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We classify some soliton nilpotent Lie algebras and possible candidates in dimensions 8 and 9 up toisomorphy. We focus on 1 <
2 < --- < ntype of derivations, where 7 is the dimension of the Lie algebras. We present algorithms to generate possible algebraic

structures.

1. Introduction

In this paper, we compute and classify n-dimensional (n =
8, 9) nilsoliton metric Lie algebras with eigenvalue type
1 < 2 < < n, which will be called “ordered type
of Lie algebra” throughout this paper. We use MATLAB to
achieve this goal. In the literature, six-dimensional nilpotent
Lie algebras have been classified by algorithmic approaches
[1]. In dimension seven and lower, nilsoliton metric Lie
algebras have been classified [2-9]. Summary and details of
some other classifications can be found in [10]. In our paper,
we focus on dimensions eight and nine. We note that we
have found that our algorithm gives consistent results with
the literature in lower dimensions. We use a computational
procedure that is similar to the one that we have used in our
previous paper [4].

In our previous paper, we classified all the soliton and
nonsoliton metric Lie algebras where the corresponding
Gram matrix is invertible and of dimensions 7 and 8 up to
isomorphism. If corresponding Gram matrix is invertible,
then the soliton metric condition Uy = [1] has a unique
solution. So in this case, it is easy to check if the algebra is
soliton or not. But in noninvertible case, there is more than
one solution. Therefore it is hard to guess if one of the solu-
tions provides the soliton condition without solving Jacobi
identity which is nonlinear. On the other hand, it may be easy
if we can eliminate some algebras which admit a derivation D
that does not have ordered eigenvalues without solving the

following soliton metric condition Uv = [1]. For this, we
prove that if the nilpotent Lie algebra admits a soliton metric
with corresponding Gram matrix of # being noninvertible,
all the solutions of Uv = [1] have a unique derivation.
This theorem allows us to omit several cases that come from
nonordered eigenvalues without considering Jacobi identity.

This paper is organized as follows. In Section 2, we
provide some preliminaries that we use for our classifications.
In Section 3, we give specific Jacobi identity conditions for
Lie algebras up to dimension nine. This allows us to decide
whether the Lie algebra has a soliton metric or not. In
Section 4, we give details of our classifications with specific
examples and provide algorithmic procedures. Section 5
contains our concluding remarks.

2. Preliminaries

Let (1,, Q) be a metric algebra, where y ¢ A’ ® 1", Let
B = {X;}!, beaQ-orthonormal basis of My (we always assume
that bases are ordered). The nil-Ricci endomorphism Ric,, is
defined as (RicHX, Y) = ricH(X, Y), where

ri, (067) = — 23 (X X)L [0x))
1’:‘ 1)
+ a2 X X1 ) (1% X7



for X,Y € n (we often write an inner product Q(,-)
as (,-)). When 7 is a nilpotent Lie algebra, the nil-Ricci
endomorphism is the Ricci endomorphism. If all elements
of the basis are eigenvectors for the nil-Ricci endomorphism
Ricﬂ, we call the orthonormal basis a Ricci eigenvector basis.

Now we define some combinatorial objects associated to

a set of integer triples A € {(i, j,k) | 1 < i, j,k < n}. For
:
where {e}}_, is the standard orthonormal basis for R". We

1 <4, j,k < n, define 1 x n row vector yfj to be eiT +e€; — e,t(,
call the vectors in { yfj | (i, j,k) € A} root vectors for A. Let
V1> Vas---» YV, (Where m = |A]) be an enumeration of the
root vectors in dictionary order. We define root matrix Y,
for A to be the m x n matrix whose rows are the root vectors
V1> Vas - -» Yy The Gram matrix U, for A is the m x m matrix
defined by U, = Y,Y,; the (i, j) entry of U, is the inner
product of the ith and jth root vectors. It is easy to see that
U is a symmetric matrix. It has the same rank as the root
matrix; that is, Rank(U,) = Rank(Y,). Diagonal elements
of U are all three, and the off-diagonal entries of U are in
the set {-2,-1,0, 1, 2}. For more information, see [11]. Let D
have distinct real positive eigenvalues, and let A index the
structure constants for # with respect to eigenvector basis B.
If (i}, ji,ky) € A and (i,, j,,k,) € A, then (ysl)jl,yi’zsz) #2.
Thus U does not contain two as an entry [4].

Lemmal. Let (1, Q) be an n-dimensional inner product space,
2% .
and let ‘u.be an element ofA. nen. suppqse that 1, admits a
symmetric derivation D having n distinct eigenvalues 0 < A, <
A, < .-+ < A, with corresponding orthonormal eigenvectors
X, X5, oos X, Let ocfj denote the structure constants for n with

respect to the ordered basis B = {X;}"_,. Let1 < i < j < n. Then

(1) ifthereissomek € {1,2,...,n} such that A, = A; + Aj,
then [X;, X] is a scalar multiple of X;; otherwise X;
and X j commute;

(2) ocfj #0 if and only if X € [n,,1,].

