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The integral representations of the solution around the vertices of the interior reentered angles (on the “singular” parts) are
approximated by the composite midpoint rule when the boundary functions are from C**, 0 < A < 1. These approximations
are connected with the 9-point approximation of Laplace’s equation on each rectangular grid on the “nonsingular” part of the
polygon by the fourth-order gluing operator. It is proved that the uniform error is of order O(h* + €), where ¢ > 0 and h is the

mesh step. For the p-order derivatives (p = 0, 1,...) of the difference between the approximate and the exact solutions, in each “
1/oi—
singular” part O((h* + &)r j/aj P) order is obtained; here r; is the distance from the current point to the vertex in question and a;7r

is the value of the interior angle of the jth vertex. Numerical results are given in the last section to support the theoretical results.

1. Introduction

In the last two decades, among different approaches to solve
the elliptic boundary value problems with singularities, a
special emphasis has been placed on the construction of
combined methods, in which differential properties of the
solution in different parts of the domain are used (see [1, 2],
and references therein).

In [2-7], a new combined difference-analytical method,
called the block-grid method (BGM), is proposed for the
solution of the Laplace equation on polygons, when the
boundary functions on the sides causing the singular vertices
are given as algebraic polynomials of the arc length. In the
BGM, the given polygon is covered by a finite number of
overlapping sectors around the singular vertices (“singular”
parts) and rectangles for the part of the polygon which lies at
a positive distance from these vertices (“nonsingular” part).
The special integral representation in each “singular” part
is approximated, and they are connected by the appropriate
order gluing operator with the finite difference equations
used in the “nonsingular” part of the polygon.

In [8, 9], the restriction on the boundary functions to be
algebraic polynomials on the sides of the polygon causing the
singular vertices in the BGM was removed. It was assumed
that the boundary function on each side of the polygon is
given from the Hélder classes C**, 0 < A < 1, and on the
“nonsingular” part the 5-point scheme is used when k = 2
[8] and the 9-point scheme is used when k = 6 [9]. For the
5-point scheme a simple linear interpolation with 4 points
is used. For the 9-point scheme an interpolation with 31
points is used to construct a gluing operator connecting
the subsystems. Moreover, to connect the quadrature nodes
which are at a distance of less than 4h from boundary of the
polygon, a special representation of the harmonic function
through the integrals of Poisson type for a half plane is used
(see [9]).

In this paper the BGM is developed for the Dirichlet
problem when the boundary function on each side of the
polygon is from C**, by using the 9-point scheme on the
“nonsingular” part with 16-point gluing operator for all
quadrature nodes, including those near the boundary. The



paper is organized as follows: in Section 2, the boundary
value problem and the integral representations of the exact
solution in each “singular” part are given. In Section 3, to
support the aim of the paper, a Dirichlet problem on the
rectangle for the known exact solution from C**, k = 3,4, is
solved using the 9-point scheme and the numerical results are
illustrated. In Section 4, the system of block-grid equations
and the convergence theorems are given. In Section 5 a highly
accurate approximation of the coefficient of the leading
singular term of the exact solution (stress intensity factor) is
given. In Section 6 the method is illustrated for solving the
problem in L-shaped polygon with the corner singularity. The
conclusions are summarized in Section 7.

2. Dirichlet Problem on a Staircase Polygon

Let G be an open simply connected polygon, y;, j =
1,2,..., N, its sides, including the ends, enumerated coun-
terclockwise, y = y; U --- U yy the boundary of G, and « 7,
(ocj = 1/2,1,3/2,2), the interior angle formed by the sides
j-1 and yj, (yg = yn)- Denote by A ; = y;_; N'y; the vertex of
the jthangleand by}, 0, a polar system of coordinates with a
polein A ;, where the angle 6, is taken counterclockwise from
the side y;.

We consider the boundary value problem

Au=0

on G, u=g; (s)

on y;, I<j<N, (1)
where A = 9*/0x*+0%/dy?, ¢;isa given function on y; of the
arc length s taken along y, and ¢; € C“(yj), 0 < A < 1; that
is, ¢; has the fourth-order derivative on y;, which satisfies a
Holder condition with exponent A.

