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We study the convergence behavior of regularized regression based on reproducing kernel Banach spaces (RKBSs). The convex
inequality of uniform convex Banach spaces is used to show the robustness of the optimal solution with respect to the distributions.
The learning rates are derived in terms of the covering number and K-functional.

1. Introduction

Recently, there is an increasing research interest in learning
with abstract functional spaces, and considerable work has
been done in [1-3] and so on.

Let (%, |l - llz) be a normed vector space consisting of
real functions on a compact distance space (X,d(:,)), and
let M > 0 be a given positive number. Let z = {z;}}", =
{(x; yYt, € Z™ = (X x [-M, M])"™ be a finite set of sam-
ples drawn independently and identically (i.i.d.) according to
a distribution p(x, y) on Z. Then, the regularized learning
scheme associating with a given hypothesis space % and the
least square loss is

. 1 & 2 A q
- SN (= f(x))+ 2 G
f. argl};{;}(ﬂq;(% FE)) + q||f||@> M
where g > 11is a given real number. The unknown
Borel probability distribution p(x, y) can be decomposed
into p(y | x) and px(x), where p(y | x) is the conditional
probability of pat x € X and py(x) is the marginal probability
on X.

The regression function corresponding to the least square
loss is

=] vdp(yls), @)

which satisfies
fp (x) := arg mfin%p (f) =arg mfin JZ (y- fx)dp. (3)

When the hypothesis spaces % in (1) are reproducing
kernel Banach spaces, we call it the RKBSs based on reg-
ularized regression learning defined by [4, 5] recently. The
represented theorem related closely to regularized learning
is studied in case that &% is an RKBS, and the discussions
are extended to the generalized semi-inner-product RKBSs
in [6].

In the present paper, we will provide an investigation
on the learning rates of scheme (1) when 9 is an RKBS
with uniform convexity. The paper is organized as follows. In
Section 2, we show the main results of the present paper. The
robustness is studied in Section 3, and the sample errors are
bounded in Section 4. The approximation error boils down to
a K-functional. The learning rates are bounded in Section 5.

For a given real number p > 1, we denote by L?(py) the
class of py-measurable functions f satisfying | s,
([ Lf)IPdpy) < +oo.

We say A = O(B) if there is a constant C > 0 such
that A/B < C. Wesay A ~ Bif both A = O(B) and B =
O(A).



2. Notions and Results

To state the results of the present paper, we first introduce
some notions as follows.

2.1. The RKBSs. We denote by & the Banach space with dual
space %" and norm | - ||g. For f € % and f* € B*, we
write (f, f*) g = f*(f).

A reproducing kernel Banach space (RKBS) on X is a
reflexive Banach space of real functions on X whose dual
space B* is isometric to a Banach space %" of functions
on X, and the point evaluations are continuous functions
on both % and %*. It was shown by Theorem 2 of [4]
that if B is an RKBS on X, then, there exists uniquely a
function K : X x X — R called the reproducing kernel
of A satisfying the following:

(i) K(x,-) € B,K(,x) e B, x € X;
(i) f(x) = (L K(x)) g fH(x) = (K(x,), f g 7 €

RB*, x € X.
(iii) The linear span of {K(x,-) : x € X} is dense in %,
namely,
span {K (x,-) : x € X} = A. (4)

(iv) The linear span of {K(-,x) : x € X} is dense in B",
namely,

span{K (-, x): x € X} = &". (5)

(v) For all x,y € X there holds K(x,y) =

(K(X’ '))

When & is an RKHS, K is indeed the reproducing kernel in
the usual sense (see [7]).
Since A is a reflective Banach space, we have

CRERS VI PR Tl

.= sup {fs f)g
T I @)

o fEB [T eB, (6

A way of producing reproducing kernel spaces in L?
spaces by the idempotent integral operators was provided in
[8]. In the present paper, we provide a method to construct
RKBSs by orthogonal function series.

