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A rigorous mathematical characterization for early-stage spatial and temporal patterns formation in a Leslie-Gower predator-prey
model with cross diffusion is investigated. Given any general perturbation near an unstable constant equilibrium, we prove that its
nonlinear evolution is dominated by the corresponding linear dynamics along a fixed finite number of the fastest growing modes.

1. Introduction

Since Turing proposed the striking idea of “diffusion-driven
instability” in 1952 [1], reaction-diffusion systems are often
employed to investigate chemical and biological pattern for-
mations and have received much attention from the scientists
[2-7]. However, most of the works concentrate on pattern
formation in the case of linear instability, and there is a little
discussion about the nonlinear effect of a reaction-diffusion
system on the evolution of a nonuniform pattern.

In general, nonlinear instability is treated with great del-
icacy and difficulty. At first, nonlinear instability was estab-
lished for nondissipative systems [8-11]. In 2004, Guo et al.
[12] established nonlinear instability for an unstable Kirch-
hoff ellipse. Based upon a precise linear analysis, they found
that the dynamics of general perturbation can be character-
ized by the linear dynamics of the fastest growing modes. This
marks a beginning of a quantitative description of instability.
Subsequently, Guo and Hwang dealt with nonlinear stability
for a Keller-Segel model in [13] and described the early-stage
pattern formation in that model.

Recently, Guo and Hwang considered the following reac-
tion-diffusion system [14]

U
> -
v
= -

V- (D, (U, V)VU) + f (U, V),
@
V- (D,(U,V)VV) +g(U,V),

inabox TV = (0,7)N ¢ RN(N < 3) with the homogeneous
Neumann boundary conditions. In system (1), U(x, t), V(x, t)
denote the densities of two interactive species at time t,
the functions D,, D, are their diffusion rates, and f, g are
the reaction functions. The classical Turing instability and
Turing patterns were studied under some suitable conditions.
Their result shows that the nonlinear evolution of patterns
is dominated by the corresponding linear dynamics along a
fixed finite number of the fastest growing modes over a time
period.

In this paper, we consider the following Leslie-Gower
predator-prey model with cross diffusion:

u,—dAu=Au—u* - Buv, xeTV, t>0,

vt—dzA[(1+d3u)v]=v(y— ), xeTV, t>0,

m+u

du 9
o0, x=0mi=1,...,N, t>0,
ox;  0x;

u(x,0)=uy(x), v(x0)=vy(x), xE¢€ ™,

)

where u(x, t) and v(x, t) represent the densities of the species
prey and predator, respectively. The parameters A, 8, u, m, d,,
d,, and d; are all positive constants, where A and y are
the intrinsic growth rates of the prey and predator, 8 is
the predation rate, and the term v/(m + u) is a modified
Leslie-Gower term [15]. The constants d,, d,, called diffusion



coeficients, represent the natural tendency of each species to
diffuse to areas of smaller population concentration, and d;,
called a cross-diffusion coefficient, expresses the population
flux of the predator resulting from the presence of the prey
species. For more ecological backgrounds about this model,
one can refer to [15-17].

System (2) and its variants were studied widely for pattern
formation by applying the bifurcation theory and the degree
theory [6, 18-20] in the case of linear instability. Inspired
by the works [13, 14], in this paper, we attempt to study
the nonlinear instability for this system and give a rigorous
mathematical characterization for the nonlinear evolution of
pattern by using a bootstrap technique. The mathematical
approach in this paper is similar in spirit to that of [13, 14].
However, our problem (2) is much more complex. Notice that
the diffusion term of the predator equation in the model (2) is

A [(1+dyu)v] =V - [dydsvwVu+d, (1 +dsu) Vv]. (3)

In some sense, the coupled degree in (2) is stronger than
that in (1). As a result, our analysis here, especially in
establishing H* estimates for nonlinear terms d,d;V(vVu)
and d,V[(1 + d;u)Vv], is much more difficult and requires
some techniques beyond those of [13, 14].

It is obvious that (2) has a unique positive equilibrium
(%1, v) if and only if A > Bum, where

A - Bum
L+ B

p(m+A)
L+ By

a: v:

(4)

Let#i = u(x,t) — i, v = v(x, t) — ¥ be the perturbation around
(@1, ¥) and still denote it by (u, v). Then, the perturbation (u, v)
satisfies the following strongly coupled equations:

u-dAu=g w+iv+v), xeTV, t>0,

v, —dy,A[(1+ds (u+1) (v+ 7))

=g, (u+u,v+7), xeTV, t>0,

)

ou 2
o0, x=0mi=1,...,N, t>0,
ox;  0x;

u(x,0)=uy(x), v(x0)=vy(x), xE¢€ ™,

where

) =A - 2_ > > = < - d >'
g (u,v) u—u" — Pfuv g, v)=vlu ——

(6)

This paper is organized as follows. In Section 2, the grow-
ing modes in the linearized system are studied, which are
important for our later discussions. Section 3 gives some esti-
mates for the perturbation. The key is to control the nonlinear
growth of high-order energy. In Section 4, the nonlinear
instability is obtained.
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2. Growing Modes in the Linearized System

The corresponding linearized system of (5) takes the form of

u, —d,Au = —tiu — B,
R @)
v, — dyd;VAu —d, (1 +dsil) Av = pu — pwv.