At some vertices A ;, (s = s;) for a; = 1/2 the conjugation
conditions

o) (s) = 0977 (5)). a=01 @

are fulfilled. For the remaining vertices A ;, the values of ¢._,
and ¢, at A ; might be different. Let E be the set of all j, (1 <
j < N) for which o;F 1/2 or a; = 1/2, but (2) is not fulfilled.
In the neighborhood of A, j € E, we construct two fixed
block sectors T; =Ti(r;) G, i=1,2,where0 <rj, <rj <
min{s —sj,sj—s]-_l},Tj(r) = {(r~,9j) :0<r;<r, 0< Qj <
ocjrr}.

Let (see [10])

j+1

9501 = ¢; (s;+1) =9 (s;)

(3)
951 () = 95 (s;=1) =911 (55)
(911 (s;) —9;(s;)) ;
Q;(rj6;) = ;(s;) + L ](xjﬂj e
(4)
1« J"ik Vg (t) dt
+_
TT1= 90 (

~\2
t—(—l)kxj) +y12.
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. 0; ‘ 0.
fj:r;/ajcos(_]>, j}’j:r;/‘x] Sin<_]),

l/ocj
Tjk = '5;‘+1—k - ijk| :

The function Q j(rj, Gj) is harmonic on T} and satisfies the

boundary conditions in (1) on y;_; N T} and y; N T;, j €E,
except for the point A ; when ¢;_,(s;) # ¢;(s;).

We formally set the value of Qj(rj,ej) and the solution
u of the problem (1) at the vertex A i equal to ((pj_l(s]-) +
(pj(sj))/Z,j € E.

Let
R; (r.6,1)
1 1/e;
= LY 1R <<i> ,i,<—1)"1> ., (6
%j k=0 Tj2 &j %j
j€E,
where
1-1?
R(r,0,n) = (7)

27 (1 - 2rcos (60 —1n) +1?)
is the kernel of the Poisson integral for a unit circle.

Lemma 1 (see [10]). The solution u of the boundary value

problem (1) can be represented on Tj \'Vj, j € E, in the form
u(r),0;) = Q; (r;6))

" .[0 | R (1 050m) (1 (rj2o) = Qs (rjoom))
(8)

where V; is the curvilinear part of the boundary of Tf, and
Qj(r;,0)) is the function defined by (4).

3. 9-Point Solution on Rectangles

LetII = {(x,y) : 0 < x < a, 0 < y < b} be a rectangle,

with a/b being rational, y;, j = 1,2, 3,4 the sides, including

the ends, enumerated counterclockwise, starting from the left

side (yp = Vs V5 = 1), and y = U‘;zlyj the boundary of TI.
We consider the boundary value problem

Au=0 on II,

‘ ©)
u=¢; ony;, j=1234
where g; is the given function on y;.

Definition 2. One says that the solution u of the problem (9)
belongs to CH ) if

p;eC*(y), 0<A<1, j=1,2,3,4,  (10)
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and at the vertices A ; = y;_; Ny, the conjugation conditions

¢§~2q) _ (_1)»1(,)(211),

i1 4= 0,1 (11)

are satisfied.

Remark 3. From Theorem 3.1 in [11] it follows that the class
of functions C**(TT) is wider than C4’)‘(H).

Let h > 0, with a/h > 2, b/h > 2 integers. We assign
to IT" a square net on II, with step h, obtained with the lines
,y =0,h,2h,.... Let y? be a set of nodes on the interior of y;
and let

.h h h . h
W=yinvee Y= UL (0 u)),
(12)

—h
o =1"uy".

We consider the system of finite difference equations

u, = Bu, on ",
(13)
u,=¢; on y?,j:1,2,3,4,
where
Bu(x,y)
_(u(x+hy)+u(x,y+h)+u(x—hy)+u(x,y—-h))
- 5
+(((u(x+h,y+h)+u(x—h,y+h)
+u(x—hy-h)+u(x+h,y-h)))
x207").
(14)

On the basis of the maximum principle the unique
solvability of the system of finite difference equations (13)
follows (see [12, Chapter 4]).

Everywhere below we will denote constants which are
independent of /& and of the cofactors on their right by
6,y €5 - - - generally using the same notation for different
constants for simplicity.

Theorem 4. Let u be the solution of problem (9). If u €
ct (T0), then

n%e%x |uy —u| < ch?, @as)

where uy, is the solution of the system (13).

