upper semicontinuous function.

1

Let I be an index set, and, for eachi € I, let T; : D — 2%
be a multivalued map. Suppose further that for each x € D
with g(x) ¢ iy Ti(x), there exists y € X \ {g(x)}, such that

a (M) max{d) (g (x),y),cd, (h(g (%), h(y))}
<max{p (f (h(g ()¢ (f (h(»)))} (93)
x(f(h(gx))-f(h(y), VAeA,

where ¢ > 0 is a given constant. Then for any x, € X, there
exists a coincidence point u € D of g and {T}};; that is, g(u) €
MNier Ti(w), such that

f(h(gw)) < £ (h(xp)). (94)

Proof. 1t follows from the proof of Theorem 16 that f o h is
a sequentially lower monotone function on (X, q, : A € A),
where {g;})c, is defined by (91). Then by using Remark 28
for (X,q; : A € A) and f o h, we can get the conclusion of
Theorem 32. The proof is completed. O

Remark 33. Similarly, under the conditions of Theorem 31
or Theorem 32, we can get corresponding common fixed
point theorems, Ekeland’s variational principle, and other
equivalences of Theorems 31 and 32. On the other hand,
a fuzzy metric space in the sense of Kaleva and Seikkala
[39] is a generating space of quasimetric family (see, e.g.,
[8, 9, 11]); thus, by using our results in this section we
can get coincidence point theorems and its equivalences in
fuzzy metric spaces. Therefore, our results are also unified
improvements of the results in [8-11].

Let (X, %) be a uniform space, g : XxX — [0,+00) ag-
distance on X, and & : [0,+00) — [0, +00) a nondecreasing
function, such that

oo dr
L el (95)

and x, is a given point in X. Let p : X x X — [0, +00) be
defined by

90X +q(xy) gy
1+h(r)

Py = |

q(oxg>x)

(96)

Lemma 34. Let (X, %) be a uniform space, q a g-distance
on X, h : [0,+00) — [0,+00) a nondecreasing function
satisfying (95), and f: X — (—00,+00] a sequentially lower
monotone with respect to g, proper function, bounded from
below. If (X, %) is sequentially lower complete with respect to
(g f 1), then (X, U) is sequentially lower complete with respect
to p and f, where p is defined by (96).

Proof. Let {x,} be a sequence in X with f(x,,;) < f(x,) for
each n € N and satisty

zp (%> Xp1) = 020: J

n=1 J4(x0-x,)

q(xo’xn)+q(xn>xn+l) dr
< +00.
(

1+h(r)
(97)
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For any n > 1, by noting that h : [0,+00) — [0, +00) is

nondecreasing, we have

z;f;(l) q(xk’xkﬂ) dr
.[ 1+h(r)

q(xg,%1)

JQ(XO)X1)+Q(X1:xz) dr

+
q(x9,%1) 1+h (1")

J’q(xo’xl)"'"""q(xnl:xn) dr
+
Algrx )+ +q(y 2%, 1) 1+ H(T)

Jq(xo,x1)+q(x1,xz) dr (98)
< ..
q

T+h(r) |

(%0,%1)

q(xl]’xn)+q(xn—l>xn) dr
g

qlx%,) 1+h(r)

q(x0%)+q(X X 41) dr

ij(xox 1+h(r)

< +00.

This shows that

JZZO1 q(x,%,41) dT‘
q(xgrx1) 1+h(r)

(99)
XX ¥q(XwXni)) gy

T+hiy

2

(XOX)

By (95) we obtain that Y2, g(x,,, x,,,;) < +00. Since (X, %) is
sequentially lower complete w.r.t. (¢, f |), by Lemma 26, we
get that there exists x € X such thatg(x,,x) — 0 (n — ©0),
{x,} converges to X, and, for any y € X,

lim infq (x,, y) < p (%, y). (100)

Then there exists a subsequence {x,, } such that
Jim q(x,,, y) =lim infq (x,, y) <q(®y). (01

Also, there exists a subsequence {xnkv} of {xnk} such that
lim; _, ,,q(xp, x,,, ) = lim infy _, ,q(x, x,, ). It follows from
q(x,,x) — 0 (n — 00) and q(x,, x) < q(xo,xnk‘) + q(xnk‘,i)

Journal of Applied Mathematics

that g(x, ) < lim;_, ,,q(x, x,, ). Then, by noting that h is
nondecreasing, we have

lim infp (x,, y) < lilfrlirgfp Y

< lim infp (xnk,-’y )

1— 00

= lim inf
i— 00

400X )+q(xn y)  dy
J 1+h(r)

(0%, )

Hm; -, oo (6o, )M, - 0q(xn ) gy
Jl 1+h(r)

M, oo %, )
1

Jq(xoﬁ)ﬂim,‘%oq(xnki»y) dr

IN

q(xo,f) 1+h (1’)
atxoX)+q(xy) gy _
= LM Trhm P

(102)

Thus, (X, %) is sequentially lower complete with respect to p
and f. The proof is completed. O

Remark 35. By using Lemma 34 and Theorem 27, we can get
coincidence point theorems and its equivalences for (X, %)
and p, which improve the results in [29, 30].

Remark 36. Let (X, ) be a sequentially complete F-type
separated topological space (or equivalently, a uniform
space) whose topology is generated by a family {q;},c, Of
pseudometrics (see [15]), « : A — (0, +00) a nondecreasing
function, and h : [0,+00) — [0,+00) a nondecreasing
function satisfying (95). Let p; : X x X — [0,+00) be
defined by

qx(x,x)+q, (x,y) dr
1+h(r)

p(xy) = J AeA,  (103)

qax (xo,x)

and let an extended real-valued function p : X x X —
[0, +00] be defined by

p(xy)= ilélfa()t)m (%, y), V(xy)eXxX (104)

Similar to the proof of Lemma 34, one can prove that
(X, ) is sequentially lower complete w.r.t. p. Then, by using
Theorem 27, we can get coincidence point theorems and its
equivalences for (X, J) and p, which improve the results in
[32].
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