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The paper is devoted to the study of asymptotic properties of a real two-dimensional differential system with unbounded
nonconstant delays. The sufficient conditions for the stability and asymptotic stability of solutions are given. Used methods are based
on the transformation of the considered real system to one equation with complex-valued coefficients. Asymptotic properties are
studied by means of Lyapunov-Krasovskii functional. The results generalize some previous ones, where the asymptotic properties
for two-dimensional systems with one or more constant delays or one nonconstant delay were studied.

1. Introduction

There are a lot of papers dealing with the stability and asymp-
totic behaviour of n-dimensional real vector equations with
delay. Among others we should mention the recent results
[1-13]. Since the plane has special topological properties
different from those of n-dimensional space, where n > 3
orn = 1, it is interesting to study asymptotic behaviour of
two-dimensional systems by using tools which are typical
and effective for two-dimensional systems. The convenient
tool is the combination of the method of complexification
and the method of Lyapunov-Krasovskii functional. Using
these techniques we obtain new and easy applicable results
on stability, asymptotic stability, or boundedness of solutions
of real two-dimensional differential system

x' ()= A(t) x (t)
+ Y B (1) x (6, (1)) 1)
k=1
+h(t,x (), x(6,(1),....x (6, (1)),

where 0,(t) are real functions, A(t) = (a;(t)), Bi(t) =
(Gj() (i, j =1,2k = 1,...,m) are real square matrices, and

h(t,x,y) = (h(t, %, 15« o> V) B (6%, Y15+ .5 ¥,,)) 1 a real
vector function, x = (x;,%,), ¥« = (V1> Yar)- It is supposed
that the functions 6y, g;; are locally absolutely continuous on
[£9> 00), by are locally Lebesgue integrable on [f(, c0), and
the function h satisfies Carathéodory conditions on [t,, 00) X
IRZ(erl).

Delayed differential equations recently gain more impor-
tance in applications in science and real world. They can be
found in applications in medicine (control of drug therapies
and neurological, physiological, and epidemiological mod-
els), biology (predator-prey models and blowflies lifecycle),
chemistry (chemical kinetics), physics (private communi-
cation and signal masking), and engineering (machining
operation on a lathe). Equation (1) represents a generalization
of many of these models. Particularly, (1) in this general
form has an application in modeling of multiple regenerative
effect in tool chatter. Obtained results on stability give the
possibility to find the best spindle speeds and depth-of-cut
for the machines for chatter-free high-productivity operation.
For more details, see [14].

The main idea of the investigation, the combination of the
method of complexification and the method of Lyapunov-
Krasovskii functional, was introduced for ordinary dif-
ferential equations in the paper by Rab and Kalas [15].



The principle was transferred to differential equations with
delay by Kalas and Barakova [16]. The results for several
constant delays can be found in papers by Rebenda [17, 18].
Differential equations with one nonconstant delay are studied
by Kalas [19] and Rebenda [20].

We extend such type of results to differential equations
with a finite number of nonconstant delays. We introduce the
transformation of the considered real system to one equation
with complex-valued coefficients. We present sufficient con-
ditions for stability and asymptotic stability of a solution and
the conditions under which all solutions tend to zero. The
applicability of the results is demonstrated with an example.

At the end of this introduction we append an overview of
notations used in the paper and the transformation of the real
system to one equation with complex-valued coefficients.

Consider the following:

R: set of all real numbers,

R,: set of all positive real numbers,

[R{(i: set of all nonnegative real numbers,

R_: set of all negative real numbers,

RC: set of all nonpositive real numbers,

C: set of all complex numbers,

@: class of all continuous functions [-7,0] — C,

AC,,(I, M): class of all locally absolutely continuous
functions I — M,

Lio(I, M): class of all locally Lebesgue integrable
functions I — M,

K(I x Q,M): class of all functions I x Q — M
satistying Carathéodory conditions on I x ),

Re z: real part of z,
Im z: imaginary part of z,

z: complex conjugate of z.

