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A delayed predator prey system with refuge and constant rate harvesting is discussed by applying the normal form theory of retarded
functional differential equations introduced by Faria and Magalhées. The analysis results show that under some conditions the
system has a Bogdanov-Takens singularity. A versal unfolding of the system at this singularity is obtained. Our main results illustrate
that the delay has an important effect on the dynamical behaviors of the system.

1. Introduction

It is well known that the multiple bifurcations will occur
when a predator prey system (ODE) with more interior pos-
itive equilibria, such as Bogdanov-Takens bifurcation, Hopf
bifurcation, and backward bifurcation; see [1-5] for example.
However, when the predator prey systems with delay and
Bogdanov-Takens bifurcation are researched relative few (see
[6-8] and the reference therein) using similar methods as [6-
8], the authors of [9-11] consider the Bogdanov-Takens bifur-
cation of some delayed single inertial neuron or oscillator
models.

Motivated by the works of [5, 6], we mainly consider the
Bogdanov-Takens bifurcation of the following system:

x=rx(l—£>—w—ﬁ,
K Ay+x-m

. by (t-7)
4 _Sy<l x(t-7) —m)’
where x and y stand for prey and predator population (or
densities) at time f, respectively. The predator growth is of
logistic type with growth rate r and carrying capacity K in
the absence of predation; « and A stand for the predator
capturing rate and half saturation constant, respectively;

s is the intrinsic growth rate of predator; however, carrying
capacity x/b (b is the conversion rate of prey into predators)
is the function on the population size of prey. The parameters
a, A,m, h, s,b,and T are all positive constants. 71 is a constant
number of prey using refuges; h is the rate of prey harvesting.

For simplicity, we first rescale system (1). Let X = x — 1,
Y = y; system (1) can be written as (still denoting X, Y as

X, ¥)

Next, let £ = rt, X(t) = x(t)/K, and Y(t) = ay(t)/rK;
then system (2) takes the form (still denoting X, Y, t as x, y,
t)

Xy
ay +x

x=(x+m)(1-x-m)-

y(t-1) ©
y=8y(ﬁ— x(t—r))’
where m = m/K,a = Ar/a, 8 = sh/a, B=albr,h= h/r,and
T=17T.



When 7 = 0, we have known that for some parameter
values system (3) exhibits Bogdanov-Takens bifurcation (see
[5]). Summarizing the methods used by [6] and the formulae
in [12], the sufficient conditions which depend on delay to
guarantee that system (3) has a Bogdanov-Takens singularity
will be given. Therefore, the delay has effect on the occurrence
of Bogdanov-Takens bifurcation.

In the next section we will compute the normal form
and give the versal unfolding of system (3) at the degenerate
equilibrium.

2. Bogdanov-Takens Bifurcation

System (3) can also be written as

x:‘r((x+m)(1—x—m)—ayxi/x—h),
(4)
. _y@-1)
y=r (b5 )
Let
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0<m<5<1—aﬁ+1>,
)

h:%:ﬂaﬁﬁﬂ‘l)z*aﬁr

Then P, = (x,, y,) is an interior positive equilibrium of
systems (3) and (4), where x, = —(1/2)((/(af+1))+2m—1),
Y = Px..

In order to discuss the properties of system (4) in the
neighborhood of the equilibrium P, = (x,, y,),letx = x-x,,
Yy = y — y,; then P, is translated to (0,0), and system (4)
becomes (still denoting X, ¥ as x, y)
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+ gyxy + g3y +hot,
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where h.o.t denotes the higher order terms and
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The characteristic equation of the linearized part of
system (6) is

FO) =22+ |19 A—i]a. 8
W [’5 @+ 1) @
Clearly, if
-t
(aB+1)"
i ©)
T#%, that is, T#—(aﬁ; ) ;

then A = 0 is double zero eigenvalue; if § = 1/(af + 1)* and
T = 1/8f, thatis, 7 = (aff + l)z/ﬁ, then A = 0 is triple zero
eigenvalue. We will mainly discuss the first case in this paper.