Proof. For the proof of this theorem see [13]. O

Let IT' = {(x, y) : —0.25 < x < 0.25, 0 < y < 1} and lety’
be the boundary of IT'. We consider the Dirichlet problem
Au=0 on H’,
(16)

!
u=v ony,

3
17
6 g & o
15 +
% 14 f
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FIGURE 1: Dependence of the approximate solutions for the bound-
ary functions from C**.

where v = r** cos(k + )0, r = 1/x2 + 2, 0 < A < 1,is the

exact solution of this problem, which is from Ck’)‘(ﬁl).

We solve the problem (16) by approximating 9-point
scheme when k = 3, 4 for the different values of A.

In Figure 1, the order of numerical convergence

R maxy: |uy- — ul

N (17)

maxnh |u2—(g+1) - u|

of the 9-point solution u,, for different h = 27% and ¢ =
4,5,6,7,is demonstrated. These results show that the order of
numerical convergence, when the exact solution u € ckMID),
depends on k and A and is O(h*) when k = 4, which supports
estimation (15). Moreover, this dependence also requires the
use of fourth-order gluing operator for all quadrature nodes
in the construction of the system of block-grid equations,
when the given boundary functions are from the Holder
classes C**.

4. System of Block-Grid Equations

In addition to the sectors T; and T]? (see Section 2) in the
neighborhood of each vertex A, j € E of the polygon G, we
construct two more sectors T; and T?, where 0 < 1), <7j3 <
Ti»tj3 = (rjp+15)/2and T, NT; =0,k#1, kI € E, and let
Gr = G\ (UjesT?).

We cover the given solution domain (a staircase polygon)
by the finite number of sectors T}, j € E, and rectangles
I, ¢ Gp, k = 1,2,...,M, as is shown in Figure 2, for
the case of L-shaped polygon, where j = 1,M = 4 (see
also [2]). It is assumed that for the sides a;; and a,, of
IT, the quotient a/ay is rational and G = (U, TI;) U
(Uje ET;'). Let 7 be the boundary of the rectangle IT;, let V; be
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FIGURE 2: Description of BGM for the L-shaped domain.

the curvilinear part of the boundary of the sector TJ?, and let

iy = M N T;. We choose a natural number »n and define
the quantities n(j) = max{4, ocn] ﬁJ = a;m/n(j), and

= (m- 1/2)ﬁj,j € E,1 < m < n(j). On the arc V;
we take the points (rj2,9 ),1 < m < n(j), and denote the
set of these points by V We introduce the parameter h €
(0, 2,/4], where 5, is a gluing depth of the rectangles IT;, k =
1,2,..., M, and define a square grid on IT;, k = 1,2,..., M,
with maximal possible step h;, < min{h, min{a,;, a,;}/6} such
that the boundary 7, lies entirely on the grid lines. Let I} be
the set of grid nodes on IT,, let 11;(’ be the set of nodes on 7,

—h
and let I, = HZ U r]Z. We denote the set of nodes on the
closure of 1. N G by 1120, the set of nodes on #;; by th, and

the set of remaining nodes on #; by 1721.
Let

@ = (Url) U (U},

—h,n

(18)
Gr = WU (Uk 1Hk)

Letp = {(p]} , where ¢; € C“(yj) 0 <A< lis

the given function in (1). We use the matching operator S*
at the points of the set ™" constructed in [14]. The value of
S*(uy,, @) at the point P € w™" is expressed linearly in terms
of the values of 1, at the points Py of the grid constructed on
[y p), (P € TIy(p)) some part of whose boundary located in
G is the maximum distance away from P, and in terms of the
boundary values of 9™, m = 0,1,2,3 at a fixed number of
points. Moreover S*(u,, 0) has the representation

“h’ z Eups (19)

0<I<15
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where u, ;. = u,(P,),

& =0, Z &=1, (20)
0<I<15
u-5*(up)=0(h"). (21)
Let w?’" ¢ o™ be the set of such points P € ™",

for which all points P, in expression (19) are in U} 1ﬁZ- If
some points P, in (19) emerge through the side y,,, then the
set of such points P is denoted by wg’”. According to the
construction of $* in [14] the expression st (uy,, @) at each

point P € 0" = “’1 "u wD can be expressed as follows:
$* (up>9)
S4uh, Pe (U? n,
3 3
st (uh - Zak Rezk> + (Zak Rezk> , Pedt,
k=0 k=0 P
(22)
where
1 d%,, (s
ak:ﬁ%() . k=0,1,2,3 (23)
! ds

s=sp

and s, corresponds to such a point Q € y,, for which the line
PQ is perpendicular to y,,,.
Let
q _ a

