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We examine the relationships between lower exhausters, quasidifferentiability (in the Demyanov and Rubinov sense), and optimal
control for switching systems. Firstly, we get necessary optimality condition for the optimal control problem for switching system
in terms of lower exhausters. Then, by using relationships between lower exhausters and quasidifferentiability, we obtain necessary
optimality condition in the case that the minimization functional satisfies quasidifferentiability condition.

1. Introduction

A switched system is a particular kind of hybrid system that
consists of several subsystems and a switching law specifying
the active subsystem at each time instant. There are some
articles which are dedicated to switching system [1-8]. Exam-
ples of switched systems can be found in chemical processes,
automotive systems, and electrical circuit systems, and so

forth.
Regarding the necessary optimality conditions for switch-

ing system in the smooth cost functional, it can be found in
(1, 4, 6]. The more information connection between quasidif-
ferential, exhausters and Hadamard differential are in [8-10].
Concerning the necessary optimality conditions for discrete
switching system is in [5], and switching system with
Frechet subdifferentiable cost functional is in [3]. This paper
addresses the role exhausters and quasi-differentiability in the
switching control problem. This paper is also extension of the
results in the paper [5] (additional conditions are switch-
ing points unknown, and minimization functional is nons-
mooth) in the case of first optimality condition. The rest of
this paper is organized as follows. Section 2 contains some
preliminaries, definitions, and theorems. Section 3 contains
problem formulations and necessary optimality conditions
for switching optimal control problem in the terms of
exhausters. Then, the main theorem in Section 3 is extended
to the case in which minimizing function is quasidifferen-
tiable.

2. Some Preliminaries of Non-Smooth Analysis

Let us begin with basic constructions of the directional
derivative (or its generalization) used in the sequel. Let f :
X — R, X c R"bean open set. The function f is called Had-
amard upper (lower) derivative of the function f at the point
x € X in the direction g € X if there exist limit such that

. 1
lim sup — [f (x +ag) - f (x)],
[o,g] — [+0,9] &

fir =
@

(fhe= Jiminf L1r(xrag)- s co1),

[a,g] = [+0.9] ¢

where [«, g] — [+0, g] meansthata — +0andg — g.
Note that limits in (1) always exist, but there are not nec-
essary finite. This derivative is positively homogeneous func-
tions of direction. The Gateaux upper (lower) subdifferential
of the function f ata point x, € X can be defined as follows:
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is called, respectively, the upper (lower) Frechet subdifferen-
tial of the function f at the point x,,.

Asobservedin [9,10],if f isa quasidifferentiable function
then its directional derivative at a point x is represented as

! .
Xx,g)= max (v,g)+ min (w,g),
f(x9) V@(X)( 9) weaﬂx)( 9) (4)

where 0 f(x),df(x) C R" are convex compact sets. From the
last relation, we can easily reduce that

(v, 9).
(5)

(v,g) = max max

F(g)= min  max ;
veof(x) wev+0 f(x)

weéf(x) vew+0 f(x)

This means that for the function h(g) = f'(x,g) the upper
and lower exhausters can be described in the following way:

E” :{C:w+Qf(x)|weéf(x)},
(6)
E,={C=v+0f(x)|vedf (x)}.

It is clear that the Frechet upper subdifferential can be
expressed with the Hadamard upper derivative in the follow-
ing way; see [9, Lemma 3.2]:

O f (xo) = a;fITI (%0, 0,) - )
Theorem 1. Let E, be lower exhausters of the positively homo-
geneous function h : R" — R. Then, (\ocp. C = 9"h(0,),

where 0" h is the Frechet upper subdifferential of the h at 0,,, and
for the positively homogeneous function h : R — R the Fre-
chet superdifferential at the point zero follows

0'h(0,)={veR"|h(x)-(»x)<0,x eR"}. (8)

Proof. Take any v, € (o, C. Then by using definition an
lower exhausters we can write

Vo (x) 2 h(x), VxeR'= ﬂCC5+h(OH). ©)

CCE,
Consider now any v, € 0"h(0,) =
vy (x) = h(x). (10)

Let us consider vy ¢ [ccp, C. Then, there exists C, € E*
where v, ¢ C,. Then, by separation theorem, there exists x,, €
R" such that

(0, vo) < max (x5, v) < 1 (). (1)
It is conducts (3) and v, € C for every C € E* and due to
arbitrary. This means that v, € ()ocz C. The proof of the
theorem is complete. O
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Lemma 2. The Frechet upper and Gateaux lower subdifferen-
tials of a positively homogeneous function at zero coincide.