We use [,:] to denote a column vector and let w(x,t) =
[u(x,t),v(x,t)], @ = (q;>...>q9N) € NY. Then, q2 =
Zfil q” are eigenvalues of —A on T" under the homogeneous

Neumann boundary condition, and the corresponding nor-
malized eigenfunctions are given by

1 N/2
(=)
<;> HCOS(%x;‘)> q#0.
This set of eigenfunctions forms an orthonormal basis in
LX(TV).

We look for a normal mode to be the linear system (7) of
the following form:

q=0,

eq (x) =

w(x,t) = rqel‘ltecl (x), 9)
where A is a complex number and ry is a vector; they depend
on q. Substituting (9) into (7), we have

_( -u-4d q’ -pi > —
Aata = <!42 —dydsvq" —p~d, (1 +d;) q° fa = My

(10)
System (7) possesses a nontrivial normal mode if and only if
~ 2 _
det (fz;fd:di};(lf Agtu+ dzﬁ 1(41 +d,il) q2) =0 ()
which is equivalent to
A+ {ia+p+[d +d,(1+dsi0)] @} Ag +dyd, (1 +dsia) ¢*
+[dpu+d, (1 +dsid) T — Bd,d,iv) @ + pii + fu’ii = 0.
(12)

Thus, we deduce the following well-known aggregation (i.e.,
linear instability) criterion by requiring that there exists a q,
such that the constant term in (12) is

didy, (1+dyi) q* + [dyp +dy (1 + dyid) i — Bd,d,i7) ¢
+ il + B’ < 0.
(13)

In this paper, we always assume that there exists a q, such that
(13) holds. Then, the discriminant of (12) is

A=[d, -d,(1+d,i)])*q"
+{2(@+p)[d, +d,(1+d5u)]

(14)
—4[du+d, (1 +ds70) @] + 4Pd,d;7v) @

+ (- ) - 4Bu’E,
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and the coefficient of q” is positive, since (13) implies
dyp+d, (1+dyu) i — Bd,d;iv < 0. (15)
For given q, we denote the corresponding eigenvalues by

/\fl and eigenvectors by r, (q). We split it into three cases for
the linear analysis.

(1) A>0.LetA, = {q| A > 0},and let /\fl be two distinct
real roots with )x; > Ay /\fl being the corresponding

(linearly independent) real eigenvectors. It is easy to
see that

(16)

Mg +ii+ d,q*
B '

r, (‘-l) = |:L -
Denote

A, = {q | did, (1+d;i) q4
+ [dyp+d, (1 +dy70) & - Bd,d, 7] q° (17)

i + Pl < 0}.
Clearly, /\:rl > 0 for q € A,. Note that there are only
finitely many qin A, and A, A . Therefore, there
are only finitely many linear growing modes, such

that the constant equilibrium (0, 0) of (5) is unstable.
Furthermore, we define

—_ + —_
/\max - I){;lii)()tq’ Amax - {q | Aq - Amax} : (18)
Then, A CA, CA;.

(2)A = 0.Let A, = {q | A = 0}. In this case, (12)
possesses repeated real eigenvalues. Consider

_ 1 (_ —
Aq=)Q1=/\q=—5{u+y+[d1+d2(l+d3u)]q2}<O.

(19)
The corresponding eigenvectors are
Ay +ii+d,q
r(@=r.(q=r_(q-= [L—qﬂ—ﬁl] ., (20

and we can find another independent vector r'(q) =
[0, —1/(pu)], satistying

(L-2g)r (@ =r(@. (2

(3) A < 0. The complex case is where (12) possesses a
pair of complex eigenvalues with a negative real part.
Denote A ; = {qA < 0}, and for any q € A 5, denote

/\;:Re/\q+i1m)tq, r,(qQ) =Rer(q) +ilmr(q).
(22)
Then,
/\;:Re/\q—iIm/\q, r_(q) =Rer(q)-ilmr(q),
(23)

where Rer(q) and Imr(q) are linearly independent
vectors.

Given any initial perturbation w(x, 0), we can expand it
as follows:

w(x,0) = Z {w;r_ (@) + w:;rJr (q)} €q (x)

qeh,
+ ) {wgr (@ +wir (@} eq (%)
qeA,
X ) (24)
+ Z {wqe Rer(q) + wqm Imr (q)} eq (%)
qen;
= Z Weeq (x),
qeN¥N
— + ! Re Im
where Wy, Wy, Wy, Wy, Wy and wy" are constants, and
Wq = w;r_ (q) +w;’r+ (@, qeA;,
wy = wer(q) +wer' (@), qeA,, (25)
Wy = w::e Rer(q) + wflm Imr(q), q€A;.