Q=Q;(rp0;).  Q=Qi(r)). @9
The quantities in (24) are given by (4) and (5), which contain
integrals that have not been computed exactly in the general
case. Assume that approximate values Q; and Q‘}; of the
quantities in (24) are known with accuracy € > 0; that is,

Q-Ql<as  [QG-Qhlzes @9
where j € E, 1 < g < n(j), and ¢, ¢, are constants
independent of €.

Consider the system of linear algebraic equations

u, = Bu; on HZ,
£ h
Up = @y ON 1y N Yy,
, (’1’91‘)
n(j) (26)

=Qj+ ;). (u, (r6) - Q%)
q=1

R; (r:0,,67) on (r;6) € 1

hn

8_848 n X
u,=su, onw,

where 1 <k <M,1<m < N,and j€E.
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TABLE 1: The order of convergence in the “nonsingular” part when
h=2"Cande=5x10".

(27%,n) 1G5l s R s
(27, 60) 1.609 x 107% 15.577
(27°,170) 1.033x 107°
(27°,130) 1.191 x 107° 16.690
(27%,150) 7.136 x 107!
(27°, 140) 1.136 x 107° 16.259
(275,170) 6.991 x 107"
(276, 100) 2.169 x 1071 17.096
(277,130) 1.269 x 107!

TaBLE 2: The order of convergence in the “singular” part when h =
2%ande=5x10".

(27%n) (Gl s R
(274,100) 1.931 x107° 16.078
(27°,150) 1.182x 1077

(27°,130) 1.294 x 1077 16.789
(27%,150) 7.708 x 107!

(27, 140) 1.312x107° 17.967
(27%,170) 7.304 x 107!

(27°,100) 2.389x 107 18.164
(277,130) 1.315x 107"

TABLE 3: The minimum errors of the solution over the pairs (b, 1)
in maximum norm when e = 5 x 107",

(h™',n) 18l g 10l gs Iteration
(16,70) 1.139x 107% 1.572 x107® 22
(32,170) 1.033x107° 1.184x 1077 23
(64, 170) 6.990 x 107! 7.304 x 1071 24
(128,200) 8.628 x 107" 8.833 x 1072 25

Let T;‘ = Tj(r;.‘) be the sector, where r;‘ =(rp+r3)/2,j €
E, and let ui(rjz,e?), 1 < g < n(j), j € E, be the solution

values of the system (26) on Vj‘ (at the quadrature nodes).
The function

U; (r1,6;) = Q; (r1.6;)
n(j)
* ﬁjlej (7365, 67) (w6 (- 67) - Q%)
4=
(27)
defined on T;‘, is called an approximate solution of the

problem (1) on the closed block T;, j€E.

Definition 5. The system (26) and (27) is called the system of
block-grid equations.

Theorem 6. There is a natural number ny, such that for all
n > ny and for any & > 0 the system (26) has a unique solution.

Proof. From the estimation (2.29) in [15] follows the existence
of the positive constants #, and o, such that for all n > n,

a0
max B} R;(r,0,,0f) <o <1. (28)
q

(r8,)€T;, a1

The proof is obtained on the basis of principle of maximum
by taking into account (14), (19), (20), and (28). O

Theorem 7. There exists a natural number ny, such that for all
n > max {no, [lnH”h_l] + 1} , (29)

where » > 0 is a fixed number, and for any € > 0 the following
inequalities are valid:

4
@&x]ui—u|§c(k +s), (30)

T

o? . B
x40y (U (r0) - u(r.0,))| < 6, (h* +2) on T,

(31)
for integer l/ocj when p > 1/0‘]‘:
of .
dxP-10y (U (rj0;) —u (Tj’ej))‘
(32)
[ (h4 + s) s
Y on T,
forany /e, if 0 < p < 1/a;,
of .
0xP~0y4 (Ui (ri’ef) —u (rr@j))‘
(h4 ) (33)
c te .,
PrP*—I/“f on T;\Aj,

Jor noninteger 1/c;, when p > 1/«;. Everywhere 0 < q < p,u
is the exact solution of the problem (1) and Uﬁ(rj, Gj) is defined
by formula (27).