According to the normal form theory developed by Faria
and Magalhdes [13], first, rewrite system (4) as X(t) = L(X,),
where X(£) = (x,(t),x,(), L(¢) = L(%)), and ¢ =
(¢, ¢,). Take A as the infinitesimal generator of system. Let
A = {0}, and denote by P the invariant space of A associated
with the eigenvalue A = 0; using the formal adjoint theory
of RFDE in [13], the phase space C, can be decomposed by
Aas C; = P& Q. Define ® and ¥ as the bases for P and
P*, the space associated with the eigenvalue A = 0 of the
adjoint equation, respectively, and to be normalized such that
(P, ®) =1, d = ®J,and ¥ = —J¥, where ® and ¥ are 2 x 2
matrices.

Next we will find the ®(0) and W¥(s) based on the tech-
niques developed by [14].

Lemmal (see Xu and Huang [14]). The bases of P and its dual
space P* have the following representations:

P =span @, @ (0) = (¢, (6), 9, (6)),
P* =span'¥, ¥ (s) = col (v, (s), v, (s)),

-1<6<0,
(10)
0<s<l,

where ¢,(0) = ¢} € R"\ {0}, 9,(6) = @) + ¢\, and ¢; € R"

and y,(s) = ¥ € R™ \ {0}, and y,(s) = v — sy, v° € R™,
which satisfy

(1) (A+B)g] =0,
(2) (A+ B)g) = (B+ gy,
(3) y3(A+B) =0,
(4) y{(A+B) =y, (B+1),
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(5) v2d — (1/2)yBe? + yIBg) = 1, W(s) = (m1 w;gsﬁn m, — sn>) 0<s<l,
—Bn n
©) vig; — (1/2y)Bgl + yiBgs + (1/6)y;Be] ~ )
(1/2)y3Bg) = 0. )
where m; = 16B(t6S — 2)/2(x8B — 1)° = B[ - 2(af +
By (6), we have A = (Tgﬁ —55) and B = (n;)/sz —f@ﬁ ); using  D?1/2[tB- (af+1)*)%my = (1+(x8B-1)1)/2B(x8B-1)* =
Lemma 1, we obtain (1/2B) 1+ (af+1)*/(xB—(af+1))*),and n = 78/ (6B~ 1) =
/(2B - (af + 1)%). .
<1 1 +9> The matrix J satisfying ® = @] is given by J = (31).
D (0) = 703 , —-1<6<0, System (6) in the center manifold is equivalent to the system

B po z = Jz + ¥(0)F(®z), where
F(g) = < 9191 (0) + 9,6, (0)$, (0) + g5¢5 (0) + hoott ) w
947 (=1) + g5y (=1) §, (=1) + ged; (=1) $; (0) + g7, (-1) $, (0) + h.o:t
It is easy to obtain In the following, we will do versal unfolding of system (4)
at P,:
zZ, + <L + 9> z
DO)z=|" \7p 2] x:‘r<(x+m)(l—x—m)— Xy —h>,
e +x0) o
1 . t-1

¢1(0)=z1+@z2, 13) y=f(5+m)y<ﬁ+#z—ﬁ(t_1)>-
¢, (-1) =z, + (L - 1> 2, When y; = u, = 0, system (16) has a Bogdanov-Takens
0p3 singularity P, and a two-dimensional center manifold exists.

The Taylor expansion of system (16) at P, takes the form

¢, (0) = Bz, ¢, (-1) = B(z, — 2,).