The unique solution w(x, t) = [u(x, 1), v(x, )] to (7) is given
by
w(x,t) = Z {w;r_ (q) Mt 4 w:I’rJr (q) e’\;t} eq (%)

qeA,

+ Z {wqr (q) + wc’lr' (@ + w"lr (qQ t} e)t‘lte,;l (x)
qeA,

+ Z {wge (Rer (q) cos [(Im )Lq) t]

q€A;

—Imr(q)sin [(Im /\q) t])

+ wflm (Rer (q) sin [(Im /\q) t]

+Imr(q)cos [(Im /\q) t])}

x ek ’\‘l)teq (x)

= eM'w (x,0).
(26)

In the sequel, the constant C;, will only depend on the
domain T" and the dimension N, and the generic constants
C,, C,, C,,C,, and so forth will depend on TV, N, and the
parameters A, 3, m, y, dy, d,, and d5. Our main result of this
section is the following lemma.

Lemma 1. Assume that the instability criterion (13) is valid.
Suppose that

w(xt) = [u(xt),v(xt)] = e'w(x,0) (27)

is a solution to the linearized system (7) with the initial condi-
tion w(x, 0). Then, there exists a constant C, > 1, such that

W Oy < Cre* = w (-, 0) lpyy,  (28)
forallt > 0.



Proof. We first consider the case fort > 1. Forany q € A |,
Yy VA
pi

where A is given by (14). Applying Cramer’s rule to (25), we
have

|det[r_(q),r, (@)]] = (29)

~ det r_ (qQ),w, ] |r; (@)] x 'wq'
al = det[r_(q),r, (@]| ~ |det[r_(q),r, (@]|

(30)

Bu Iri (q)| X |Wq|

R —

where

~ (/1 +ii+dq ) 31
|r. (@] = \jl —(ﬂ ) (31

It follows from (14) that there exist positive constants M, and
Cy= (@ +p)[d +d,(1+d;7)] (32)
=2 [dpu+d, (1 +dsia) ] + 2pd,d;uv,

such that A > C,q* for all |q| > M,. Hence, for any |q| > M,

. i |rs (q)] X [w,
i) < P @ vl (3)
VCilal
and by (12),
A _
Iq}linoo? =—d;,—d, (1 +d;1). (34)
Thus,
lim |ri (q)| _ ')L +u+d1q'
W @ e paq
L R (35)
Bii \ ld— | g2

d +d,(1+ d3u)
< B
Consequently, there exists a positive constant M, > M, such
that

d, +d, (1+d;i)
|r:r (‘I)l < (T

for any |q| > M,. Substituting this into (33) yields

+ 1> q (36)

3] < Calal o @)

for any |q| > M,, where C, = (d, + d,(1 + di1) + Bii)/~/C;.
We thus obtain

< C, lql Wy rs (@', (38)

+ At
jwir, (@€'
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Since

lim |ql r, (q)] €™
|q|4>oo
£~ 2\2
- q 1+(/\(—1+u+d1q)
= 1m q T T— 39
jal ~oo (Bay 9

¢~ min{d, 12,d,(1+d570)/2}q*t

:O,

there exists a constant M; > M,, such that

w:l‘rri (Qe™'|<C, |wq| (40)

for any |q| > M.
For any q € A, and |q] < Mj, as A is an increasing
function of |q|2, we denote

M, = min{|q|A(q) > 0}. (41)

With the help of (30) and (31), we get

wjla£ (q) M| < C, 'wq' et (42)

where C; only depends on A, 8, 4, m, M, , and M. Hence, we
conclude that, for any q € A |, there exists a positive constant
C, = max{C,, C5}, such that

wf;ri (@ M| < C, 'wq' ehmat, (43)

Forallq € A, and q € A3, by some similar arguments as
above we can show that there exist positive constants C; and
Cy, such that

|wqr (q)| , 'w' Y (q)| , |w;r (q)' <Cs 'wq' , tett < Cs,
|wReRer(q| 'w Imr(q| 'wflmRer(q)','wflm Imr(q)|
<G |wq' .

(44)

Next, we derive the energy estimate in L for w(x,t).

Recall that {eq(x)}qenv is an orthonormal basis in LA2(T).
Then,

I W t) Iy = Ay + Ay + As, (45)
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where

_ +, 2
A=Y fwgr (@' +wir, (@e'},
qeA,

2
A,y = Z {wgr(q) + w:lr'(q) + w:lr(q)t} et
qeA,

A= ) |

q€A;

wqRe (Rer (q) cos [(Im Aq) t]

—Imr(q)sin [(Im /\q) t])

+ wflm (Re r(q)sin [(Im )Lq) t]

+Imr(q) cos [(Im )Lq) t])}zeZ(ReAq)t'
(46)