Example 1. Let X = [a,b] be a given closed interval and
let, {(pk(x)};(’gg be a sequence of continuous functions on [a,
b] satisfying the following:

(i) ¢ € LP(p) for k=0,1,2,..
(i) @, and ¢ are orthonormal (in L*(p)) when [ #k;

(iii) span({<pk(x)} %) is dense in LP(p) for 1 < p < +00.
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Let {1}/’ be a given positive real number sequence
satisfying 0’ A; < 1. Define

%) =Yg (y), xyekX (8)
1=0

and the functional class %g) on X by

1/p'

<400 ¢,

o0 P’
AP - feC(X)?||f||@jf’=<zlal(+)l>
1=0 !
9)

Iab] FWer(y)dp(y), k € N. We define the
) for p' = p/(p - 1) in an analogous way.

where a,(f) =
space 95’;?

We have the following proposition.

Proposition 2. Define a bivariate operation on %g) and
B by

v (f)a(g)

(f9)= 2

1=0

. fed? ges? . (o)

Then, %g) is a reproducing kernel Banach space with repro-
ducing kernel K(x, y).

Proof. Let I = {a = {a,};  llally = (£, (la?/A)""" <
+00} and 1% be defined in an analogous way. Then, both 1
and lp are Banach spaces and (l ) = lp and (lP ) = lfg. O]

By (9) we know .@2’) and li are isometric isomorphisms.
Therefore, %g) are Banach spaces.
Since a,(K (-, ¥)) = A;¢;(y), we have for f € (%’;f) that
@ (K ()
R
(11)

Heoy)= ).

_ Zaz

By the same way, we have for any g € %Efl) that (K(x, ),
g) = g(x); that is, the reproducing property holds.

2.2. The Uniform Convexity. In this subsection, we focus
on some notions in convex analysis and Banach geometry
theory.

Let F(f): 8 — R be a convex function. Then,

OF (f)={¢e B F(f)-F(f)

> (f' = f,&am Vf € B #¢.

We call OF(f) the subdifferential of F(f) at f € B.If& €
OF(f), then, we call £ a subgradient of F at f.

(12)
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A well-known result is that f,, is a minimal value point of
a convex function F(f) on & if and only if 0 € OF(f,) (see
[9D).

A Banach space & is called g-uniform convex if there
are constants g > 0, ¢ > 0 such that the modulus defined

by

8@ ()

<ot (1- V0o g, =1 ol =),

e €(0,2]
(13)

satisfies 84 (e) > ce?. In particular, any Hilbert spaces are 2-
uniform convex Banach spaces.

Define ]q(f)@ = a((l/q)||f||(;3). Then, by (28) in
Corollary 1 of [10] we know & is g-uniform convex if and
only if there is a positive constant ¢, > 0 such that for all f,
g € $Bandall j,(f) € J,(f)g there holds

H{ PR RO NS PRI TRV
Vf,ge3B.

In [11-14] we know that, for a given 1 < p < +00, the
space [, the Lebesgue spaces L, and the Sobolev space WI:"

U
are max{2, p}-uniform convex. Also, let .95’%’) and %g) be
!
defined asin Section 2.1. Then, by the fact that 95;? and 1% are
isometric isomorphisms, we know 95’55) is 2-uniform convex
if p > 2 and p'-uniform convex if 1 < p < 2. Therefore, we

know @g) is a g-uniform convex Banach space, where g is 2
if p>2anditsvalueis p/(p—-1)if 1 < p<2.

2.3. Main Results. Let S be a distance space and # > 0. The
covering number J/(S,#) is defined to be the minimal pos-
itive integer number [ such that there exists [ disk in S with
radius # covering S.

We say a compact subset E inadistance space (%, | - |l.z)
has logarithmic complexity exponent s > 0 if there is a
constant ¢, > 0 such that the closed ball of radius R centered
at origin, that is, By = {f € E : || fl 4 < R}, satisfies

log V' (B, 1) < CS<B> , Vn>o0. (15)
n

Now we are in a position to present the main results of
this paper.