Proof. Leth : R" — R be a positively homogenous function.
It is not difficult to observe that every g € R" and every ¢ > 0:

h(0, +tg) ~h(0,) _ th(g)
t t

=h(g). (12)

Hence, the Gateaux lower subdifferential of / at 0,, takes the
forms

oh(0,)={veR"|h(g)<(v,g),YgeR"} (13)

which coincides with the representation of the Frechet upper
subdifferential of the positively homogenous function (see
(11, Proposition 1.9]). [

3. Problem Formulation and Necessary
Optimality Condition

Let investigating object be described by the differential equa-
tion

te[tente]s

K=12,...,N

i (1) = fe (e (), ug (0),1),
(14)

with initial condition

x1 (to) = Xo, (15)
and the phase constraints at the end of the interval

Fi (xy(ty) ty) =0, K=12,...,N (16)
and switching conditions on switching points (the conditions
which determine that at the switching points the phase trajec-
tories must be connected to each other by some relations):

X1 (F) = Mg (xg (tx) ), K=1,2,...,N-1. (17)

The goal of this paper is to minimize the following functional:

N
Sy sttty sty) = Zq)K(xK(tK))

K=1

JAY
+ZJ L(xK(t)suK(t),t)dt
K=1 “tk-1

(18)

with the conditions (14)-(16). Namely, it is required to find the
controls u;,u,, ..., uy, switching points ¢,,t,,...,ty_;, and
the end point ¢y (heret,,t,,. .., ty are not fixed) with the cor-
responding state x;, x,, . .. , X satisfying (14)-(16) so that the
functional J(uy,...,up,ty,...,ty) in (18) is minimized. We
will derive necessary conditions for the nonsmooth version
of these problems (by using the Frechet superdifferential and
exhausters, quasidifferentiable in the Demyanov and Rubinov
sense).
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Here fx : R x R" x R" — R", Mg and Fy are con-
tinuous, at least continuously partially differentiable vector-
valued functions with respect to their variables, L : R” x R" x
R — R are continuous and have continuous partial deriva-
tive with respect to their variables, ¢, (-) has Frechet upper
subdifferentiable (superdifferentiable) at a point X () and
positively homogeneous functional, and wuy(t) R —
Ux < R are controls. The sets Uy are assumed to be
nonempty and open. Here (16) is switching conditions. If we
denote this as follows: 0 = (t,,t,,...,t5), x(£) = (x,(t),
X (1), xn(1), u(t) = (u(t), uy(t), ..., upn(t)), then it is
convenient to say that the aim of this paper is to find the triple
(x(t), u(t), 0) which solves problem (14)-(18). This triple will
be called optimal control for the problem (14)-(18). At first we
assume that ¢, () is the Hadamar upper differentiable at the
point Xy (tg) in the direction of zero. Then, @ (-) is upper sem-
icontinuous, and it has an exhaustive family of lower concave
approximations of ¢y ().