From (43) and (44), we obtain

A< Z {Iw;r,

qen,

— + 2
(@es'| + [w]r, (@)}

<4C lelzu ’

qen,

Ay < Y {wgr (@) +wir' (@)

qeA,

<8C2 Z {'wq'z + 'w('lr (q)'th} ot

q€A,

|+ [wgr (@]t} e

< 8C§ Z {'wq'zez’\qt + C§|w;l' (q)'z}

qeA,
2
2 2 24t 4
<8C Y {fwg[ e+ Cw[ |
q€eA,
<8CI(1+C2) Y Iwyl e,

qEA,

< Y {(Rer @1+ e (@) (] + )| e

[ [
16C6 z | 2 2(ReA

<
qeN;
< 16C; Y |wylPe™ .
qeN;
(47)
Thus,

2
Iw G,

ci( AR NIAESY qu|2>eu“‘a"t (48)

qen, qen, qeA;

2 2 20t
= C7||W(, O)IILZ(TN)e >

where Cg = max{4C2, 8C§(1 + Cg), 16Cé}. Finally, for any ¢ >
1, we have
[w(, Ol 2y < ColIlWC, 0)llp2pvye At (49)

For finite time t < 1, we multiply the first and second
equations of (7) by u and Av, respectively, then add them and
use the integration by parts to get

S LN{M + Alv*} dx

. J [y IVul + Ady (1 + dy71) [V
TN
+Ad,d;7Vuvv} dx (50)
+ J {ﬁu2 + Ayvz} dx
'u'N

= LN (Ay2 - ﬁﬁ) uvdx.

Firstly, we claim that the integrand of the second integral in
(50) satisfies

d|Vul* + Ad, (1 + d;id) |Vv]* + Ad,d,7VuVvy
1 (51)
2 (dyIVul* + Ad, (1 + dyii) [Vv])

for some positive constant A. Obviously, it suffices to require
that

(Ad,d;7)* — Ad,d, (1 + d, 1) < 0. (52)
This is equivalent to
d, (1 +2fl3ﬁ) (53)
d,d3v?
Denote
d, (1 +d;i)
= —_— 54
O 2d,d3 4)

On the other hand, the term on the right of (50) is

LN (Ay — Bii) uvdx < JTN (A[l + ﬁﬁ) lul - v dx
< LN (A//t2+ﬁﬁ)(u ;V )dx

AT ?)
2 ™ ’

(55)
Taking A = A, and substituting (51) and (55) into (50), we
get

d
dt JTN {lul® + Aglv*} dx < (4w’ + pil) LN (u® +v*) dx.
(56)



Integrating (56) from 0 to ¢ leads to

LN [l e, O + Aglv (x5, 0} dx

S LN {1 G, 0% + Aglv (x, 0)*} dx (57)

+ (Aoy2 + [3’17) J

0

2 2
LN (u +v )dxdt.

If A, > 1, then it follows from (57) that

[ AmCer (o} ds
‘H’N

<4 .LIN {lu (x, 0)|2 + v (x, 0)|2} dx (58)

t
+ (A’ + B JJ u* +v7)dxdt;
(o +3) [ [ ()
thus, the Gronwall inequality implies

2 —
WG Oll 2y < VAW (5 02, - e Aot TPE - (59)

Consequently, there exists a positive constant Cy, such that

[w(-, t)||L2(1TN) <G \/AOHW G 0)||L2(Ir‘\’)e)\maxt (60)
forall t € [0, 1] due to the boundedness of

(Aot +Bi) 2D )t (61)

If0 < A, < 1, in the same way as above, there exists a
positive constant C,, such that

A
w ¢ Oll 2y < Collw (5 0)lp2rvye mact, (62)

The proof is completed by taking C, = max{C,, Cg+/A,, Cy}.
O

3. The Estimates for the Solutions of
the Full System (5)

The general theory in [21] guarantees that (5) has a unique
nonnegative local solution. The results can be summarized as
follows.

Lemma 2. Suppose that w(x,t) = [u,v] is a solution of the full
system (5). Fors > 1 (N = 1) and s > 2 (N = 2, 3), there exist
aT > 0and a constant C, such that

Iw GOy < CIwW GOy, 0<t<T (63)
if ug(x), vo(x) € H(TV).

Denote

2
0::u ou ou = a—u,
0x;

= , i,j=1,...,N. 64

In order to derive the H? estimate for the solution of (5), we
first prove the following energy estimates.
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Lemma 3. Suppose that w(x,t) = [u,v] is a solution of the full
system (5). Then,

1d &
zai,jz::l JTN {'aifu|2 + |aijv|2} dx

™~

+ i J {%'Vaﬁ“'zd’c * %dz (1+ds5) .Va’jvr} .
ij=1

N A N
' ﬁi,jz=1 «LTN 'aiju|2dx * Toyid-zzl ‘LTN 'aijv|2dx

2

< G (1+ 1)’ 1w (> Ol | V2w () ()

+ Gl u ) Iy
(65)

for [wllge gy <.