x = 10x — 10y + 2y + >+ hot,
Hence (6) becomes x Bx VT g1 X tGoXy + g3y 0

y=wopy + T8+ ) fPx(t-1) -7 (8+p)By(t-1)

z—z—rmzz—%zz +1,22 + hot 2
152 121 B 122 thzy +hofg + 0y +wyx” (- 1) +wsx(t-1) y(t-1)
. , 2n 5 (14) +twex(t—1)y+w,y(t—-1)y+hot,
z, = n1fz] + S ant Lz, + h.ot, a7)
wherel, = m1g1/7262ﬁ2+2m2(8+y1)(a/3’+1)(1—16ﬁ)/182(ﬁ+ where
(aB+1)2m-1)),l, = —(ng /ﬂTZ(SZ) +2n(8 +py) @B+ 1)(1 -
26B)/6%(B + (af + 1)(2m 1)), 1 wy = TOBLB+@m 1) (ap+ )]
After a series of transformations we obtain 2(ap+1)
) _ 21 (8 + ) B (ap +1)
21 =2+ h.O.t, (15) 4 /3 + (2m — 1) (a[3 + 1) >
22:d12f+d221z2+h.0.t, :_21(5+M1)ﬁ(aﬁ+1)
> B+m-1)(ap+1)
where d, = fnr = ﬁ‘[z/(‘rﬁ —(ap+ DY, d, = —tm, +n/d =
~(*p + 2(ap +1)*[(ap +1)* - ZTﬁ])/(rE ~ (apB F DR if wy = =2~ ©+p)(ap+1)
T#(2 + V2)/8B, then d, #0. B+@m=1)(ap+1)
Hence, we have the following theorem.  2e(8+ ) (aB+1)
Theorem 2. Let (5), (9), and T # (2 + \/2)/8p hold. Then the Tpr@m-1(ap+1)

equilibrium P, of system (4) is a Bogdanov-Takens singularity. (18)
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We decompose the enlarged phase space BC of system as u=Aqu+(-m)X,
BC = P@Kerm. Then y in system can be decomposed as y =

®z+uwithz € R* and u € Q'. Hence, system is decomposed X [By + B, (®oz +u(0)) + G (Pz +u)],

as (19)
z2=B,+B,z+¥Y(0)G(Pz +u), where
I, 6=0
X, (0) =
0, -1<6<0,

wym
B, - 0 , B, =W (0)B, = YT ’
Wyl Wy,

(20)
76B¢, (0) — 18¢, (0)
BZ = \P (0) 5 b)
T(8+ ) By (=1) = (8 + py) By (—1) + Ty, (0)
G (9) < 9161 (0) + g,¢, (0) b, (0) + g5¢55 (0) + h.ot >
w4¢f (-1) + ws; (-1) ¢, (1) + wep; (-1) ¢, (0) + w,p, (—1) ¢, (0) + h.o.t
To compute the normal form of system at P,, consider z = _ ﬁzﬂz‘f
B, + B,z + ¥(0)G(®z); together with (13) we obtain 2= Tm16‘u1
" . <m‘6ﬁ - 21(;)0;1 _wn (1,68 (—S 2+2 myp)
Z, = WoMyly + 2, + myTOPp,2, + 2—”122 P P
5 + (n‘r (mz‘r 8B + 2L, wynd + 2wym,
2 m 2
—Tmz, - 5_1312122 +1z; +hot, — 2wym; B — 2w0m2128,8))
(21)
22 = Wyhy, + n‘[8ﬂ‘u2zl + %Zz X (—T(S + mzréﬂ + 7’1)_1 ) Hy-
(23)

2 2n 2
+ntfz] + Ezlz2 +1,z; + h.ot.

Hence system (4) exist the following bifurcation curves in
a small neighborhood of the origin in the (g, y4,) plane.
Following the normal form formula in Kuznetsov [12],
system (21) can be reduced to Theorem 3. Let (5),(9), and T #+ 2+ \/Z)/a/s hold. Then system
(4) admits the following bifurcations:

z, =z, + h.ot, (i) a saddle-node bifurcation curve SN = {(uy, ;) : 11
(22) (1/4d,)y;}

. 2
Z, =Y + a2, +d 2] +dyz,2, + hoot,

AN

(ii) a Hopf bifurcation curve H = {(4;, i) : t, = 0,y
0

where

(iil) a homoclinic bifurcation curve HL = {(u, 1) : 1

—(6/25d,)y;,y, < O}.
0P [B+(@2m-1)(af+1)]
h=- 2(af+1) "2

2
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