Theorem 3 (Necessary optimality condition in terms of lower

exhauster). Let (EK(-),EK(-),é) be an optimal solution to the
control problem (14)-(18). Then, for every element xy from
intersection of the subsets Cy of the lower exhauster E, y of

the functional gy (X (t)), that is, xx € (¢ ez, Cio K = 1,

s> N, there exist vector functions py(t), K = 1,..., N for
which the following necessary optimality condition holds:
(i) State equation:
- OH (Xi (1), ug (1), pr () 5t -
% () = k (% k t), Pk )) € [Fxr e
opx
(19)
(ii) Costate equation:
~ OHy (X (), ug (), pr () >t -
B (t) = k (% aK Pk )’ fe [T iels
XK
(20)
(iii) At the switching points, t|,t,,...,En_1s
ey = OM (e (B E)
- tx)— t =0,
X = P (tx) = Preas () Ixx 21
K=12...,N-1
(iv) Minimality condition:
Hy (Xg () g (8) , U (8) + Suge (1) 5 1)
2 Hy (X (1), Py (), i () £), (22)

for all admissible Suy, t € [tx_;,tx]s

(v) At the end point ty,

o . Y OF (% (En) .1
pN(tN):xN-'-Z/\K 4 I;x(NN) N)’

K=1

3
&, OF (Ry (By), tN))
A é
(KZI K dty LN
1 (NS OM (g (Ex) S Ex)
_N<ZPK+1 (tx) —= (—I;tKK = (1-6,n) =0,
K=1
(23)
here
1, L=N,
= L=12,...,N 24
Oy {o, L#N, (24)

is a Kronecker symbol, Hy(xg, Uk, px>t) = Lx(xg»
U, prot) + pr - fr(xi i, prot), is a Hamilton-
Pontryagin function, E, - is lower exhauster of the
functional @i (xk(tg)), Ax, K = 1,..., N are the vec-
tors, and p(-) is defined by the conditions (ii) and (iii)
in the process of the proof of the theorem, later.

Proof. Firstly, we will try to reduce optimal control problem
(14)-(18) with nonsmooth cost functional to the optimal con-
trol problem with smooth minimization functional. In this
way, we will use some useful theorems in [12, 13]. Let us note
that smooth variational descriptions of Frechet normals the-
orem in [12, Theorem 1.30] and its subdifferential counterpart
[12, Theorem 1.88] provide important variational descriptions
of Frechet subgradients of nonsmooth functions in terms of
smooth supports. To prove the theorem, take any elements
from intersection of the subset of the exhauster, x € [ Cx,
where Cy € E, g, K = 1,2,..., N. Then by using Theorem 1,
we can write that x € 0" @i (X (tx)). Then, apply the vari-
ational description in [12, Theorem 1.88] to the subgradients
—x} € 0" (—px (X (tx))). In this way, we find functions s :
X — RforK =1,2,..., N satistying the relations

s (% (1)) = o (x5 (1))
(25)

sk (Xk (tx)) = ¢ (¥ () »

in some neighborhood of Xy (tx), and such that each sg(-)
is continuously differentiable at X (tx) with Vs (X (stx)) =
X, K = 1,2,...,N. It is easy to check that Xxy(-) is a local
solution to the following optimization problem of type (14)-
(18) but with cost continuously differentiable around x(-).
This means that we deduce the optimal control problem (14)-
(18) with the nonsmooth cost functional to the smooth cost
functional data:

minS (g, ..., un, by - e Ey)
= ZsK (s (tx)) + Z L (x (£), ug (£) ,t) dt,
K-1
(26)
taking into account that
Vsg (%g (fx)) = xx» K =1,2,...,N. (27)



We use multipliers to adjoint to constraints Xg(f) —

fK(xK(t)>uK(t)at) = O>t € [tk—l’tk]’K = 1,2,...,N and
Fe(xn(tn)in) = 0,K = 1,2,..., N to :
N N
J = ZSK (xx (tx)) + Z/\kFK (xn (tn) s tN)
K=1 K=1
S [ r (28)
# [7 (Lle@me@.0)+ pE
K=1 "tk

x (fi (e (0, ug (1) 1) = % () )

by introducing the Lagrange multipliers p,(t), p,(t),...,
pn(t). In the following, we will find it convenient to
use the function Hy, called the Hamiltonian, defined
as Hp(xg@), p(®), ug(),t) = Li(xg(t),ug(t),t) +
Pr(®) fr(xg, ug, t) for t € [tx_,,tx]. Using this notation, we
can write the Lagrange functional as

J = Z s (xx (tx)) + Z, AFy (x (ty) s )

+zj

tr-1

(Hy (x (£, pic (B) s ugc () £)— pyeit (D)) dt.