Proof. We first notice that system (5) preserves the evenness
of the solution; that is, if w(x,, x,, x5, 1) is a solution to (5),
then w(—x,, x,, x5, 1), W(x;, —x,, x5, 1), and w(xy, x5, —X3, 1)
are also solutions of (5). We can regard system (5) as a special
case with the evenness of the periodic problem by a reflective
and an even extension. For this reason, we may assume
periodicity at the boundary of the extended 2TV = (-7, )",
Taking the second order partial derivative of the first equation
of (5), multiplying 0;;u, and integrating over the domain 2TV
to get

1d
EE LTN'aijurdx

JZTN 0 {dAu+g, (u+ b, v+7)}oudx  (66)

LTN 0, {L, (u,v) + N, (, )} 0;;u dx,

where

L, (u,v) =d,Au — tiu — v, (67)

N, (w,v) =g, (u+u,v+7v)+uu+ fuv = 2 — Buv (68)
are the linear and nonlinear terms, respectively, then, we have
JﬂN (a,le (u, v)) Ojudx
2 B 2
= —-d, L'I]’N |V8iju' dx -1 L'[I’N |a,.ju| dx

_ pa LTN 0,d,v dx,
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LTN (aile (u, V)) a,»ju dx

- L'ﬂ'N a,.j {uz + [J’uv} a,-ju dx,

- LWN {ZE)iuaju +2u0;ju + Pvoju + Poud;v

+B;ud,v + Pudyv} d;ju dx

- [ AGu pr)au pudyy

: (Zaiuaju + Bo,udv + ﬁajuaiv)} O;udx

2
< (2 +2B) Wl ooy “aijw 2(21V)
+ (24 2B) VWl oy IVW 0 [0, -
(69)

Similarly, taking the second order partial derivative of the
second equation of (5), multiplying d;;v, and integrating over

the domain 2T" to get

1d
st o P

LTN 0, i A [(1+ds (u+ ) (v +7)]

(70)

+g, (u+,v+7)}0;vdx
- LTN 0 {L, (u,v) + N, (u, )} 0;;v dx,
where
L, (u,v) = dyd,vAu +d, (1 + dyii) Av + flu— pv,  (71)
N, (u,v) = d,A [(1 +d5 (u+ 1) (v+7)]

+g,(u+u,v+9)—L,u,v)

(=) 7

= d,dy (vAu + 2VuVv + ulv) — —
m+u+ i

= Nél) (u,v) + Néz) (u,v),

thus,
Lqm (aijLZ (u, V)) aidex
= —d,d;v J Vaijuvaijv dx
2TN
—d, (1 +d;i1) J Vo
2TN

2 2
+u LTN 0;ud;vdx — p sz1” lo;vI"dx,

LW (053" (1, 7)) 9y dlx

= d,d; J. aij (vAu + 2VuVv + uAv) aijv dx
2TV

=d,d, JﬂN {(8,~]-v) Au+v (Aaiju) + (o) (Aa]-u)

IN

+ (a].v) (Aaiu)} 0;jvdx

+2d,d, Vo, u) Vv + Vu (Vo v
5 j j

+(Vou) (Vajv)

+ (Vaju) (Vaiv)} 0;vdx
vdods [ {(3,u) v+ u(a0,)
+ (Ou) (Aajv)
+ (aju) (Aaiv)} 0;jvdx

. (aijv) (va,.jv) Vudx
~dody | V(@) (v3,v) dx
~dyd, |

2TV

x JZ'H'N {(aiv) (Aaju) + (ajv) (Aaiu)} 0;vdx

v(Vo,v) (Vo,u)dx + dyd,

~2d,d, LW [(80,) 3,0,
+(Vou) (Vo,v) 0w
+(Ad;u) 9,vd,v
+(Vo;u) (Vo,v) dv} dx

_dd, j ulVavPdx + dyd,
2TN

X LTN {(aiu) (Aajv) + (aju) (Aaiv)} 0;vdx

14d, ds | VW] oo v | 0w

|V3w

L2(2TN) ' L2(2TN)

2

3
+ 2d,ds [ Wil o | VOW (ary

LTN (05N (. )) Oy dhx

(e — v)*
—J a. [ MY N5 dx
o~ I\ myu+u )Y



- JZTN {_ (2 (e —v) (A“aiju - aijv)

+2 (pou — 0;v) (yaju - ajv)) X (m+u+i) "
20,ud;u o;u

=)

m+u+i)>  (m+u+ i)’

+ (2 (pu—v) [(yaiu ~0,v)0u
+ (yaju - ajv) Biu])

x(m+u+ ﬁ)_zl> o;vdx

IN

2(u+1)°
m

2
||W||Lm(zTN)“aijw 12(21V)

- 2 e 9w ]

L2(2TN)

2
2(p+1) 2
L T— ||W||Loo(2TN)||VW||L°°(2TN)

X 1YWl 2 opv ||a,.jw

L?(2TN)

(14+1)
m

S Wl oy [ Lz(ﬂw)

a(p+1)°
—||W||L°° 2TN) VW]l o (2TN)

X VWil 2 o) ”aijw

L2(2TN)

(u+1) W07y 2
— (2 — ||w||L°°(2TN)||afjw|'L2(21TN)

2 2
2(p+1) Wl oo 2y
+ <1 + " ) "VWHLDO(Z‘H'N)