Theorem 2 (see [11]). Let 5 be a vector space, and let B =
X, be a basis for 1. Suppose that a set of nonzero structure
constants ocf.f ; relative to B, indexed by A, defines a skew
symmetric product on 3. Assume that if (i, j,k) € A, then
i < j < k. Then the algebra is a Lie algebra if and only if
whenever there exists m so that the inner product of root vectors
(yfj,yl’Z) = —1 for triples (i, j,1) and (I, k,m) or (k,I,m) in A,
the equation

s om s om s om _
Z“i,j“s,k oo oy e =0 (2)
s<m

1

i,

holds. Furthermore, a term of form o

only if (y, , yii) = —1

m o )
9 is nonzero if and

Theorem 3 (see [11]). Let (17,4, Q) be a metric algebra and B =
{X;}, a Ricci eigenvector basis for 1, Let Y be the root matrix
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Jor .. Then the eigenvalues of the nil-Ricci endomorphism are
given by
B 1

.B_ lor
RIC”— 2Y v, (3)

where v = [o?].

Theorem 4 (see [4, 11]). Let (1,Q) be a nonabelian metric
algebra with Ricci eigenvector basis B. The following are
equivalent.

1) (17#, Q) satisfies the nilsoliton condition with nilsoliton
constant f3.

(2) The eigenvalue vector Vi, for D = Ric — S1d with
respect to B lies in the kernel of the root matrix for
(17#, Q) with respect to B.

(3) For noncommuting eigenvectors X and Y for the nil-
Ricci endomorphism with eigenvalues kx and Ky,
the bracket [X,Y] is an eigenvector for the nil-Ricci
endomorphism with eigenvalue kyx + ky — f3.

(4) B = yfj Ric for all (i, j, k) in A(n,, B).

Theorem 5 (see [4]). Let n be an n-dimensional nonabelian
nilpotent Lie algebra which admits a derivation D having
distinct real positive eigenvalues. Let B be a basis consisting of
eigenvectors for the derivation D, and let A index the nonzero
structure constants with respect to B. Let U be the m x m Gram
matrix. IfU is invertible, then the following hold:

() [Al<sn-1;
(i) if iy, jiky) € A and (iy jook;) € A then (yy,,
yi]zz,j2> -1
3. Theory

This section provides some theorems and their proofs that
allow us to consider fewer cases for our algoritm. The
following theorem gives a pruning method while Gram
matrix is noninvertible.

Theorem 6. Let 7 be an n-dimensional nilsoliton metric Lie
algebra, and U the corresponding Gram matrix which is
noninvertible. Then Ker(Y") = Ker(U). Furthermore all of the
solutions of Uv = [1] correspond to a unique derivation.

Proof . Since rank of a matrix is equal to the rank of its Gram
matrix, then p = Rank(Y) = Rank(U). LetU : R? — R?
and YT RP? — R” denote the linear functions (with
respect to the standard basis) that correspond to the Gram
matrix U and the transpose of the root matrix Y, respectively.
Since Rank(U) = Rank(Y) = Rank(Y7) and by rank-nullity
theorem, we have

Ker (U) = Ker (YT). (4)

Let v be a particular solution and v, the last column of
reduced row echelon matrix [U, [1]]. Then v, is also a solution
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of Uv, = [1]. Therefore U(v—v,) = 0; thatis, (v—v,) € Ker(U).
Using (4), then (v — v,) € Ker(Y"). For the solution v,
suppose that we denote D, for the Nikolayevsky derivation,
Ric, for the Ricci tensor, and f3, for the soliton constant. Then
using (3), we have
. . |

(Ric — Ricy) = EY (v=v,) =0. (5)
Then Ric = Ric,. Using Theorem 4, we have 8 = f3,, which
implies that D = D,,. 0

Lemma 7. If nilsoliton metric Lie algebra n has ordered type
of derivations 1 < 2 < --- < n, then its index set \ consists of
triples (i, j,i + j).

Proof. If Vy = (A, Ay..., A,)" is the eigenvalue vector of D
with eigenvector basis B = {X,}"_, for #, then by Theorem 4,
Vp lies in the kernel of Y. Thus for each element (i, j, k) € A,
Ai+A;= A =0;thatis, A; +A; = A, By Lemma 1, [X;, X;] =

AX, for some A € R.Since A; =iforalli € {1,2,...,n}, k =
i+ jand [X;, X;] = AX;, ;. Hence, the index set for ordered
type of derivations is of form (i, j,i + j). O

The next corollary describes the index triples (i, j, k)
and the Jacobi identity for algebras with ordered type of
derivations.