Proof. Let
& =u, —u, (34)

—h,
where 1}, is a solution of system (26) and u is the trace on GTn
of the solution of (1). On the basis of (1), (26), and (34) the
error &, satisfies the system of difference equations

& =BE +r, on HZ,

h
& =0 on 7y,

n(j)

& (r6;) = B )& (1 0]) R; (r,,6,,67)  (35)
g=1

2 h
+ T (rj,Gj) € tyj>

& =8 +r, on ™,
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TaBLE 4: In G° N r > 0.2, the minimum errors of the derivatives over the pairs (hil, n) in maximum norm when ¢ = 5 X 1075,
- -
(h',n) Maxgs, {rzoz}rl/3 a;]ch gz Maxgs, (rzo.z)rl/3 a;)]}h - %
(16, 70) 3.895 x 107”7 3.895 x 1077
(32,170) 4.627 x 1078 4.627 x 1078
(64,170) 1.124 x 10”° 3.125%x107°
(128,200) 2.214x 107" 2.233x 1071

TABLE 5: In G°, the minimum errors of the derivatives over the pairs
(h™', 1) in maximum norm when ¢ = 5 x 107",

oUc  ou oUT  ou
h—l’ M 1/3 h M 1/3 h
(h,n) axgsr 3% 9x axgst 3y oy
(16, 70) 9.663 x 107° 9.663 x 107°
(32,170) 9.653 x 10°° 9.653 x 10°°
(64,170) 9.649 x 107° 9.649 x 107°
(128,200) 9.648 x 107° 9.648 x 107°
where 1 <k <M, j€E,
r;l =Bu—-u on UkM:IHZ, (36)
n(j)
2 _ q
rin=B; Y (u(rp.67) — QL) R; (r,,6,.67)
q=1 (37)
& M h
—(u—Qj) on U, (UjeEtkj),
3
"
Stu-u on w;‘ ",
— 3 3
st u—ZakRezk - u—ZakRezk , Pedt
k=0 k=0 P
(38)

On the basis of estimations (15), (21), (25), and Lemma 1
by analogy to the proof of Theorem 4.3 in [9] the proof of
inequality (30) follows.

The function UZ(rj,Gj) given by formula (27), defined
on the closed sector T;,j € E, where r; = (rj2 + r]-3)/2,
and the integral representation (8) of the exact solution of
Vi, j € E, and then the
UZ(rj, 0;) —u(r;,0;) is defined

the problem (1) is given on T; \
difference function ¢}, (r;,0,) =
onT I j € Eand

j€E.

{r (r;‘,O) = (r;,ocjrr) =0, (39)

On the basis of Lemma 6.11 from [16], (25), and (28), for n >
max{ny, [In"™”h]+1}, 2 > 0is a fixed number, and we obtain

( J’ J)'

c(h*+e) onT, jeE  (40)

Furthermore, the function C;(rj,ﬂj) continuous on T; is a
solution of the following Dirichlet problem:

ACZ =0 on T},

J

;=0 on y,nTj, m=j-1j,

6;) = Uy (r]

Since T;’ C T;, on the basis of (39) and (40), from Lemma
6.12 in [16], inequalities (31)-(33) of Theorem 7 follow. O

(41)

(Z(r;f, 70j)—u(7’;,9j), 0<6; <am.

J

5. Stress Intensity Factor

Let, in the condition ¢; € c? (y), the exponent A be such

that
{o; (4 + 1)} #0, {204+ 1)} %0 (42)
where {-} is the symbol of fractional part. These conditions for
the given a; can be fulfilled by decreasing A.
On the basis of Section 2 of [11], a solution of the problem
(1) can be represented in T;, j € E, as follows:

4 o
(xJ’yJ) (xl’yj) I;)#;((J) Im {zk lnz}

(43)
kO.
+ Z (1) : sin J)
&
. . . (@)
where fla,- = [ocj(4+)t)], [-]is the integer part, z = xj+iy;, ykj
and T](j) are some numbers, and ﬁ(xj,yj) € C4’)‘(TJ?) is the

harmonic on TJ;. By taking 6, = a;7/2, from the formula

(43), it follows that the coefficient Tfj ) which s called the stress
intensity factor can be represented as