Introducing complex variables z = x; + ix,, w; = y;; +
iYig>ee s Wy = Yy + V> We can rewrite system (1) into an
equivalent equation with complex-valued coefficients:

ZM=a®z®)+b®Z 1)

Mz

+Y [Ar®)z(0, ) +B. (HZ (6, (1)] (2)

=
Il
—

+g(tz(),z(0,1),....2(6,, 1)),

where 0, € AC,.(J,R) fork =1,...,m, A;, By € L,.(J,C),
a,b € AC,.(J,C), g € K(J x C™',C), ] = [t,, 00).
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The relations between the functions are as follows:
1 i
a(t) = 3 (an, () + a5 (1) + 5 (ay (t) = ay, (1)),

b(e) =5 (@n ()= an 1) + 5 (@ ) + a5 ),

Ae(©) = 3 (B 0+ b () + 5 (i () = b (),

Be(®) = 3 (b 6= b () + 5 (i () + i (),

g(t.z,w,...,w,) 3)

1 _ 1 _
—hl(t,i(uz),z(z—z),

1 _ 1 _
5(w1+w1),...,z(wm—wm)>
1 1 1
+ih2<t,§(z+2),2—i(z—2),5(w1+wl),
1 _ 1 _
z—i(wl—wl),...,z—i(wm—wm)).

Conversely, putting
ay (t) =Rela(t) +b ()],

ay, () =Im [b(t) —a (1],

ay () =Imfa () +b (1],

ay, (t) = Rela(t) - b(1)],
by (f) = Re[A, (1) + B, ()],

by () = Im [B, () - A, (1)],

(4)
by (8) = Im [Ay () + B, (8)],
by (t) = Re[A; (1) - B (1]
hy (6% Y1 V)
=Reg (,x; +ix3, Y11 + V1zs -+ Yot + V) »
hy (65, 915> V)
=Im g (t,x; + Xy Y11+ Y1z o5 Yot + W) »
equation (2) can be written in real form (1) as well.
2. Preliminaries
We consider (2) in the case when
liminf (|Ima ()| - |b(t)]) > 0 (5)
t— 0o

and study the behavior of solutions of (2) under this
assumption. This situation corresponds to the case when the
equilibrium 0 of the autonomous homogeneous system

x = Ax, (6)
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where A is supposed to be regular constant matrix, is a centre
or a focus.

This case is included in the case liminf,_, (la(t)| -
|b(t)]) > 0 considered in [21], but in this special case, we are
able to derive more useful results as we will see later in an
example. The idea is based on the well-known result that the
condition |a| > |b| in an autonomous equation Z =az+bz
ensures that zero is a focus, a centre, or a node while under
the condition | Im a| > |b| zero can be just a focus or a centre.
Details are found in [15].

A simple example shows that, in some cases, the results
of this paper can be applied more suitably than those given in
[21].

Regarding (5) and since the delay functions 0, satisfy
lim, _, ,0,(t) = oo, there are numbers T; > t,, T > T}, and
¢ > 0 such that

Ima(t)| > |b()|+p fort>T,,

(7)
t>0,(t)>T, fort>T (k=1,...,m).
Denote
7(t) = Ima(t) + \(Ima(®)? - b (t)Psgn (Ima (£)), o
8

c(t)y=-ib(t).

Notice that, unlike the function y introduced in [21], the
previously defined function 9 need not be positive.
Since |(t)| > [Ima(t)| and [€(¢)] = |b(t)], the inequality

[F@)|> @) +u )

is valid for t > T. It can be easily verified that 9, ¢ €
AC,, ([T}, 00),C).
For the rest of this section, denote that

9

Re(7 (07 (1) -C®E (1) -[F 0T 0 -7 O)e0]
7 (1) - [P

(10)

The stability and asymptotic stability are studied under
the following assumptions.

(i) The numbers T
(7) holds.