Corollary 8. The algebra ) is a Lie algebra if and only if for all
pairs of form (i, j,1) and (I, k, m) or (i, j, 1) and (k,l,m) in A g
with k ¢ {i, j} and for all m > max{i + 3, j+2, 5}, the following
equation holds:
o 0+ o+ og el = 0.
3§s<m§{i,j,k} ! g ! (6)
If in addition A; = i fori = 1,...,n, then the algebra 1] is
a Lie algebra if and only if for all pairs of form (i, j,i + j) and
(i+j,k,i+j+k)or(i,j,i+j)and (k,i+ j,i+ j+k)in A g with
k ¢ {i, j,i+ j}and forallm =i+ j+k > max{2i + 2, j + 2,6},
the equation

Z ocl]ocsk+ockcx +(xkl S] =0 )
4£s<m,s€{i,]}

holds.

Proof. By Theorem 7 of [11], the algebra 7, defined by u is
a Lie algebra if and only if whenever there exists m so that

(yfj,yl’Z) = -1 for triples (i, j,I) and (I,k,m) or (k,I,m) in
AB: (2)
Z(xlj $k+0ck(x +(xkl':1] 0 )
s<m

holds. Furthermore, if i, j, and k are distinct the product
f]oclk is nonzero if and only if (}/,] Vi) =~
Suppose that (yij,ylk) =-1for (i, j,1) € AB and (L, k,m)
or (k,I,m) in Ap. By definition of A 5, we have i < j. By
Lemmal, j < I,I < m,and k < m. Sincei < j < I < m,

we know that m > i + 3. Similarly, j < [ < m implies that
j+2 <mIfi = korj = k, then (yfj,y,’;:) = 0, and so
i, j, and k must be distinct. Since i, j, k, and [ are all distinct
and less than m, we know that m > 5. Thus an expression of
form

“z]“sk+(x]k‘x +akt‘x51 (9)

is nonzero only if m > max{i + 3, j + 2, 5},and k ¢ {3, j}.

Suppose that A; = i, and (i, j,I) and (I, k,m) are in the
index set. Then from Lemma 7, = i + j which implies that
m =i+ j+k Weknowthat1 <i < j <[ < m. Then, since
j=i+landk > 1, wehave2i+2 < i+ j+k = m.Since
2i +2 < m,m = 5 implies that i = 1. So there is no possible
(i, j, k), where all i, j, k are distinctand i < j < mwithi+ j+k.
Thus if m = 5, then (yfj, i) # — L. Therefore, if A; = i, an
expression of form

(xz](xsk-'—ocjk(x +“k1 s; (10)

is nonzero only if m > max{2i + 2, j + 2, 6}, and k ¢ {3, j}.
By Lemmal, X, and X, are in [r,, r]M]L, and so o, #0
which implies that s > 3 and r#s, t#s. Therefore all
expressions in (10) with s < 3 or s € {i, j, k} are identically
zero and may be omitted from the summation for any
m. O

The next corollary describes some equations in the
structure constants of a nilpotent metric Lie algebra that are
equivalent to the Jacobi identity. Each of the terms ocfjocg'C in
the following equations corresponds to each of -1 entry in the
Gram matrix U. Therefore, the following equations are useful
for noninvertible case since there is no —1 entry in the Gram
matrix for the invertible case.

Corollary 9. Let (r,,{---,-+-)) be an n-dimensional inner

product space where n < 9, and, u be an element of A°n* ® 1.
Suppose that the algebra n,, defined by y admits a symmetric
derivation D having n eigenvalues 1 < 2 < --- < n with corre-
sponding orthonormal eigenvectors X, X,, ..., X,,. oc;fj denote
the structure constants for 1 with respect to the ordered basis
B = {X;},, and let A index the nonzero structure constants
as defined in (2). The algebra n, is a Lie algebra if and only

if

4 6 5 6
050, + 05500, =0, (1)
3 7 5 7 6 7 _
Q0G4 — Q0 — X0, = 0, (12)
3 8 5 8 6 8 7 8 7 8 _
Q05 + 0,053 + 050, + 0500, + 0,0, =0, (13)
30ttt — il — ol —atdl = 0
K3 T K305 — Ky3®ys — Kpglsq — Gz lyy — K35y =
(14)

holds.
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TaBLE 1: Possible (i, j, k) for m = 6.

Case i j k PT
(a) 1 2 3 _
(b) 1 3 2 v
(0) 1 4 1 —
(d) 2 3 1 Y
(e) 2 4 0 _

Proof. Following Lemma 7, the index set consists of elements
of form (i, j,i + j). Therefore the number s equals to i + j in

D m .
the expression «; ;. From the previous corollary,

«; joc:f’k + ocj.)koc:"’i + ocf()icx:'; (15)
isnonzeroonlyifm > 6,and k ¢ {i, j}. Also k # i+ j; otherwise
oy = 0.