(J)
rhglo )

j
J

(”(xj’yj) - (x; ;)

(44)

-ZM I {2 1nz}>
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TABLE 6: The stress intensity factor Ti” for n = 70,170,200 when € = 5 x 1073,

-1
h i 170 7 200
16 1.000000014856688 1.000000017180415 1.000000017197438
32 1.000000005800844 1.000000001230267 1.000000001236709
64 1.000000004138169 1.000000000073107 1.000000000079938
128 1.000000004053153 1.000000000003531 1.000000000003267
h=1/16,n=170 h=1/64,n=170
5 10° : - . 10° - -
5 S
L =
§ 1075 i / % 10710 r M
= s
10710 : . 10720 . \
10715 10—10 107° 100 -15 -10 -5 0
10 10 10 10
€ £
(a) (a)
h=1/32,n=170 h=1/128,n =200
5 10° T T 5 10° T T
% 1()_5 3 ‘_‘_‘_‘_—_/ ‘%‘ 10710 L Mﬁw
= -
10710 * : 10720 L ,
1071 1071 107 10° -15 -10 -5 0
10 10 10 10
£ €
— ICullgns) — Il gs,

= ”Ch“(GS)
(®)

FIGURE 3: Dependence on ¢ for h™! = 16, 32.

From formula (44) it follows that Tij ) can be approxi-
mated by

(e
Tl,n

. 1 e
B rﬁlinorl'/ocj (Uh (rj,9<)
J

B (‘Pj (Sj) (@i (57) = 5 (s7) i)) '

am
(45)

Using formula (3), (4), and (27) from (45) for the stress
intensity factor (see [17]), we obtain the next formula:

A i LY ) L
T

b 0 t2 m Jo t2
_ € q qe\ . q
s Z (”h (ijﬁ,-) —sz) sin ;Gj.
n (J) rjz q=1 8

This formula is obtained for the second-order BGM in [8].

= ||Ch||(GS)

(b)

FIGURE 4: Dependence on ¢ for W' =64,128.

6. Numerical Results

Let G be L-shaped and defined as follows:
G={(x,y):-1<x<1, -1<y<1}\Q, (47)
where O = {(x,y) : 0 < x < 1, -1 < y < 0} and y is the
boundary of G.
We consider the following problem:
Au=0 1in G,
(48)

u=v(r0) on vy,

where
v(r,0) = 13 sin <§9> +0.00517'%" cos (13—69> (49)

is the exact solution of this problem.
We choose a “singular” part of G as

G ={(xy):-05<x<05 -05<y<05\Q, (50)

where Q; = {(x,y) : 0 < x < 0.5, -0.5 < y < 0}. Then
G™ = G\ G° is a “nonsingular” part of G.

The given domain G is covered by four overlapping
rectangles I, k = 1,...,4, and by the block sector T
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FIGURE 5: Maximum error depending on the number of quadrature nodes #.

(b)

FIGURE 6: The approximate solution U and the exact solution u in the “singular” part for e = 5 x 107"*.
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FIGURE 7: The error function in “singular” part when & = 5 x 107",
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FIGURE 8: 0U; /0, in the “singular” part.

(see Figure 2). For the boundary of G® on G is the polygonal
line ¢, = abcde. The radius r,, of sector T7 is taken as 0.93.
According to (49), the function Q(r, 0) in (4) is

Q (T, 6) =

0.0051 Jl ytidt
U o (t

-%)%+ y? -

. 0.0051 Jl ytidt
Yy o (t

X+ 7

where ¥ = r?/3 cos(20/3) and y = 3 sin(26/3). Since we
have only one singular point, we omit subindices in (51). We
calculate the values Q°(r,,07) and Q°(r,0) on the grids ti’,
with an accuracy of e using the quadrature formulae proposed
in [10].