IA

m
X VWl 2o “8 W"Lz Q@TVY’
(73)
Substituting (70) x A+ (66) into (69) and (73) to get
1d
o< jﬂN{|a uf + Aoy} dx
+I [du|vauf’ + Agd,ds7v0,uva,y
2T
(74)

+Ayd,y (1+ dyit) [Vo'} dx

J N |a u| dx + AO/AJ N 'aijv|2dx
2T 2T

<L +1,

Abstract and Applied Analysis

where

2
I =Cy,(l+n) "w"LOO(ZTN)“aijw 2(21v)

2
+ Cuy (1 + 1) 1YWl oo ey IVW 2oy 0w

L2(2TV)
+C12"VW”L°°(21TN)||aijW Lz(ﬂw)" Wiz
+ Cp3lWlireo oy “V w Lz(ﬂw)
L= (Ao‘uz - ﬁﬁ) J;TN 0;;u0;v dx,
(75)

we apply the Sobolev imbedding to control the L™ norm by

||g||L°°(2'[I'N) = COHg“HZ(Z'[I'N) (76)

for N < 3. From the Holder inequality, the Poincaré inequal-
ity, and the Sobolev imbedding theorem, it follows that

“g"LZ(ﬂN) < (zn)N/4||g||L4(2'ﬂ'N) < CO"vg"LZ(Z'I]'N) (77)

for fﬂN gdx = 0. Recall the even extension of (5), and the
solution [u, v] satisfies

J Vudx = J Vvdx =0,
2N 2TN

(78)
L'[I’N g udx = L'I]’N ovdx=0, i,j=1,....N.
By (76) and (77), we find that
3
VWl o zry < CollVWiliieray < Co| VoW 2 oy (79)

where C; is a universal constant. Therefore, when N < 3, it
follows from (76) and (79) that

I < Cyy(1 + ) Wl orm |V W Lz(m) (80)
Applying the Young inequality to get
2
Ao + i
ZSMJ |8]'d OHJ |av|dx,
2A0u 2TV 2T
(81)

which is combined with the interpolation inequality and the
&-Young inequality to imply

|| 10yurdx < ¢, (afvayu
2T

2 1 2
Lz(m)> * 2z Ml ey
(82)

where a is a positive constant, in the same way as above, we
obtain that the second integral satisfies

j [d,|Vayul’ + Aodyds770,uva,v
2TN

+Ayd, (1 +d3u)|Va v' }dx (83)

{—|val o + Mwaﬁvr} dx
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Substituting (80)-(83) into (74), take ((AO[J2 + ﬂﬁ)z/ZAoy)
Coa =d,[4to get

1 d
E& J;TN {'a Ll| + A |a | }
+LTN{ 1179, +‘2 4, (1+d3ﬁ)|Vaijv'2}dx

J |a u. dx + OMJ |aijv'2dx
2TN 2 v

< Coa(1+ 1) Wl [[Viw Lz(m)

+ Cls"“”iz(zw)-
(84)

Similar as the proof of Lemma 1, we proceed in the two
cases: A; > 1and 0 < A, < 1. Then, we conclude

1d
2o | gl oyl }

3 {—|vaj [+ Z2d, (1+ dia) v, 'Z}dx
2T

J |a u. dx+ J |a v' dx
2TN

< Cio(1+ )’ IWlgparvy ||v w

L2(2TV)

2
+ C17||”||L2(21TN)-

(85)
So, the even extension implies
1d
i 2, o 0l + ol s
S A,
+WZ_ILN{ {90, + S0, (1 +dy7) |79, |}
S 2
+ﬁZJ |a u' dx + OHZJ |a v' dx
ij=1
< oL+ ) Wi VW] gy + Collz vy (86)
O

Next, we control the H? growth of w(x, t) in terms of its
L? growth.

Lemma 4. Suppose that w(x, t) is a solution of the full system
(5), such that

d, Ayd, (1+ dﬁ)}

IW(, Oll g2y < min {11, — , ——
T aCy(1+1) 2G,(1+7)’

(87)

IWC Dl 2y < 2C € W, Ol pzerny. (88)

Then,

IWCs Oy < Ca {Iw G Oy
(89)
4™ w (4, 0y

where Cy = 2max{4C}, 4(Cy + 1)CICy /A (Co + 1)/2}.