(29)

Assume {X,, 1;, 0} is optimal control. To determine the vari-
ation 8J', we introduce the variation 8xy, Su, Spg, and 8t .
From the calculus of variations, we can obtain that the first
variation of J' as

o = IZ\I: Osy (X (ZK))(SxK (tK)

= Oxg

N F. (% ry ’_
N ZAKa K(ng (tn)>tn) o (Ey)
XN

N OF (xy (ty) .1
+ZAK K(xN(N) K)&N

oty

+
Mz

OHy (X (t) T (t), Dy (1) 5t
J’tKl K (% (), 1 (), Py (1) )8xK(t)

Oxg

=
L

Suy

J'tK OHy (X (1), tig (), Py (£) 5 )

Oug

+
M=z

=
L

K-1

Jf OH (Xk (1), g (), Py (t) »1)
31 apK

+
Mz

Opk

=
X

Nty
ZJ (pK (t) 8x (t) + Xy () Spy (1)) dit

K=1Jtk-

+ high order terms.
(30)
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If we follow the steps in [3, pages 5-7] then, the first variation
of the functional takes the following form:

0s (Xy (tn))

5]I — Nz_:lwsxK (tK) + i Oxp (tN)

= Oxg

& 3 OF (X (tn)tx)

+ Sxy (ty)
Z K Oxn NN
OF (xy (ty),t
Y A K (ngt( N) N)&N
N

Jt’( OHy (g, X, Pyot)
t auK

7%
J OHy (tig (8), X (1), P (1), 1)
tg1 FK

+

+
EMz ™Mz Tz

dpk

Z

(tx) Oxx (tx) = Py (tn) Oxn ()

|
Nk
|
=

B

OMy (3 (tx) - txc)

P (Ex) Oxg Sx (tx)

v

z
L
I
S
=
—
=
=~
—
~
=~
~
~
=
~—

— D t ot
KZIPKH (tx) dtx K
N
= ) Px (8) Oy (t¢)
k=1
_ & oo (Xi (t)) — -
-3 (Bl 5 g
_ _ OMy (%x (Ex) t _
= P (k) %) dxy (tx)

T OF (Xy (tn) - tn)
Oxy =3 oxy

+<B‘PN (X (tn)) + <

~Pn(ty) ) Sxy (ty)

[ v, 9Fk(*y(tn)tn)
+ Z [(ZAK aZN >6L,N

RS aMK (xK (tK) )
(S 0 )

K=1

x(1-68.) ] 8ty

< [« aHK (EK (t) >§K (t) rﬁK (t) > t) -
+ ZIJ ( o ~ e (t)) S

N (& OHy (g (t), Py (t) , ug (£) 1)

)

' KZ:I J;K—1 auK uK

Nt OHy (X (£), Py () Uk (£) 1) - >

— Xk () | Opk.

' KZ=1 J‘tKZl < apK xK( ) Pk

(31
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The latter sum is known because

OHy (Xk (1), 4 (1), P (1) 1) _
opx
and it is easy to check that

Xk (1), (32)

S OF (% (Ey),Ex)
ZAK—

ot
Oty N

= oMy (Xx (tx) -t
_Z +1(K) K(gt(K) K)(StK
K

_ i [( i 3, O (i () ) ) - 5

1 ( S b, () 2 e ) ,EK>>

= Ot

x(1-0; ) ] 8t

If the state equations (14) are satisfied, py is selected so that
coeflicient of §x;, and &ty is identically zero. Thus, we have

(SSI _ A’il J‘tK aHK (EK (t) ’FK (t) ,ﬁK (f) N t) 6uK
K=1 Ytk auK (34)
+ high order terms.
The integrand is the first-order approximation to the change
in Hy caused by

T
Suy (t)

OH (X (1), Py (1), g (1) 5 1)
[ dux Suyg

_ _ _ (35)
= Hy (X (1), Py (), Uik (1) + Suye (1) ,1)

— Hy (X (t), py (0) g (£) ,1) .