(ii) There exist functions %, ., ¢ : [T,00) — R such that

>ty, T > T, and pu > 0 are such that

7 gt zw,...,w,)

KOG zw,...,w,)|

<70 |F(t)z+E(1)7] (1)

+ Zﬁk ®) |7 (6, (1) wy
k=1

+E (O, () Wy +2 (1),

fort > T,z,w, € C(k = 1,...
Li,.([T,00),R).

(iii) B € AC). ([T, 00), R?) is a function satisfying

,m), where i, ¢ €

0, () B(t) = A (t) ae. on [T,c0), (12)

where A, is defined for t > T by

A (8) = B (1) + +(|Ax 0] + B 1))
L Fol+Ewl (13)
7 (6 )] = € (6, 1))]

(iv) There exists a function A € L ([T, 00), R) which
satisfies the inequalities E’(t) < K(t)ﬁ(t), o) < At)

for almost all ¢+ € [T, c0), where the function © is
defined by

O(t) =Rea(t)+9(t) +5(t) + mB(t). (14)
If Ay, B, & 0, are locally absolutely continuous on
[T, 00) and A,(t) = 0,6(t) > 0 on [T, 00), the choice B(t) =
max_; [ (0,(t)) '] is admissible in (iii).
From the assumption (i), it follows that

| ' |Re yy -z )| |)7EJ—)7'E|
=2

Y-
(|7 + ) (7] + 1a)
- P -l

_I7l+Fl

e

[k

(15)

~
< (171 [

hence, the function 9 is locally Lebesgue integrable on [T, co).
Moreover, if € AC,, ([T, 00),R,)and i € L, ([T, c0), then

we can choose
B @ ) 16)

At) = (@ (1)
max ﬁ (t)

in (iv).

Finally, if () = 0 in (ii), then (2) has the trivial solution
z(t) = 0. Notice that in this case the condition (ii) implies
that the functions %(t), K, (f) are nonnegative on [T, co) for
k = 1,...,m, and due to this, Xk(t) > 0 on [T, 00). The case
o(t) < 0 is omitted since it can be replaced by g(¢) = 0

3. Main Results

The aim is to generalize the results for ordinary differential
equations published in [15] as well as the results contained
in [16] (one constant delay), [18] (a finite number of constant
delays), and [20] (one nonconstant delay). In the proof of the
crucial theorem, we use the following auxiliary result.



Lemmal. Leta,, a,, b, b, € C and |a,| > |b,|. Then

Re (alﬁz - blgz) + |a1bz - a2b1|

|‘12|2 - |b2|2

az+bz

Re (17)

>

az+bz

forz e C,z#0.

The proof of Lemma 1 can be found, for example, in [15,
page 131] or [17, page 101].

Theorem 2. Let the conditions (i), (ii), (iii), and (iv) hold and
o) = 0.

(@ If

t
lim sup j A(s)ds < oo, (18)

t— 00

then the trivial solution of (2) is stable on [T, c0).

(b) If

t —_—
lim J A(s)ds = —oo, (19)

t— 0o

then the trivial solution of (2) is asymptotically stable
on [T, 00).

Proof. Choose arbitrary t; > T. Let z(¢) be any solution of
(2) satistying the condition z(t) = z,(t) for t € [T, t,], where
z,(t) is a continuous complex-valued initial function defined
ont € [T},t,]. Consider the Lyapunov functional

VO-UO+FOY | UGd )
k=1

0,(t)
where
U=yt z@)+ct)z@)|. (21)

To simplify the computations, denote that wy(f) =
z(0,(t)) and write the functions of variable t without brackets,
for example, z instead of z(¢).

From (20) we get

m ot
Vi=U 4B J U (s)ds + mB |z + ¢Z|
k=1 20c(®)
(22)
- Zel’cm?(@k) wi +€(0) Wy,

k=1

for almost all t > £, for which z(t) is defined and U'(t) exists.