Theorem 3. Let B be an RKBS with g-uniform convexity and
a reproducing kernel K (-, x) which is uniform continuous on X
in terms of the norm || - || g+, that is, |K(-, x)|l5+. IK(, x)|| 5+
is a uniform continuous function on X, and there is a constant
k > 0 such that |K(-, x)|z+ < k holds for all x € X. Let f,

be the unique minimizer of scheme (1). If f,, € L*(py), then for

any € > 0 there holds
A
L*(px) Ske+ \/Dq (fp’ a))

PrObzeZ’" (”fz - fp

)cheqfl
>1-2/4 B, (16)
8 Yq
mA2c2eXaV
q
X eXp <_' 2.2 > >
32 k Vs

where
. 2
D, (fpA) = inf (I = Fllsgy + MAS) @7
is a K-functional, y, := M + k(q Dy(f,» A/q)/)"/* and

By ={f (x): f € B|f|lg =<1} (18)

The covering number involved in (16) has been studied
widely (see [15-19]). In this paper, we assume /' (B, ) has
the logarithmic complexity.

Theorem 4. Under the conditions of Theorem 3, if f,, € L*(py)
and (B, || - | 5) has logarithmic complexity with exponent s >

0, then for any § € (0, 1), with confidence 1 — J, there holds

"fz - fp L*(py)

2 1/2(g-1)
e [ < 64y2 log (2/0) )

2.2
mA ¢

245 2+s 1/(2+s)(g-1)
(¥ s
m/\2+sC2+s
q
A
+4/D (f,—),
\/ q P q

where ¢, is defined in (15).

(19)

We now give some remarks on Theorems 3 and 4.

(i) In Theorem 3, we require that the kernel K(x, y) is
uniform continuous and uniform bounded on X. In
fact, a large class of real bivariate functions satis-
fies these conditions. For example, if the function
sequence {¢;(x)}/ defined in Example 1 is uni-
formly bounded, thatis, |¢,(x)| < 1 holdsforall I and
all x € [a,b], then, kernel K(x, y) is continuous on
[a,b] x [a, b] which turns out that K(x, y) is uniform
continuous on [a,b] x [a,b]. Therefore, |[K(x, y)| <

5 A; < 1shows that K(x, y) is uniform continuous
and bounded with norm | - || (o)

(ii) By the definition of y,, we know that if D,(f,,A) =

O0¥), 0 < B <1, then, y, = M+ O(gA*™))"™. Ttis
bounded if = 1.



(iii) If & is a reproducing kernel Hilbert space, then, g =
2, ¢, = 1. Moreover, if D,(f,,A) = 0(\f), 0 < B <
1, then, we have by (19) that

£~ % L2(py)

1/2 1/(2+s)
:O[<log(2/8)> +(—1 ) +Aﬁ/2].
mASB MACHIG-P)/2

(20)

(iv) We can show a way of bounding the decay rates
of Dy(f,,A) for 1 < p < 2. Let f € LP(p). Then,
we have the following Fourier expansion:

F@)~Ya(f)ex). (21)
par

Define an operator sequence by

V, (fix)= Z)‘lal (Ne(x), xeX (22)
=0

Then, for a given positive integer n we have

a(V,(f) = May(f) and

<§MOWﬂW>

(0
(

IV, (Dl

’ ! I/P,
/\f _1|a1 (f)|p >

v

(23)

’

N
1-(1
maxh, ”"’)(Zlaz(f)l”)
1=0

_ !
< (ma )17l

0<i<n

where we have used the generalized Bessel inequality
(see [20]):

+00 , I/P,
<Z|az(f)|P> <1 F )y (24)

=0

Also,

a (V,(f ‘11 (K( )

) = Z

n

Z (e (y) =V, (fy).

1=0

V. (f),K(:
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By (25) and (23) we know V,,(f) € &Y holds for all
positive integers #n and, in this case,

(fp’ ) ( ) fP"Lz(pX)+A||V fo “@“’

<. (£,)- 5,

(px) (26)

—_ ! q
+A(max)t; (1/p)> ”f"LP(p)'

0<l<n

One can choose suitable 7 such that it depends upon
the sample number m and obtain the decay rates
when m — +o0o. There are many choices for the
type of operator (22). For example, the Bernstein-
Durrmeyer operators (see, e.g., [21-23]) and the de
la Vallée-Poussin sum operators are such types (see
[24]). This method was first provided by [25] and was
extended in [26, 27].