On the basis of (46) and (51), for the stress intensity factor,
we have

e _ 00102
Tl,n:
7 n(093)

7 Z( (0 93, Qq) Qqs) sin — Gq
(52)

Taking the zero approximation u;(o) = 0, the results of
realization of the Schwarz iteration (see [2]) for the solution

of the problem (48) are given in Tables 1, 2, 3, and 4. Tables

aUE /3y

-05 -0.5

FIGURE 9: 0U} /0, in the “singular”
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FIGURE 10: ERé; when ¢ = 5 by fixing n for k™' = 32 for different n

values of h™! = 64.

25

20

15

4
GNS

10 ¢

40 60 80 100 120 140 160

—— n=280 n=170
—— n=100 —— n=190
—— n=120 —— n =200
e n=130 —— n=220
—a— n= 140

FIGURE 11: R? s when ¢ = 5 by fixing 7 for h™"
values of h™! = 64.

180 200 220
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1 and 2 represent the order of convergence. Table 6 shows a
highly accurate approximation of the stress intensity factor
by the proposed fourth order BGM

e
maxens (U, — U
0 s [us-e — v
mGNS = . (53)
maxgns 'uz - u'

—(o+1)

in the “nonsingular” and the order of convergence

maxgs [U; o —u

R = |£” | (54)
maxgs 'Uz—(gﬂ) - u|

in the “singular” parts of G, respectively, for ¢ = 5 x

107", where ¢ is a positive integer. In Table 3, the minimal
values over the pairs (h™',n) of the errors in maximum
norm, of the approximate solution when ¢ = 5 x 1077,
are presented. The similar values of errors for the first-order
derivatives are presented in Table 4, when 0Q/0x and 0Q/0y
are approximated by fourth-order central difference formula
on G® for r > 0.2. For r < 0.2, the order of errors decreases
down to 107%, which are presented in Table 5. This happens
because the integrands in (51) are not sufficiently smooth for
fourth-order differentiation formula. The order of accuracy of
the derivatives for » < 0.2 can be increased if we use similar
quadrature rules, which we used for the integrals in (51) for
the derivatives of integrands also.

Figures 3 and 4 show the dependence on ¢ for different
mesh steps h. Figure 5 demonstrates the convergence of the
BGM with respect to the number of quadrature nodes for
different mesh steps h. The approximate solution and the
exact solution in the “singular” part are given in Figure 6, to
illustrate the accuracy of the BGM. The error of the block-grid
solution, when the function Q(r, 0) in (51) is calculated with
an accuracy of € = 5 x 107", is presented in Figure 7. Figures
8 and 9 show the singular behaviour of the first-order partial

derivatives in the “singular” part. The ratios ERE\; and ERENS,

when g = 5 with respect to different n values for k™' = 64 and
for a fixed value of n of k™' = 32, are illustrated in Figures
10 and 11, respectively. These ratios show that the order of
the convergence in both the “singular” and the “nonsingular”
parts is asymptotically equal to 16 when # is kept fixed for
k™' = 32, and it is selected as large as possible (n > 100) for
h! =64,

7. Conclusions

In the block-grid method (BGM) for solving Laplace’s
equation, the restriction on the boundary functions to be
algebraic polynomials on the sides of the polygon causing the
singular vertices is removed. This condition is replaced by
the functions from the Holder classes C“, 0<A<l1lIn
the integral representations around singular vertices (on the
“singular” part), which are combined with the 9-point finite
difference equations on the “nonsingular” part of the polygon,
the boundary conditions are taken into account with the help
of integrals of Poisson type for a half-plane. To connect the
subsystems, a homogeneous fourth-order gluing operator is
used. It is proved that the final uniform error is of order
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O(h* + &), where ¢ is the error of the approximation of
the mentioned integrals and h is the mesh step. For the p-
order derivatives (p = 0,1,...) of the difference between the
approximate and the exact solutions, in each “singular” part

O((h* + e)r;/“j _p) order is obtained. The method is illustrated

in solving the problem in L-shaped polygon with the corner
singularity. Dependence of the approximate solution and its
errors on & h and the number of quadrature nodes n are
demonstrated. Furthermore, by the constructed approximate
solution on the “singular” part of the polygon, a highly
accurate formula for the stress intensity factor is given.
From the error estimation formula (33) of Theorem 7 it
follows that the error of the approximate solution on the block

1/a; . . ..
sectors decreases as . ' (h* + €), which gives an additional

accuracy of the BGM near the singular points.
The method and results of this paper are valid for multiply
connected polygons.
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