If m = 6,2i +2 < m implies that i < 2; that is, possible
numbers for “/” are 1 and 2. Possible and not possible (i, j, k)
triples, which are being used in

s m s om s om _
Z 0 O j O (O + 0 0 = 0 (16)
3Ss<m,s¢{i,j,k}

and where i+ j+k = 6, are illustrated in Table 1. The notations
in the table are as follows v := yes; — = no; PT = possible
triple.

In the case (a), i + j = k, and then it is not a possible
triple. In the case (b), i < j, i, j, k are distinct, and k #i + j. So
it is a possible triple. In the case (c), i = k, and so it is not a
possible triple. In the case (d), i < j, and all i, j, k are distinct
asi+ j#k. Thus it is a possible triple. In the case (e), k is not
a natural number, and so it is not a possible triple. Therefore
only possible (i, j, k) triples are (1, 3,2) and (2, 3,1). Triples
(1,3,2) and (2, 3, 1) correspond to nonzero products “113“22
and (x;socg’l, respectively. Using the skew-symmetry, (2) turns
into the following equation:

4 6 5 6
&30, + 03005 =0, (17)

which gives (11). Using the same procedure for m = 7,
possible (i, j, k) triples are (1,2, 4), (1,4,2) and (2, 4, 1), which
correspond to nonzero &,al,, o,al,, and aS,a, respec-
tively. Therefore (12) is obtained. Equations (13) and (14) can
be obtained by the same way. O

As an illustration, we show how to use the results of this
section in the following example.

Example 10. Let n be an 8-dimensional algebra with nonzero
structure constants relative to eigenvector basis B indexed by

A=1{(1,23),(1,3,4),(1,4,5),(1,6,7),
18
(2,3,5),(2,6,8),(3,4,7),(3,5,8)} . 1
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Computation shows that the structure vector [o?] is a
solution to Uv = [1]g , ; if and only if it is of form

3
17
10
@ | F
(“Ts)z 17
(“?4)2 8
7
JETIN B R B BT
@y ] 2
8 17
(“26)2 12
7 J—
(“34)2 17
(0425) 7 (19)
17
0
0
1 1
0 -1
-1 -1
0 1
+X 0 |+v 1
-1 -1
0 -1
1 0
0 1

Equation (13) from the previous corollary leads

<—%+X+Y>-Y=<§—X—Y)-Y
(20)

= X+Y=—.
17

Moreover, using (12), we find that X = 3/17and Y = 6/17,
which means that («)* = —2/17. Thus 77 is not a Lie algebra.

4. Algorithm and Classifications

In this section, we describe our computational procedure and
give the results in dimensions 8 and 9.

4.1. Algorithm. Now we describe the algorithm. The following
algorithm can be used for both invertible and noninvertible
cases.

Input. The input is the integer n which represents the dimen-
sion.

Output. The output is two 0 — 1 matrices Wsoliton and
Uninv listing characteristic vectors for index sets A of ©,,.
The matrix Wsoliton has as its rows all possible characteristic
vectors for canonical index sets A for nilpotent Lie algebras
of dimension n with ordered type nonsingular nilsoliton
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TABLE 2: 8-dimensional nilsoliton metric Lie algebras.
Lie bracket Index Nullity
. (0,0, \/274/2223 - 12, 1/99/764 - 13,~/527/8179 - 14 + /1532/9311 - 23,/101/2154 - 15 + p 3
\/250/4199 - 24, A/150/3151 - 16 + 1/110/367 - 25 + \/110/367 - 34, /7/17 - 17)
5 (0,0, /82/7253 - 12, \[4/34 - 13,/97/299 - 14 + [6/34 - 23,/1/34 - 15 + /9/34 - 24,~/10/34 - 16 + p 4
\/1998/12097 - 25 + 1/397/13917 - 34, 1/728/2883 - 17 + /637/4000 - 35)
5 (0,0,+/163/702 - 12, /263/2572 - 13, 1/343/1334 - 14 + /547/2871 - 23,/175/2358 - 15 + 6 3
\/160/1149 - 24, 1/388/2509 - 16 + 1/518/6185 - 25, \/43/13870 - 17 + 1/915/2239 - 35)
TaBLE 3: The 9-dimensional nilsoliton metric Lie algebras of nullities 1 and 2.
Lie bracket Index  Nullity
1 (0,0,0,0, V45 - 23, V14 - 24, /91 - 25 + /91 - 34, V136 - 17 + /29 - 26 + V14 - 35, V/104 - 18 + 4.27) 4 1
2 (0,0,1.12,0,1.14 + /3-23,0, V6 - 25 + V6 - 34,/8 - 17 + 1.26 + /2 - 35, /6 - 18+/2 - 27) 5 2
3 (0,0,V21-12,0,v21 14+ v/39-23,0, V13- 16 + V70 - 25 — /70 - 34, \/88 - 17 + \/42 - 35, /65 - 18 + /39 - 27) 5 2