Denote that & = {t > t, : z(t) exists,U(t) #0} and & =
{t >t : z(t) exists,U(t) = 0}. It is clear that the derivative
U'(t) exists for almost all t € #; hence, we focus on the set
M.
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In view of (9) we have z(t) = 0 for t € .. For almost all
t € M, we compute

. Um-U(®)
lim ——=
T—1t
.Ul

lim

Tt —f

o @Oz -z®]-c(@) [2() -ZB)]]
= l1m

T—tt T—1

UL (1)

Tttt

t[F( 2 1) +e®)Z (1)

g g O+ g 1),

(23)

where

g (1) = Y (A O wy (1) + By () W (1))
k=1 (24)

+g(t,0,w, (1),...,w, ().

Hence, U has one-sided derivatives a.e. in .#. According
to [22, Chapter IX., Theorem (1.1)] or [23], the set of all ¢
such that Ui(t) #U’ () can be at most countable; thus, the
derivative U’ exists for almost all ¢t € .4, and for these t,
U'(t) =o.

In particular, the derivative U’ exists for almost all t > ¢,
for which z(t) is defined; thus, (22) holds for almost all ¢ > ¢,
for which z(t) is defined.

Now return the attention to the set % For a,lmost allt €

H, it holds that UU" = U(\/ (Jz +C2)(JZ + ¢z)) =Re[(JZ+

éz)(f'z + )7z' +8 Z+¢7Z')]. As z(t) is a solution of (2), we have

UU' = Re { (¥z+2z)
[~I ~—
x|yz+cz
+ )7<az +bz + Z (Ajw, + Bwy) + g)
k=1

+5<5z+_z+ i (A + Baw,) +§>H
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+ )7<§: (Awi + Bywy) + 9)

k=1
+E<

for almost all t € F#. B
Short computation gives (ya+¢cb)c = (yb+ca)y, and from
this we get

agE

(0 + Beaw) + y)] } ,

(25)

Uy’ < Re{()ﬁ+§z) (7a+613)<z+%z>}

+ Re {(?E*‘%Z) [ i Akwk + Bkwk
(26)

U (7] + i) (z A + Bkwk|)

k=1

yz+cz

+U|yg+cg|+U Re yz+cz

for almost all t € #.
Applying Lemma 1 to the last term, we obtain

Yz+7z <
ReLZTE o (27)
yz + ¢z

Using this inequality together with (13), assumption (ii),
and the relation Re (a + (¢/9)b) = Re a, we obtain

UU' < U? (Rea+9+5%)

+UZ (R |7 (65) wi + € (6,) wi|)

+U ([y] +1e1)
o [Ax] [wel + |Bk||wk| ~ =
Z |Y(9k)| |C(0 )| |Y(9k)| lc(ek)l)

(Rea+9+%)

5
N 71+ 141 ]
+(|Ag| + |Bi]) =—=——
L;[ | kl I k| | (ek)|_|c(6k)|
|7 (0r) wic + € (6) Wy ]’
< U*(Rea+9+5)
+ szk |7 (6)) wi + € (6k) Wi,
k=1
(28)
for almost all t € #.
Consequently,
U' <U(Rea+9+5)+ Z 7 (0) wy + € (6) Wy »

. 29)

for almost all t € F.

Recalling that U'(t) = 0 for almost all t € ., we can see
that inequality (29) is valid for almost all t > ¢, for which z(¢)
is defined.

From (29) we have

V' <U(Rea+9+7+mp)

Mz

+ pa (A = 6.B) 7 (6) wi + € (6,) wy (30)
51 < (* ~ - —
3 Lkm 17(5)2() + (92 (5)| ds.
As f(t) fulfills condition (12), we obtain
VO <U@®B®)
A o (31)
B0y Lkm 792 () + £ Z(9)] ds,
Hence,
Vi) -A@ V() <0, (32)
for almost all ¢ > ¢, for which the solution z(t) exists.
Notice that, with respect to (9),
V)= (@] - @)1z @®)] = ulz @), (33)

for all t > ¢, for which z(¢) is defined.