(v) We know from [19] that the RKHSs with logarith-
mic complexity with exponents > 0 exist. By
Corollary 4.1 and Theorem 2.1 of [16] we know that
if A; satisfy A; ~ 1/(1 +1)%, a > 1, then, the covering
number of 95’%) may attain the decay of complexity
exponent. In a recent paper (see [28]), Guntuboyina
and Sen showed that the set of all convex functions
defined on [a,b]” that are uniform bounded has
the logarithmic complexity exponent d/2 in the L ,-
metric.

3. Robustness

Robustness is a quantitative description of the solutions on
the distributions.

Define the p-control integral regularized model corre-
sponding to (1) by

O e g i
70 = agmin (8, (D + 2L ). @)

where %’P( f) is defined in (3). Then, f ) is influenced by
the distributions p. For any bounded p-measurable function
f(x,y) on Z, we define the empirical measure y,(x, y) as
follows:

B 7 on]= [ £l = L3 flxon). @9

Then, f, = f7). We give the following theorem.

Theorem 5. Let B be an RKBS with g-uniform convexity and
the reproducing kernel K(x, y), and let f* and f be the
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solutions of scheme (27) with respect to distributions p and
y, respectively. Then,

" £ _ "%

(2
< | — X
/\cq

| =7 )k 0 dp

1/(g-1)

- ke )
Z RB*

(29)

where c, is the constant defined in (14).

Theorem 5 shows how p influences the unique solution

f(P)

To prove Theorem 5, we need the following lemmas.

Lemma 6. Under the conditions of Theorem 5, there holds

08, (f) - 2| - fenKeDdp} foem,
60)

where the point - in K(:, x) means K(-,x) € B for any x € X.

Proof. We restate the following statement.

Let (%, - ll5) be a Banach space, F(f) : B — R
(J{F oo} be areal function. We say F is Gateaux differentiable
at f, € Bifthereisan & € B* such that for any g € % there
holds

L FUfr9)=F(f)

t—0 t

=(9:8) @ (1)

and write Fé( fo) = & By [29] we know that if F is convex on
% and is Gateaux differentiable at f;, € %, then, OF(f,) =

{F&(fo))-
By equality
xz—y2:2y (x—y)+(x—y)2, x,y €R, (32)
we have for any g(x) = (g, K(-, x)) 5 € 9B that

m%p (f0+tg) - gp(fO)

li
t—0 t
= lim -[Z (y B f() (x) B tg (‘x))zdp - JZ (}’ - fO (x))zdp
t—0 t
i 2 I, (= fo) g dp+t [, glx)’dp
t—0 t

= —ZJ (y- fo(x) g(x)dp
7

{92 JZ (y - fo () K (%) dp>9§.
(33)

Since &,(f) isa convex function on %, we know (30) holds.
O

Lemma 7. Take ]q(f) = a((l/q)llfllgg). Then, under the con-
ditions of Theorem 5, there hold the following.

(i) There exists uniquely a minimizer f° of the problem
(27) and

1/q
o, = (e <fw*/q>) B
A

(ii) Thereisa j,(f*) € J,(f?) such that
Ay (1) =2 L (=P @)Kexdp.  (39)

Proof. The uniqueness of the minimizer can be obtained by
the fact that (27) is a strict convex optimization problem. By
the definition of £, we have

A A
7l = 21+ 5, (1) - 5, (£)

-0 11)

We then have (34). O

(36)

Proof of (35). Since f(P) is the unique solution of (27), we
have

A
vea (i) e

Notice that both &,( f)and | f ||?% are convex functions
about f on 9. We have

o (5,()+ 21718

f= f(P)

=0, (5, ).+ 0y (2112

(38)

f=f(p) ’
By (30), we know that (37) leads to

02| (-7 @)K Cxdp}+ 1, (7). 39

Therefore, there is j,(f*) € J,(f*) such that (35) holds.
O

Lemma 8. Let B be an RKBS satisfying the conditions of
Theorem 3. Then,

|f G < K| fll
Proof. The reproducing property and (16) give

|f )l = (AR C2) gl < [ fllg X IK G20l (4D)
Then, the fact |K(-, x)|l5+ < k gives (40). O

xeX, feR (40)



Lemma 9. Let K(x, y) be the reproducing kernel of 98, and
K(-, x) is uniform continuous about x on X in norm | - || 5+,
R > 0 be a given real number. Then, the ball By = {f € B :
I fllg < R} is a compact subset of C(X).