derivation whose canonical Gram matrix U is invertible.
The matrix Uninv has as its rows all possible characteristic
vectors for canonical index sets A for nilpotent Lie algebras
of dimension n with ordered type nonsingular nilsoliton
derivation whose canonical Gram matrix U is noninvertible.
In the dimensions 8 and 9, there is no example for invertible
case. Thus Wsoliton is an empty matrix. Therefore we give the
algorithm for the noninvertible case.

Algorithm for the Noninvertible Case. Consider the following.

(i) Enter the dimension 7.
(ii) Compute the matrix Z,,.
(iii) Compute the matrix W.

(iv) Delete all rows of W containing abelian factor which
is the row that represents direct sums of Lie algebras.

(v) Remove all rows of W such that the canonical Gram
matrix U associated to the index set A is invertible.

(vi) Define eigenvalue vector v, = (1,2, 3,...,n)T in
dimension 7.

(vii) Remove all rows of W if v(i) = v,(i) < 0 where v is the
general solution of U, v = [1],,,; and v, is the vector
that we have defined in the proof of Theorem 6.

(viii) Remove all the rows of W such that the corresponding
algebra does not have a derivation of eigenvalue type
1<2<---<n

(ix) Remove all the rows of W such that the correspond-
ing algebra does not satisty Jacobi identity condition,
which is obtained in Corollary 9.

After this process, we solve nonlinear systems which
follow from Jacobi identity. In order to see how the algorithm
works, we give the following example for n = 6.

Example 11. Letn = 6. Then

0 = {(1,2,3),(1,3,4),(1,4,5),(1,5,6) ,(2,3,5), (2,4,6)} .
(21)

TABLE 4: The 8-dimensional nilsoliton metric Lie algebra candidates.

Lie bracket Index  Nullity

1 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 6 4
116 +1.34, 117 + 1.26 + 1.35)

2 (0,0, 1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 6 4
1.16 +1.25, 1.17 + 1.26 + 1.35)

3 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 6 4
1.16 + 1.25 + 1.34, 1.17 + 1.26)

4 (0,0, 112,113, 1.14 + 1.23, 1.15 + 1.24, 6 5

1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35)

TaBLE 5: Number of 9-dimensional nilsoliton metric Lie algebra
candidates.

Nullity Number of Lie algebras
3 98
4 81
5 45
6 22
7 7
8
So, matrix Z is 6 x 3 of form
123
134
145
Zg 156 (22)
235
246

Since |®¢| = 6, the matrix W is of size 2% x 6 as follows

S O O
o O O
o O O
S O O
— O O
S = O

(23)

&
Il

111111
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TABLE 6: The 9-dimensional candidates of nullities 6 and 8.
Lie bracket Index Nullity
1 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.36 + 1.45) 6 6
2 (0,0,1.12,1.13,1.14, 1.15, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.36 + 1.45) 7 6
3 (0,0,1.12,1.13,1.14 + 1.23, 115 + 1.24, 1.16 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.36 + 1.45) 7 6
4 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.36 + 1.45) 7 6
5 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36 + 1.45) 7 6
6 (0, 0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.45) 7 6
7 (0,0,1.12,1.13,1.14 + 1.23,1.15 + 1.24, 1.16 + 1.34,1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.36) 7 6
8 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.36 + 1.45) 7 6
9 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25,1.17 + 1.35, 1.18 + 1.27 + 1.36 + 1.45) 7 6
10 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17, 1.18 + 1.27 + 1.36 + 1.45) 7 6
1 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.45) 7 6
12 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.36) 7 6
13 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25,1.17 + 1.26 + 1.35, 1.18 + 1.36 + 1.45) 7 6
14 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.36 + 1.45) 7 6
15 (0, 0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.45) 7 6
16 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.36) 7 6
17 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25, 1.17 + 1.26, 1.18 + 1.27 + 1.36 + 1.45) 7 6
18 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25,1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.45) 7 6
19 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25,1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.36) 7 6
20 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.45) 7 6
21 (0,0,1.12,1.13,1.14 + 1.23, 115 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36) 7 6
22 (0,0,1.12,1.13,1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27) 7 6
23 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.36 + 1.45) 7 8