Suppose that condition (18) holds, and choose arbitrary
€ > 0. Put
(OIEACODE

A = max
sET11

t
L= sup JK(s)ds,
T

T<t<oco

o= ysAfl(l +mp(t,) (t, - Tl))_1 exp {J: A(s)ds - L]» ,
(34)



where gy > 0, T, > t5, and T > T, are the numbers from
condition (i).

If the initial function z,(t) of the solution z(t) satisfies
maxSE[Tl,tl]Izo(s)I < 0§, then the multiplication of (32) by

exp{— J: A(s)ds} and the integration over [¢,,t] yield

V (t) exp{—Jt A(s) ds} -V(t) <0, (35)

for all t > t, for which z(t) is defined. From (33) and (35) we
get

t~
plz () <V () <V (t)exp {L A(s)ds]»

<

(17 (el + e ()N |2 ()]

+ﬁ(t1) max |z (s)]

se[Tl,tl]

X (i I ) (17 ()| + |8<s)|)ds>]

=1 Jo(n

t —_—
X exp {J A(s) ds} (36)

< | A max |z,(s
[ 56[T1>t1]| 0l

+B(t) max |z, (s)|A
se[Tyt ]
XZ (t; = 0 (tl))]
k=1

t
X exp {J K(s)ds} ;
t
that is,

ulz(®l < A max |20 ()] (1+mB(t,) (1, - 1))
. (37)
X exp {L— J A(s) ds} < ue.
T

Thus, we have |z(t)| < € for all t > t;, and we conclude
that the trivial solution of (2) is stable.

Now suppose that condition (19) is valid. Then, in view
of the first part of Theorem 2, for K > 0, thereisap > 0
such that maxr, ; 120(s)| < p implies that the solution z(t)
of (2) exists for all t > t, and satisfies |z(t)| < K, where K is
arbitrary real constant. Hence, from this and (33), we have

lz@®)| < 'V ) <u 'V (t)exp {L A(s) ds}, (38)

for all t > ¢,. This inequality, with condition (19), gives

Jim z () =0, (39)
which completes the proof. O
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Remark 3. Theorem 2 represents a generalization of previous
results.

If we take A (t) = A(t), A, =0,fork =2,...,m, B,(t) =
B(t), B, =0,fork =2,...,m,and 0,(t) = t — r, where r > 0,
we get Theorem 4 from [16].

If we take 0,(t) =t — 1, wherer, > 0,k =1,...
obtain Theorem 1 from [18].

If we take A;(t) = A(t), Ay = 0,fork = 2,...,m,
B,(t) = B(t), B, = 0, fork = 2,...,m, and 0,(t) = 0(t),
we get Theorem 2.2 from [20].

, M, We

The next theorem involves the function ¢ in (ii); thus,
it is more general than Theorem 2. A part of the proof of
Theorem 2 is utilized in the proof of Theorem 4.

Theorem 4. Let the assumptions (i), (ii), (iii), and (iv) hold
and

V()= [y z (@) +c(t)z (1)
m 40
+ [?(t)kz::1 Ltk(t) |)7(s)z (s) + E(s)E(s)| ds, )

where z(t) is any solution of (2) defined fort — oo. Then

wlz@l <V e (| Reat)

, , (41)
+| 2@ewn([ K)o )t
fort >s>t,, wheret, > T.
Proof. Following the proof of Theorem 2, we have
Vi < gzt +e®z@)|0 @)
B0} Lkm Fozo 0o
10
SABOV ) +a),
a.e. on [t;, 00). Using this inequality, we get
V(6 -KOV©) <50, (43)

a.e. on [¢;,00). Multiplying (43) by exp(— _Lt A()dE) gives

Ve (- [xe© )| < awew(- [Tea),
(44)

a.e. on [t;, 00). Integration over [s, t] yields

Ve (- [ Kod)-v o
(45)

¢ £
< a(aexp(—j A(a)do)df,
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and multiplying (45) by exp(f: A(§)dE), we obtain

V (t) <V (s)exp <Lt A ) dE)

¥ j (&) exp <L Ao) da) d.