Proof. Since X is a compact distance space, so is X x X.
Since K (-, x) is uniform continuous about x in norm || - || 5+,
we know that for any € > 0 there is a § > 0 such that for
all x,x' € X with d(x,x') < 8, we have

|KCx) = K2, <€ (42)
and for any f € By holds

|f @)= £ ()]
= (K G0) g = (LK (2
=[(fK G0 -K(5x)) ]
<Al x K €2 - K (")
By (43), we know that 3By is a closed, bounded, and

equicontinuous set. Therefore, 9B, is a compact set of
C(X). O

))al

(43)

< Re.

B*

Proof of Theorem 5. By the definition of 0&,,(f ) and (30)
we know

%y (f()’)) _ g]} (f(P))
> <f(Y) _ f(P), ) jZ (y _ f(P) (x)) K(,x) d)/>@

(44)

Also, by (44) and the definitions of £ and £ we have
(JZ Y- P 0 dy + A “fm"%)
< ~ £ () Pyt “f(p)"ué’)
=8, (f(y)) -
W _ £p) _ _ £ .
22( 0= 1= | (y= 17 ) K dy)

A
(- 1771

Since AB is g-uniform convex, we have by (14) and the
definition of j,(f*') that

UL - 171) = €

) S -1L) @

f(y) f p)’jq (f(P))>3g
(46)

ol =L,
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Combining (46) with (45), we have

0z ([ (=1 w)ar 2
2 A
~([,o- s w)ars 2,
S 2<f<p> _ (0, L (y- 1% () K () dy>%
+ A<f(}’) _ f(P))jq (f(P))>@

el

(35) 2<f<p> _f(w’L (y- 1 () K () dy>$ (47)
_ 2<f<p> _ (0, L (y- 7% () K () dp>%
el -5,

=2([, (=17 @)K dy
_ _ £ . ) _ £
|, 6= )k (21 dp. £ )

el - 7o

It follows that

A TR
) _ £(p) _ (p) .
<2 (s fp,L(y £9(0))K (%) dy

—L(y—f”W@)Kuxﬁw>%

<2 (48)
<[ =12 )k
J (y- P @)K X)dYH
We then have (29). O

4. Sample Error

We give the following sample error bounds.
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Theorem 10. Let 9 be an RKBS satisfying the conditions of

Theorem 3. f*) is the solution of scheme (27) with respect to p
and f, is the solution of (1). Then, for all € > 0 there hold

probcn {1 1], <}

Ac,el™! mA2c2eXa D)
SR [ i P il o
8 32yq

(49)

where

F={h@ [ f € B|fly < Llklay < 7.} GO)

To show Theorem 10, we first give a lemma.

Lemma 11 (see [15]). Let F be a family of functions from a
probability space Z to R and d(-,-) a distance on F. Let U C
Z be of full measure and constants B, L > 0 such that

(i) I€(z)| < B forallt € F andallz € U,

(ii) |L (&) - L (&) < Ld(&,,&,) forallE,, &, € F and all

z € U™, where

L®- | te

- —Zf (z). (51)

Then, for all € > 0,

Prob,.,m {sup |L, (§)| <ef >1 —/V(FF,£>
teF 2L

x2e p( m62>
xpl| == |-
8B?

Proof of Theorem 10. Take y =, into (29). Then,

(52)

|77~ £l

(2
<| — X
Acq

[, =72 )k 0 dp

)1/(q1)
B

(53)

1o
_m(

1

~ P (%)) K (2 %)

N
—_

By (7) and the reproducing property, we have

“ L (y- 9 ) K (,x)dp

f(p) (x 1)) K(-x;)

RB*

= sup
(P

<f’ L (y- P @)K (x)dp

L3 i )

i=1

L (y=FP ) (LK 0) gdp

= sup
1712

LS (19 () (K (o)

i=1

= sup
171l 5<1

JZ (y- P @) fx)dp

f(p) (xi)) f (Xi) .