The first row of W, represents empty matrix, row two rep-
resents the subset {(2,4,6)} of O, and so forth. Eliminating
rows that represent direct sums, we have 33 rows in W matrix.
Therefore none of the rows of W corresponds to Lie algebras
that can be written as direct sums. These algebras correspond
both to invertible and noninvertible Gram matrices. There
is no example for the invertible case. For the noninvertible
case, there is one ordered type nilsoliton metric Lie algebra 7.
Let B be the eigenvector basis for #, whose nonzero structure
constants are indexed by

A, =1{(1,2,3),(1,3,4),(1,4,5),(1,5,6),(2,3,5),(2,4,6)} .
(24)

Computation shows that the structure vector [o?] is a solution
toUv = [1]¢ , ; if and only if it is of form

(“32)

Q32 2 0
04

NS RAN .
o] = ((xs)2 "l s | Tl
e 5 -1
("‘23)2 0 1

(“34)

(25)

By Corollary 9, # satisfies (11). Solving the equation for ¢, we
find that

(of308,)” = (o)
(11 +1t)t = (55 —t)7, (26)

t =25.

After rescaling and solving for structure constants from [a?],
we see that letting

(X1, X,] = @Xy (X1, X5] = 6X,,

(X, X,] = V22X5,  [X,X;5] = V30X, (27)
(X5, X5] = \/%Xp (X5, X4] = 5%
defines a nilsoliton metric Lie algebra, previously found in [3].

4.2. Classifications. Classification results for dimensions 8
and 9 appear in Tables 2 and 3, respectively. We use vector
notations to represent Lie algebra structures. For example, the
list

(o,o,o,o,\/E-23,\/ﬁ.24,\/ﬁ-25+ V91 - 34, V136 - 17

+129-26 + V14 - 35,104 - 18+4-27)
(28)
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TaBLE 7: The 9-dimensional nilsoliton metric Lie algebra candidates of nullity 3.