The statement now follows from (33). O

(46)

Remark 5. Theorem 4 generalizes theorems contained in
previous papers.

If we take A () = A(t), Ay =0,fork =2,...,m, B,(t) =
B(t), B, =0, fork = 2,...,m,and 0,(t) = t — r, where r > 0,
we get Theorem 2 from [16].

If we take 0,(t) = t — 1, wherer, > 0,k = 1,...
obtain Theorem 2 from [18].

If we take A (t) = A(t), Ay = 0,for k = 2,...,m,
B,(t) = B(t), B, = 0, for k = 2,...,m, and 6,(t) = 0(t),
we get Theorem 2.7 from [20].

, M, We

The last of the main propositions gives the conditions
under which all solutions of (2) tend to zero.

Theorem 6. Let the assumptions (i), (ii), (iii), and (iv) be sat-
isfied. Let A(t) < 0 a.e. on [T*, 00), where T* € [T, 00). If

t

jim [K@ds=-co. g0 =0(R®). @)

then any solution z(t) of (2) existing fort — 0o satisfies
Jim z (t) = 0. (48)

Proof. Choose arbitrary & > 0. According to (47), there is s >
T* such that g(¢) < (I/Z)yelx(t)l fort > sand

J-: 0 (1) exp <J-: A (o) da) dr

t

NIE

J - A(T)]exp<LtK(o)do>dT
=[Gl o
-5l

D)
[1 —exp<£K(T)dT>] < %8,

fort > s. From (47) we have exp(Lt A(r)dr) — Oast — ©0;

hence, there is S > s such that exp(Lt A(r)dr) < ye(ZV(s))’1
for t > S. Considering this fact and (41), we get

NIE NIE

NIF»

)
” = ue, (50)

plz @) <V (s) 2V()

for t > S. This completes the proof. O

Remark 7. Theorem 6 is a generalization of results published
in the papers [16, 18, 20].

If we take A, () = A(t), A, =0,fork =2,...
B(t),B, =0,fork =2,...,m,and 0,(t) =t —
we get Theorem 3 from [16].

If we take 0,(t) =t — 1, wherer, > 0,k =1,...
obtain Theorem 3 from [18].

If we take A,(t) = A(t),A, = 0, fork = 2,...,m,
B,(t) = B(t),B, = 0, for k = 2,...,m, and 6,(t) = 0(t),
we get Theorem 2.14 from [20].

> M, Bl(t) =
r, wherer > 0,

, M, We

4. Corollaries and Examples

From Theorem 2 we easily obtain several corollaries. We give
an example which shows that it is worth to consider the case

(5).

Corollary 8. Let a(t) = a € C, b(t) = b € C, |Ima| > |b].
Suppose that lim, _, 0,(t) = 00, O,(t) < t, fort > T, where
T, >ty Let py, pr>-- s P : [T1,00) — R be such that

’wm)l < po (B) |z + ZPk (t) |wk| , (51)
k=1

lg (t,z,wy, ...

fort > T),lz| < R|w] < Rk =1,...
LIOC([TILOO)’ R).
Let p € ACy, ([T}, 00),R,)

,m,R > 0and p, €

satisfy

0, (t) B (1)

<|Ima|+|b| 1/2
> ——mM—

/ (52)
[Ima| - |b|) (pe ) + |[A ()] + |B )]) 5

a.e.on [T},00) fork=1,...,m.If

t 1/2
limsupj max(Rea + (M) Po ()

t — co |Ima|_|b|

+mﬁ(s) ‘B ()))ds<oo,

Bs

then the trivial solution of (2) is stable. If

t 1/2
lim J max(Rea+<w> Po (s)

t—o0 [Ima| - |b]|

ﬁ(s)) i
+mﬁ() 3 s = —00,

(54)

then the trivial solution of (2) is asymptotically stable.