1 m
—;;(J’i—

(54)
Since

(7= £ 0)| < ¥+ [ ()]

1/q (55)
B EAAT)

and (40), we have

“L (y- P @)K dp

“Y 0 (56)

mz:l

~ () K (- x;)

< sup
feF

| r@dp- Y1)

Define

L=, f@dp- Y@, 67



Then,
L. (f1) - L. (H)

<||, @ - nena
Lo (58)
+ ;Z |f1 (z:) - f, (zi)l

£ 2”f1 - fz“c(z)'

By (52), we have for all € > 0 that

2
PrObZGZ"‘ {SUP |LZ (f)| > 6} < 2./V<F/7, §>exp <_£> .

feF 8’/2
(59)
By (53), (56), and (59), we know
&"f(ﬂ) _ f ||q_1 < sup J, f(Z) dp _ lif (z) , (60)
2 E T few |)z m&T
which gives
Ac -1
m 4 c(p) 1
{zez =TTy }
(61)
C <|zeZm ssup |L, (f)] 26]».
feF
It follows that
Ac -1
]| £(p) 1
prob.cse {5217 - 1]} 2 ¢}
< PrOszZ"‘ {Sup |Lz (f)' 2 6} (62)
feF

2
< 2/1/(97, 5>exp LI
4 8y2

That is,

PI’ObZEzm {"f(p) - fz”g,g 2 6}

Ac, el mA2c2e? @V (63)
<o 0 Nexp ——21 ).
8 32y;

We then have (49). O

5. Learning Rates

Proof of Theorem 3. We know from [30] that for any f €
Lz(pX) there holds

I = Sl =8 (D-5,(5). (69

Abstract and Applied Analysis

Since X is a compact set, we have by (40) that | f1|. o) S
Kkl f1l - Therefore,

fz_fp

L? (Px)

U= 1l 80 )+ 210 -5, (1)

fe%

A
s%@-ﬂw@+¢ﬁ(W—4M%ﬂ+ﬂﬂ@)

A
g o (52)
(65)

By (65) we have

A
%(“fz _fP L%(px) - \/Dq (fp’g)) < 'lfz _f(p)”‘%’ (66)

which gives forany 4 > 0 that

) R
{z A %("fz _fP Roy) \]Dq <f”’5>) i h}

c{zeZm:||fZ—f(P)'|$>h}.

(67)

By (49) and above inequality we have

1 NS
Prob, ¢ m {E (”fz - fp L(py) \]Dq (fp’ E)) > h]»

S

Ac hi! mA2c2 k2
<o (70 Nep —
8 322

(68)

or

A
Do S KR T \/Dq (f"’ E)}

Ac b mA2 22t
>1-2/4( F, — X exp — ).
8 32y}

Prob, ¢z {"fz - fp

(69)

Since # C %,, we know

/\cqhq_1 )thhq_l
o\ F =) < B, . (70)

8

By (69) and above inequality we have (16). O

To show Theorem 4, we need two lemmas.
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Lemma 12 (see [31]). Let ¢; >0, ¢, >0 andu >t > 0. Then,
the equation

x—gx' -6 =0 (71)
has a unique positive zero x*. In addition,

x" < max {(261)1/(u_t), (2@)””} . (72)

Proof of Theorem 4. Since (4, | - | 5) has logarithmic com-
plexity exponent s > 0, we have by (15) a constant ¢, > 0 such

that
A bt 8y, \'
q q
10g./V<931, 5 ) < CS(Acqe‘ﬂ) . (73)

Then, by (16) we have

v < ket Dy (£ 1)}

8Y, § m)tzc;ez(q"l)
>1-2exp| ¢ et | 5 .
€ 32y,

Take

8 S omAl2eah
2exp| ¢ Yq_ - 1 =4. (75
"\ Aget! 32y;

Then,

PrObzeZ"‘ {"fz - fp
(74)

32)/; log (2/6)

2.2
mA ¢

32y;cs 8%, \ 0
T\, ) T
q q

By Lemma 12, we know that the unique solution ¢* of
(75) satisfies

) 642 log (2/0) 2D
€ < max —_— 5
m)tchz

1/(2+s)(g-1)
2.2
mA o /\cq

6(2+s)(q—1) _ €S(q—1)

(76)

(77)
3 < 64)/; log (2/8) >1/2(q1)
- mA*c]
. ( 82+sy;+scs )1/(2+S)(q1).
m AZHC;H
By (74) and (77), we have (19). O
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