Proof. We first consider the second-order derivatives of
w(x,t). From Lemmas 3 and 4 and our assumption for w(x, t),
we have

%%i I {|a | + |9, v| }dx <c2||u||L2(TN)
(90)

< 4CIC,e ™ W, Ol vy,

By an integration from 0 to ¢, we deduce that

N
Y I {[oyu G0 + o0 e, 0 ] dx

ij=1

< N J {|a u (x, 0)| |a v (x, 0)| } (o1

i,j=1

46262 2A 2
e W, 0) vy,

max

For the first derivations of w(x,t), we apply the Poincaré
inequality to get

2
VW2 ory < COHV w

L2(2-|]'N)’ (92)

Applying the even extension, we have

VWil 2y < Co|[ V2w (93)

L2(TN)”

It follows from (88)-(93) that

w(-, t)"i]Z('ﬂ'N)

= I Oy + 191Gy + |7

< [lw(, t)"LZ(-UN) + (CO + 1) ||V w

LZ(TN)
< 4626”‘““ Iw(., O)HLZ(TN) (94)
+(Cy + 1) Wi, O)IIf{z(TN)

4(Cy+1)CC
+ e WG O)l v

< Gy {Iw G OBy + € 1w (Ol

where C; = 2 max{4C?, 4(Cy+ 1)C2C, /Ao (Co +1)/2}. O
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4. Nonlinear Instability and
Pattern Formation

Let 0 be a fixed constant. For an arbitrary positive number 6,
we define the escape time T° by

6 = oetm (95)

or equivalently

1 0

T = In ~. (96)

A

max

Theorem 5. Assume that there exists a q, such that the insta-
bility criterion (13) holds. Let

w, (x) = Z {w;r, (@) + w:;rJr (q)} eq (x)

qeh,

+ Z {wqr (q) + w('lr' (q)}eq (x) (97)
qeA,

+ Z {wf:e Rer(q) + w(llm Imr (q)} eq (%),
qeA;

such that wy(x) € H*(TY), IWoll 2~y = 1. Then, there exist
0, > 0,8y > 0, and C > 0, such that for all 0 € (0,0,) and § €
(0,6,], the nonlinear evolution wl (x,1) of (5) with the initial
perturbation wl(x,0) = Ow,(x) satisfies

w® (1) = Selmt Z w:;rJr (q) eq (x)
QEA pax

L2(TV)
(98)
<C {e_at + 8||w0||12qz(w) + Se’lma“t} detmat,

vt e [0,7°],

where the constant o, called the gap between A, and the rest

of eigenvalues, is positive, and

1
J, = min — >
° { 2wl

min { d, Ayd, (1 + d3’7) }
G 4C?(1+n)* 2C,(1+1n)

max

Amax
46364”“’0”;2(@) } ’ (99)
: max }7
0, = min { —=, —,
3Cy 2\/53
d, Aod, (1 +d;00)

8C,\[Ca(1+1)* 4C,\[Cy(1 + 1)

Abstract and Applied Analysis

Remark 6. First, we notice that the part of the fastest growing
modes

Selmt 5 wyr, (q)eq (x) (100)
Q€A max

in (98) is nontrivial. Recall that the initial profile wy(x) is any

H? function satisfying [woll2(r~vy = 1. Thus, we can choose

w,(x), such that there is at least one q, € A, with w;ro #0.

Consequently,

max

Seltmat Z w:;rJr (q) eq (x)

QEA max

2(TV) (101)

A maxt
> Se/tmax

wy | Ir, (a0)] > 0.

Remark 7. Fix 0 to be a positive small number. If § is small
sufficiently, then T? is large, and for 0 < t < T°, §e*m' <
0. Our estimate (98) implies that the dynamics of a general
perturbation can be characterized by such linear dynamics
over a long time period (0, T°], when the initial perturbation
is small.

Remark 8. In particular, if we take

r, (qo)
|1‘+ (‘lo)l

w, (%) = (102)

qu (x)

in Remark 6, then, at the time t = T, the estimate (98) gives

r
il
< Cle ™+ 8wl vy + 6} 6 (103)
= C{0! oo+ 86]wo 1y + 6}
Therefore,
W ()] 6.— C oo/ gelhns
(104)

2
+00]Wollz vy + 07}

For 6 sufficiently small, [w®(., T?)|| = 6/2 as 8 — 0, which
implies that nonlinear instability occurs.

Remark 9. From a view of pattern formation, Theorem 5
shows that if the unique positive equilibrium (i, ¥) of (2) is
linear unstable, then a general small perturbation near (%, v)
can induce pattern formation. Furthermore, the patterns
can be characterized by the fastest growing modes in the
corresponding linear dynamics over a long time period

0,T°].
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Proof of Theorem 5. Define

< &(Se)‘"‘”t } ,
2

L2(TN) —

T =sup {t | "w‘S () — de™w,

(105)
1 =sup {11 60

4 Ay (1 +d3ﬁ)”'

4C,(1+n)?* 2C,(1+1n)?

< min {17,
(106)

Now, we proceed in the following four steps.