Proof. Choose T > T, such that 6,(t) > T, fort > T,k =
1,...,m. Denote that z = z(t) and w; = z(0,(t)) again. Since



a,b € C are constants, then also y and ¢ are constants, and we
have 9(t) = 0. Using condition (51) we get

lvg (t.z,wy,...,w,) +EG (L2 wy, ..., w,)|
m
SOﬂHW(%@M+ZmUWM>
k=1

=Wf@ﬂﬂ4m<mmm+2maww>
|Y| Il k=1

M+M<%mew4 meww+wﬂ>
k=1
(55)

and it follows that condition (ii) holds with

|
Il -

+1¢]

ﬁ

A0, BO=1Toa0, 6o

ﬁ

and o(t) =0
Condition (53) implies that Rea < 0. Since

|71+ &l _ ltmal + \ltmal* - bl + b

mal® - [b]* - |b]

|?| - |E| |Ima| +
- (|Ima| +1b| )1/2
~\|Ima|- b/ ~’

in view of (14) we obtain

(57)

. Imal + |b] )”2
X, (1) = (el Bl
<= (e

Hm@+MﬂM+

7] +
7] -1l

Imal + b\ ~
:Rea+<w> po (&) + mp(t),

|Br 0]},
(58)

®(t) =Rea + po(t)+mﬁ(t)

and the assertion follows from (16) and Theorem 2. O

Now we show an example that, under certain circum-

stances, Corollary 8 is more useful than Corollary 1 from [21].

Example 9. Consider (2), where a(t) = -5+ 2i,b(t) =

A (t)=0,B(t)=0,fork=1,...,m,and
gt.zw,...,w,) = 2 gits 4 iL (V15 - V1d)e .
"3 = 2mt

(59)
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Assume that t; = mand R = 00, 0,(t) = klnt. Put T =

e = ¢". Then, py(t) = 2/V3, pc(t) = (k/2mt)(V15-V14)e™".
We have
ax ( la] — 16| Rea + < la] + b )UZP () +mp(t) ’(t))
|al la| - 1b| ’ TR
_ 2 2 B ®
—max<—3 5 2\/§ ’ﬁ(t)>
2
> 2 (v6-V8) >0
(60)
for
, k lal + 6] \'"?
dwpo=160> (5 y)
X {pk O +|A®]+|Be®]} (61
B mt\/_ (\/__ \/_)
where k € {1,...,m}; hence, we cannot apply Corollary 1
from [21].

On the other hand, if we use
- k~ k3 _
6 (B0 = —B(t) = (V5 - Vid)e™

1/2
N (M) {pe @)+ A )] + B O]}

[Imal - |b|
(62)
where k € {1,...,m}, we have
imal +[b] \'* = B®
max(Rea+<m) Po(t)+mﬁ(t),m
=mu(_vg+2+m1§(vTi-«ﬁ)e24)
2m
a2 B v <2 <

2 100 63)

thus, Corollary 8 guarantees the stability and also asymptotic
stability of the trivial solution of the considered equation.

The following corollary gives sufficient conditions for
stability of the trivial solution of (2).

Corollary 10. Assume that the conditions (i), (ii), and (iii) are

valid with g(t) = 0. If/§(t) is monotone and bounded on [T, 00)
and if
t —_—
lim supJ [@ (S)Lds < 00, (64)
t— 00

where [@(t)]Jr
is stable.

= max{O(t), 0}, then the trivial solution of (2)
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Proof. Suppose firstly that B is nonincreasing on [T, co).
Then, B’ < 0a.e.on [T, 00).

If [}(Tz) = 0 for some T, > T, then ﬁ(t) = 0 on [T}, 00).
Consequently, A has to satisfy only the inequality @(t) < A(t)
a.e. on [T}, 00), so we may choose At) = ©(t) on [T,,00). It
follows that A(t) = ©(t) < max{@®(¢), 0} = [O(t)],.