Therefore,
N-1 tx
65'= Y L [Hy (Fx (1) B () T (8) + Suge (1) 1)
K=1 “*Kk-1

—Hy (% (t), Py (8) T (£) 1) ] S (1)

+ high order terms.
(36)

If g + Oug is in a sufficiently small neighborhood of iy
then the high-order terms are small and the integral in last
equation dominates the expression of 8S'. Thus, for 7 to be
a minimizing control it is necessary that

N-1

5% o
Z J [Hy (Xk» Pi> i + Oug,t)
K=1 “tk-1 (37)

~Hy (X P> oo t) ] Suge 2 0

for all admissible duy. We assert that in order for the last
inequality to be satisfied for all admissible §uy in the specified
neighborhood, it is necessary that Hy (X, py» U + Oug, t) >
Hy(Xg, Py ig»t) for all admissible duy and for all t €
[tx_1> tx]. To show this, consider the control

_juk @), te
Aty = {aK(t)+8uK(t), te

[tr-1otx]

38
[tr-1otx] s 8

where t € [tg_;, k] is an arbitrarily small, but nonzero time
interval and duy are admissible control variations. After this,
if we consider proof description of the maximum principle in
[4], we can come to the last inequality.

According to the fundamental theorem of the calculus
of the variation, at the extremal point the first variation of
the functional must be zero, that is, 8]’ = 0. Setting to
zero, the coefficients of the independent increments 8x (£ ),
Ox g (tg)dx, Suyg and 8py, and taking into account that

Vsk (% (tx)) = xx» K=1,2,...,N, (39)
yield the necessary optimality conditions (i)-(v) in Theo-
rem 3.

This completes the proof of the theorem. O

Theorem 4 (Necessary optimality conditions for switching
optimal control system in terms of Quasidiffereniability). Let
the minimization functional @i (-) be positively homogenous,
quasidifferentiable at a point X (-), and let (EK(-),EK(-),E) be
an optimal solution to the control problem (14)-(18). Then,
there exist vector functions pi(t), K = 1,..., N, and there exist
convex compact and bounded set M(@k(-)), in which for any
elements xy, € M(@g(-)), the necessary optimality conditions
(i)-(v) in Theorem 3 are satisfied.

Proof. Let minimization functional ¢@g(-) be positively
homogenous and quasidifferentiable at a point X (tx). Then,
there exist totally bounded lower exhausters E,,  for the g (+)
[9, Theorem 4]. Let us make the substitution M(¢pg(:)) =

E, ; take any element xp € M(¢@k(-)), then xi € E,  also,
and if we follow the proof description and result in Theorem 3
in the current paper, we can prove Theorem 4. If we use the
relationship between the Gateaux upper subdifferential and
Dini upper derivative [9, Lemma 3.6], substitute hg(g) =
¢x.(Xk(tg), ), then we can write the following corollary
(here gy (X (tx), g is the Hadamard upper derivative of the
minimizing functional @y (-) in the direction g). O

Corollary 5. Let the minimization functional @g(-) be posi-
tively homogenous, and let the Dini upper differentiable at a
point xy(tx) and (ug(-), Xk (-),0) be an optimal solution to
the control problem (14)-(18). Then for any elements xy €
0ghk(0,,), there exist vector functions py(t), K = 1,...,N in
which the necessary optimality conditions (i)-(v) in the Theo-
rem 3 hold.

Proof. Let us take any element xy € d-hg(0,). Then by using
the lemma in [9, Lemma 3.8] we can write x; € 0phg(0,).
Next, if we use the lemma in [9, Lemma 3.2], then we can put



Xp € Op@r (X (tx)). Atleast, if we follow Theorem 1 (relation-
ship between upper Frechet subdifferential and exhausters)
and Theorem 3 (necessary optimality condition in terms of
exhausters) in the current paper, we can prove the result of
Corollary 5. O
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