Lie bracket Index Nullity
1 (0,0,0,0,1.23,1.24,1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18, 1.27 + 1.36 + 1.45) 4 3
2 (0,0,1.12,0,1.23,1.24,1.16 + 1.25 + 1.34,1.17, 1.18 + 1.27 + 1.36 + 1.45) 5 3
3 (0,0,1.12,0,1.23,1.24,1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.45) 5 3
4 (0,0,112, 0, 1.23,1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.36) 5 3
5 (0,0,1.12,0,1.23,1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.36 + 1.45) 5 3
6 (0,0,1.12, 0, 1.23,1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35,1.18 + 1.45) 5 3
7 (0,0,1.12, 0,1.23,1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.36) 5 3
8 (0,0,112,0,1.23,1.24,1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.45) 5 3
9 (0,0,112,0,1.23,1.24,1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36) 5 3
10 (0,0,112,0,1.23,1.24, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27) 5 3
11 (0,0,1.12,0,1.14 +1.23, 0, 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36 + 1.45) 5 3
12 (0,0,1.12,0,1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35, 118 + 1.27 + 1.45) 5 3
13 (0,0,1.12,0, 1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35, L.18 + 1.27 + 1.36) 5 3
14 (0,0,1.12, 0, 1.14 + 1.23,1.24, 1.25 + 1.34, 1.17, 1.18 + 1.27 + 1.36 + 1.45) 5 3
15 (0,0,1.12, 0, 1.14 + 1.23, 1.24, 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.36) 5 3
16 (0,0,1.12, 0, 1.14 + 1.23,1.24, 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.36 + 1.45) 5 3
17 (0,0,1.12, 0, 1.14 + 1.23,1.24, 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.45) 5 3
18 (0,0,112,0,1.14 + 1.23,1.24, 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.45) 5 3
19 (0,0,1.12,0,1.14 + 1.23, 1.24,1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.45) 5 3
20 (0,0,112,0,1.14 + 1.23,1.24, 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36) 5 3
21 (0,0,1.12, 0, 1.14 + 1.23,1.24,1.25 + 1.34, 1.17 + 1.26 + 1.35,1.18 + 1.27) 5 3
22 (0,0,112,0, 1.14 + 1.23, 0, 116 + 1.25 + 1.34, 1.17, 118 + 1.27 + 1.36 + 1.45) 5 3
23 (0,0,112, 0, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.45) 5 3
24 (0,0,112,0,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.36) 5 3
25 (0,0,1.12, 0, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.36 + 1.45) 5 3
26 (0,0,112,0,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.45) 5 3
27 (0,0,112,0,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.45) 5 3
28 (0,0,112,0,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36) 5 3
29 (0,0,112,0,1.14 +1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27) 5 3
30 (0,0,1.12, 0, 1.14 + 1.23, 1.24, 1.16 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.45) 4 3
31 (0,0,112, 0, 1.14 + 1.23,1.24, 1.16 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.36) 4 3
32 (0,0,112, 0, 1.14 + 1.23,1.24, 1.16 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.45) 4 3
33 (0,0,1.12, 0, 1.14 +1.23,1.24, 1.16 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.36) 4 3
34 (0,0,1.12, 0, 1.14 + 1.23,1.24, 1.16 + 1.34, 1.17 + 1.26 + 1.35,1.18 + 1.27) 4 3
35 (0,0, 112,113,123, 0, 116 + 1.25,1.17 + 1.26 + 1.35, 1.27 + 1.36 + 1.45) 4 3
36 (0,0, 112,113, 1.14 + 1.23, 0, 1.25 + 1.34, 1.26 + 1.35, 1.18 + 1.27 + 1.45) 5 3
37 (0, 0,1.12,1.13,1.14 + 1.23, 0, 1.25 + 1.34, 1.26 + 1.35, 1.18 + 1.27 + 1.36) 5 3
38 (0,0, 112,113, 1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26, 1.27 + 1.36 + 1.45) 5 3
39 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35,1.27 + 1.45) 5 3
40 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35,1.27 + 1.36) 5 3
41 (0,0,1.12,1.13,1.14, 0, 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36 + 1.45) 5 3
42 (0,0,1.12,1.13,1.14, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.45) 6 3
43 (0,0,1.12,1.13,1.14, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27 + 1.36) 6 3
44 (0,0,112,1.13,1.14 + 1.23, 0, 1.25 + 1.34, 117 + 1.26, 1.18 + 1.36 + 1.45) 6 3
45 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.45) 6 3
46 (0,0,1.12,113, 114 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.45) 6 3
47 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36) 6 3
48 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27) 6 3
49 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.26 + 1.35, 1.27 + 1.45) 5 3
50 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.26 + 1.35, 1.27 + 1.36) 5 3
51 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.35, 1.18 + 1.27 + 1.45) 5 3
52 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34,1.35, 1.18 + 1.27 + 1.36) 5 3
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Lie bracket Index Nullity
53 (0,0,1.12,1.13, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.26 + 1.35, 1.18 + 1.45) 5 3
54 (0,0,1.12,1.13, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.26 + 1.35, 1.18 + 1.36) 5 3
55 (0,0, 112,113, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34,1.26 + 1.35, 1.18 + 1.27) 5 3
56 (0,0,1.12,1.13,1.14, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.27 + 1.36 + 1.45) 5 3
57 (0,0,1.12,1.13,1.14, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.27 + 1.45) 5 3
58 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17, 1.27 + 1.36 + 1.45) 5 3
59 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.35,1.27 + 1.45) 5 3
60 (0,0,1.12,1.13,1.14, 0, 116 + 1.25 + 1.34, 1.17, 118 + 1.27 + 1.36 + 1.45) 6 3
61 (0,0,1.12,1.13,1.14, 0, 116 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27 + 1.45) 6 3
62 (0,0,1.12,1.13, 1.14, 0, 1.16 + 1.25 + 1.34,1.17 + 1.35, 1.18 + 1.27 + 1.36) 6 3
63 (0,0,1.12,1.13, 1.14, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.45) 6 3
64 (0,0,1.12,1.13,1.14, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.27 + 1.36) 6 3
65 (0,0,1.12,1.13,1.14, 0, 116 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18 + 1.27) 6 3
66 (0,0, 112,113, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17, 1.18 + 1.36 + 1.45) 6 3
67 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.45) 6 3
68 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.45) 6 3
TaBLE 8: The 9-dimensional nilsoliton metric Lie algebra candidates of nullity 3.
Lie bracket Index Nullity
69 (0,0, 112,113, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17, 1.18 + 1.27 + 1.45) 6 3
70 (0,0,1.12,1.13, 1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17, 1.18 + 1.27 + 1.36) 6 3
71 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27) 6 3
72 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26, 1.18 + 1.45) 6 3
73 (0,0,1.12,1.13,1.14 + 1.23, 0, 1.16 + 1.25 + 1.34, 1.17 + 1.26 + 1.35, 1.18) 6 3
74 (0,0,1.12,1.13,1.14, 1.15, 1.25 + 1.34, 1.26, 1.18 + 1.27 + 1.36 + 1.45) 6 3
75 (0,0,1.12,1.13,1.14, 1.15, 1.25 + 1.34, 1.26 + 1.35, 1.18 + 1.27 + 1.45) 6 3
76 (0,0, 112, 1.13, 1.14, 1.15, 1.25 + 1.34, 1.26 + 1.35, L.18 + 1.27 + 1.36) 6 3
77 (0,0,1.12,1.13, 1.14, 1.15, 1.25 + 1.34, 1.17, .18 + 1.27 + 1.36 + 1.45) 6 3
78 (0,0, 112, 1.13, 1.14, 1.15, 1.25 + 1.34, 1.17 + 1.35, L.18 + 1.27 + 1.36) 6 3
79 (0,0, 112,113, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.26, 1.27 + 1.36 + 1.45) 7 3
80 (0,0,1.12,1.13, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.26 + 1.35, 1.27 + 1.45) 7 3
81 (0,0,1.12,1.13, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.26 + 1.35, 1.27 + 1.36) 7 3
82 (0,0,1.12,1.13,1.14, 1.15, 1.16 + 1.25 + 1.34, 1.35, 1.18 + 1.27 + 1.45) 7 3
83 (0,0,1.12,1.13,1.14, 1.15, 1.16 + 1.25 + 1.34, 1.35, 1.18 + 1.27 + 1.36) 7 3
84 (0,0,1.12,1.13,1.14, 1.15, 1.16 + 1.25 + 1.34, 1.26, 1.18 + 1.27 + 1.45) 7 3
85 (0,0, 1.12, 1.13, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.26, 1.18 + 1.27 + 1.36) 7 3
86 (0,0, 1.12, 1.13, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.26 + 1.35, 1.18 + 1.27) 7 3
87 (0,0, 112, 1.13, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.17, 1.27 + 1.36 + 1.45) 6 3
88 (0,0, 112, 1.13, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.27 + 1.45) 6 3
89 (0,0,1.12,1.13, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.27 + 1.36) 6 3
90 (0,0, 112,113, 1.14, 1.15, 1.16 + 1.25 + 1.34, 1.17, 1.18 + 1.27 + 1.45) 7 3
91 (0,0,1.12,1.13,1.14, 1.15, 1.16 + 1.25 + 1.34, 1.17, 1.18 + 1.27 + 1.36) 7 3
92 (0,0,1.12,1.13,1.14, 1.15, 1.16 + 1.25 + 1.34, 1.17 + 1.35, 1.18 + 1.27) 7 3
93 (0,0,1.12,1.13,1.14 + 1.23, 115 + 1.24, 1.16 + 1.34, 1.17 + 1.35, 1.18) 7 3
94 (0,0,1.12,1.13, 1.14 + 1.23,1.15 + 1.24, 1.16 + 1.34, 1.17 + 1.26, 1.18) 7 3
95 (0,0,1.12,1.13, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25, 1.17, 1.18 + 1.45) 7 3
96 (0,0, 1.12,1.13, 1.14 + 1.23,1.15 + 1.24, 1.16 + 1.25, 1.17, 1.18 + 1.36) 7 3
97 (0,0, 112,113, 1.14 + 1.23, 1.15 + 1.24, 1.16 + 1.25, 1.17 + 1.35, 1.18) 7 3
98 (0,0,1.12,1.13,1.14 + 1.23,1.15 + 1.24, 1.16 + 1.25 + 1.34, 1.17, 1.18) 7 3
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in the first row of Table 3 is meant to encode the metric Lie
algebra (n, (-,-)) with orthonormal basis B = {Xi}f.;:1 and
bracket relations