On the other hand, if ﬁ(t) > 0 on [T, 00), we may put
A(t) = max{@(t), B (t)/B(t)}. Then,

A (t) = max {@(t) ) %(t))} <max{® (t),0} =[O (1] .
t +
(65)

In both cases, A satisfies condition (iv) and the inequality
Al) < [@(1‘)]Jr on [T}, 00); hence,

t t
lim sup J A (s)ds < lim sup J [@ (s)]+ds <00. (66)
t— 00

t— 00

Now assume that f3 is nondecreasing on [T, c0). Then,
ﬁ' > 0 a.e. on [T, 00).

If B(t) =
mentioned. _

Otherwise, there is some T; > T such that 5(t) > 0 on
[T5, 00), and we may choose A(t) = max{O(t), ﬁ'(t)/ﬁ(t)} on
[T5,00). Clearly A satisfies condition (iv) on [T5, 00). Since
ﬁ' > 0 a.e. on [T, 00), it follows that ﬁ'/ﬁ > 0 a.e. on [T}, 00).
Hence,

0 on [T,00), we may treat it as previously

~ B
At) = {®(t),~—}
max 50
= 2 B (t)}
< eow)| ,=—— (67)
maX{[ ]+ ﬁ(t)
~ B )
<|O@)] +—=
and then
t
limsupj A(s)ds
t— o0

< ligsolip J. [@ (S)Lds + htnlsol;p J %((:)) ds )

< lim sup Jt [@ (s)]+ds + lim sup (ln (B(t)))
t— 00 t— 00
~In (E(T3)) < 00,

since E is bounded on [T, 00).
The statement follows from Theorem 2. O

We can derive several consequences from Theorem 4.

Corollary 11. Let the conditions (i), (ii), (iii), and (iv) be
fulfilled and

t 3
lim sup j 0 (&) exp (— J A (0) da) d& < oo, (69)

t— 00 N N

forsomes > T.
If z(t) is any solution of (2) existing fort — oo, then

z()=0 [exp (r ING3) d&)] ) (70)

Proof. From the assumptions and (45) we can see that there
are K > 0 and S > s such that for t > S we have

V (t) exp (— j Y6 df) Vv (s)

t &
< j 5(E) exp (—j A (o) do)ds &

N

< K < 00.

Then,

ulz ()] <V (t) < (K+V(s))exp (I ING3) df). (72)
: O

Corollary 12. Let the assumptions (i), (ii), (iii), and (iv) hold,
and let

lim sup A (t) < co, o(t)=0 (e”t), (73)
t— 00

where n > lim supt_)oop/{(t). If z(t) is any solution of (2)

existing fort — oo, then z(t) = O(e™).

Proof. Inview of (73), thereare L > 0,1" < #,and s > T such
that " > A(t) fort > sand @(t)ef’ﬂ < Lfort > s. From (41)
we get

t
ulz®I <V (s)e LJ D 4
N
. L e _ L (-n")s
<Vis)e" (=) | Lol t% (74)
n-n
L

<V(s)el 9 4 —*e”t =0 (e"t) .
-n

O

Remark 13. If p(t) = 0, we can take L = 0 in the proof
of Corollary 12, and taking inequalities (74) into account we
obtain the following statement: there is an 7 < #, < # such
that z(t) = o(e™") holds for the solution z(t) of (2).

5. Conclusion

We studied asymptotic behavior of real two-dimensional
differential system with a finite number of nonconstant
delays. We considered the case corresponding to the situation
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when the equilibrium point 0 of autonomous system (6) is
a stable focus or a stable centre. We utilized the method
of complexification and the method of Lyapunov-Krasovskii
functional. Criteria for stability and asymptotic stability of the
solutions as well as conditions ensuring that all solutions of
(2) tend to zero are derived. At the end we supplied several
corollaries and an example which shows that in some cases
the criteria obtained in this paper are more applicable than
the criteria presented in [21].
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