Step 1. We establish H 2 estimate for the solution w®(x,t) of
0 <t < min{T® T*,T**}.
From Lemma 1, for any ¢ > 0, we have

< 6C e maxt

Lt
“66 Woll 2 ¢y

(107)

By the definition of T, for any 0 < ¢ < T™, it follows that

9 Lt Cl maxt 1
"w (1) cayy ~ ||6e Wo| oy < Z1set (108)
Substituting (107) into (108), we obtain
B 3C) ¢ A
||W (- t)"Lz('I]'N) < 766 . (109)
Furthermore, it follows from (109) and Lemma 4 that
5 —~ 2
W0l gy < o S Mol + 8260t (110

< \Ca (Bl Woll ey +0¢™=) )
foranyt < T**

Step 2. We establish L? estimate for w‘s(x, t)yof 0 < t <
min{T?, T*, T**}. Applying Duhamel’s principle, we have

t
wo (x,1) = Se"'w, - J N (W (x,7))dr, (112)
0

1

where N[w’(x, 7)] = (N; (W (x, 7)), N, (W’ (x, 7)), N; (W (x,
7)), and Nz(wa(x,‘r)) are given by (68) and (72). Using
Lemma 1, it follows that

“wa(-, t) — 8w,

L2(TN)

= lljt LN (w5 (x, T)) dr
0

L2(TN)

dr

L2(TN)

J “ew IN (w (x, T))

dr,

t
<G [N 0 )

vt o]

L2(TN)

"N1 w® (x, T))

+ [N, (x, 7))

12 TN) 12 -[TN)

= [0 - BV

(113)

+ dzd3vaAu‘s + 2d2d3Vu6VV6 + d2d3u5Av6

(s )

m+ub +1

L2(TN)

<55 )

L2(TN) + 2d2d3”w8||L‘>O(1rN)

x [l

+2d,d ||VW

H*(TN) LA (TN)

(u+1)
W W

L2(TN)

<Cwl,

H2(TN)’

where 64 =B+1+4d,d; + (u+ 1)2/m. Therefore,

[0 = 8 wo] e

" R (114)
<C.G, L I W () gy .

Substituting (110) into (114), we obtain

'|w5(-, t) - (SeLtwo

L2(TN)
< C1C3C4J e max(t=T)
0

o e P

___ [ dlwollze Mot
<C,C,C, «‘ ;H ™, 8; detmst,
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Step 3. We prove by contradiction that
T° = min {T°, 7%, 7"} (116)

for § sufficiently small and

A
0 < min 4 —2&

n d
4C;C,y 2\5 8C, \/6\3(1 +n)°
Ayd, (1 +ds0i)
4C\Cy(1+ 1)

(117)

If T** = min{T®,T*,T**}, we can lett = T** < T° in
(111) to obtain

“wa (,T*)

vy < \/Cis(‘suwoqu(vN) +detmed )

(118)
< \/a((s"WOHHz(-[rN) + 0) .

By choosing ¢ sufficiently small, such that
\/535 ||w0||H2(1TN)
A, Ay, (1+dsil) } (119)

1
< -—min {7, — T
2 { aCy(1+n)" 2C,(1+n)°

and the choice of 0 in (117), we have

||W6(‘, T**)

H2(TN)
(120)

d, Aod, (1 +d;0) }

< min {74, — —
{'7 2C,(1 + 1)

4C,(1+1)>
This is a contradiction to the definition of T*".

On the other hand, if T* = min{T?, T*, T**}, we can let
t =T in (115) to get

”w‘S (") = 8t w,

LX(TY)

[ slwoliegy
<CCCi—

By choosing ¢ sufficiently small, such that

+
max A'1’1’1

(121)
i }a

2
_ O] wollz (v

1
1 122)
3Ly < (
/\max 4
and the choice of 0 in (117), we have
é * LT* 61 A T
”w (T") =8¢ w, < =L et mx (123)
L2(TN) 2

Abstract and Applied Analysis

This again contradicts the definition of T*. From these argu-
ments, (116) holds.

Step 4. Rewriting the left-hand term in (115) as the form of
(26), and separating q € A, and moving q ¢ A, to the
right-hand side, it follows that

w® (1) — Setmet Z w:;rJr (q) eq (x)
QEA g

L2(TN)

<8 Y wyr (q)etieq (x)

qeA

max

L2(TN)

> fuge @

QEA\A oy

+0

rwlr, (@€'} eq (x)

L2(TN)

+6 Z {wqr (q) + w;r' (@)

q€eA,

+w;r (q t} e'\‘lteq (x) (124)

L2(TVN)

+6 Z {wge (Rer (q) cos [(Im Aq) t]

q€A;

—Imr(q)sin [(Im Aq) t])

+ wilm (Re r(q) sin [(Im Aq) t]
+Imr(q)cos [(ImA,)¢t])}

x eR¢ )t‘l)‘e(1 (x)

L2(TN)

Slw |12 At
+ 616364 { ” OllHZ(TN) + Oe } 86Am“xt.

A A

max max

Next, we process the first term on the right side of (124)
to get

é Z w;r_(q)e’\;lteq(x)

QEA oy

L2(TN)

12
:6< Z (w;)2|r_(q)|zeu;ltdx> .

QEA oy

(125)
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Recall that there are only finite elements in A

q E Amax’
Therefore,

max and for any
there exists a constant M, such that 0 < |q| < M,,.

0 Z wyr_(q) ell;teq (x) < CoePmuoNt

QEA oy

(126)
L2(TN)

Similar to the arguments in the proof of Lemma 1, we can treat
the second, third, and fourth terms to obtain some similar
estimates as (126), and our theorem follows. O
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