(X5, X5] = \/EXS’ (X5, X, = \/EX@

(X5 Xs] = \/9_1X7’ (X5 X,] = \/9_1X7’

[X,X,] = V136Xs,  [X, X¢] = V29X, (29)

(X5, X5] = V14X, [X,, Xg] = V104X,

[Xz’X7] = 4X,.

4.2.1. Candidates of Nilsoliton Metrics. Table 5 illustrates how
many possible candidates of Lie algebras appear in dimension
9 up to the nullity of its Gram matrix. The algebras illustrated
in Table 4 are possible candidates of nilsoliton metric Lie
algebras with ordered type of derivations in dimension 8.
Here, as an example we give potential Lie algebra structures
when the nullity of their corresponding Gram matrices are 3,
6 and 8 in Tables 6, 7, and 8 respectively for dimension nine.

5. Conclusion

In this work, we have focused on nilpotent metric Lie algebras
of dimensions eight and nine with ordered type of deriva-
tions. We have given specific Jacobi identity conditions for
Lie algebras which allowed us to simplify the Jacobi identity
condition. We have classified nilsoliton metric Lie algebras
for the corresponding Gram matrix U being invertible and
noninvertible. For dimension 8, we have focused on nilsoliton
metric Lie algebras with noninvertable Gram matrix which
leads to more than one solution for Uv = [1]. We have
proved that if the nilpotent Lie algebra admits a soliton
metric with corresponding Gram matrix being noninvertible,
all the solutions of Uv = [1] correspond to a unique
derivation. This theorem has allowed us to omit several cases
that come from nonordered eigenvalues without considering
Jacobi condition. Moreover, we have classified some nilsoliton
metric Lie algebras with derivation types 1 < 2 < --- < n
and provided some candidates that may be classified. We are
currently working on an algorithm that provides a full list of
classifications for dimensions eight and nine.

Appendix
See Tables 5, 6, 7, and 8.
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