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We introduced a viscosity iterative scheme for approximating the common zero of two accretive operators in a strictly convex
Banach space which has a uniformly Géateaux differentiable norm. Some strong convergence theorems are proved, which improve

and extend the results of Ceng et al. (2009) and some others.

1. Introduction and Preliminaries

Let E be a real Banach space, C a nonempty closed convex
subset of E, and T : C — C a mapping. Recall that T is
nonexpansive if [Tx — Ty|| < [lx — yll, forall x,y € C. A
point x € C is a fixed point of T provided that Tx = x.
Denote by F(T) the set of fixed points of T} that is, F(T) =
{x € C, Tx = x}. Throughout this paper, we assume that
T is a nonexpansive mapping such that F(T) # @. Recall that
a self-mapping f : C — C is a contraction on C if there
exists a constant &« € (0,1) such that || f(x) — f(WI <
allx — yl, forall x,y € C.Let 2, = {f : C — C |
f is a contraction with constant «}. The normalized duality
mapping J from E into 2F s given by J(x) = {f € E* :
(x, f) = Ixl? = ||f||2}, x € E, where E* denotes the dual
space of E and (-, -) denotes the generalized duality pairing.

A Banach space E is said to be strictly convex if ||[(x +
y)/2]l < 1,forall x#y € E with |lx|| = [yl = 1. It is said
to be uniformly convex if lim, _, llx, — y,I = 0, for any
two sequences {x,}, {y,} in E such that ||lx|| = |y| = 1 and
lim, _, o (lx, + ,1/2) = 1.

The norm of E is said to be Gateaux differentiable if

tim P21 ()
t—0 t

exists for each x, y in its unit sphere U = {x € E, |lx| = 1}.
Such an E is called a smooth Banach space. The norm is said

to be uniformly Gateaux differentiable if, for each y € U, the
limit is attained uniformly for x € U. It is well known that E
is smooth if and only if the duality mapping J is single valued
and that, if E has a uniformly Géteaux differentiable norm,
J is uniformly norm to weak”™ continuous on each bounded
subset of E (cf. [1]).

Let D be a subset of C. Then Q : C — D is called
a retraction from C onto D if Q(x) = x forall x € D. A
retraction Q : C — D is said to be sunny if Q(Qx + t(x —
Qx)) = Qxforall x € Candt > 0 whenever Qx +t(x—Qx) €
C. A subset D of C is said to be a sunny nonexpansive retract
of C if there exists a sunny nonexpansive retraction of C onto
D. In a smooth Banach space E, it is known that Q : C — D
is a sunny nonexpansive retraction if and only if the following
condition holds (cf. [2, page 48]):

(x-Qx,] (z-Qx)) <0,

Recall that an operator A with D(A) and R(A) in E is said
to be accretive if, for each x; € D(A) and y; € Ax;,i = 1,2,
there exists a j € J(x, — x;) such that (y, — ,,j) = 0. An
accretive operator A is m-accretive if R(I + AA) = E, for all
A > 0. Denote by A0 the set of zeros of A; that is, A™'0 =
{x e D(A), Ax = 0}.

Denote by J, (r > 0) the resolvent of A; thatis, J, = (I +
rA)"!. It is well known that E(J,) = A7'0, forall ¥ > 0. And if
D(A) is convex, then J, is a nonexpansive mapping from E to

x€C, zeD. (2)



D(A). If E is a Hilbert space, then A is a maximal monotone
operator if and only if A is an m-accretive operator.

Recently, the approximation of zeros of accretive opera-
tors has been studied extensively (see, e.g., [3-9]). Specially,
Ceng et al. [10] studied the following composite iterative
scheme in uniformly smooth Banach spaces:

Yn = X + (1 - “n) ]rnxn’
3)
Xne1 = ﬁnyn + (1 - ﬁn) ]rnyn’

where u € D(A) is an arbitrary (but fixed) element. They
proved that {x,} generated by (3) converges strongly to a
zero of m-accretive operator A under certain appropriate
conditions.

Very recently, Chen et al. [11] considered the following
viscosity iterative scheme in a reflexive Banach space having
a weakly sequentially continuous duality mapping:

Vn = Xy + (1 - (Xn) ]r,,xw
Xne1 = ﬁnf (xn) + (1 - ﬁn) Yn>

where {a,},{8,} < (0,1). Under some conditions, they
showed that {x,,} generated by (4) converges strongly to a zero
of m-accretive operator A.

In this paper, motivated by [10-14], we will consider the
following so-called composite viscosity iterative scheme for
finding a common zero of two m-accretive operators:

(4)

Yn = (an (xn) + (1 - “n) Srnxn’
Xne1 = ﬁnf (yn) + (1 - IBn) Yn>

where A and B are m-accretive operators, S, = (1-1) ]:‘ +Mf
such that F(S,) = A 0N B0+, C = D(A) = D(B),
f € g and {a,},{B,} C (0,1). Under some conditions, we
will prove that {x,} generated by (5) converges strongly to a
common zero of A and B in a strictly convex and reflexive
Banach space having a uniformly Géteaux differentiable
norm, which improve the corresponding results in [10-13].

©)

Lemma 1 (see [10]). In a Banach space E, the following
inequality holds:

e+ yI” <16’ +2(r.j(x+ ), VxyeE ()
where j(x + y) € J(x + p).

Lemma 2 (see [10, 13]). Let {«,} be a sequence of nonnegative
real numbers satisfying the condition

o < (1=, +0,y,, Yn=0, (7)
where {y,} ¢ (0,1) and {0,} such that

(1) hmnaoo)/n =0 and chz)l yn = 005

(i) either limsup, _, . 0, < 00r Yo, |y,0,| < co.

Then lim, _, o, = 0.
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Lemma 3 (the resolvent identity [10]). For A > 0, yu > 0 and
x € E,

]szjﬂ(gm(l—%)hx). )

Lemma 4 (see [3, Theorem 4.1, page 287]). Let E be a
uniformly smooth Banach space, C be a closed convex subset
of E,T: C — C a nonexpansive mapping with F(T) + @, and
f € 2. Then {z,} defined by the following
z,=tf(z,)+(1-1t)Tz, 2z €C, 9)

converges strongly to a point in Fix(T'). If, moreover, one defines
Q:2; — F(T) by

Q(f) = limz, fexg, 10)
then Q(f) solves the variational inequality

(T-HQ(f).1Q(f)-p)) <0,
feZe peF(D).

Recall that a mapping g : C — C is said to be weakly
contractive [15, 16] if

(11)

Vx,y €C,
(12)

lg ) =g W < llx =yl = v (lx =51

where ¥ : [0,+00) — [0,+00) is a continuous and strictly
increasing function such that v is positive on (0, +00) and
w(0) = 0. As a special case, if y(t) = (1 — k)t for ¢ € [0, +00),
where k € (0,1), then the weakly contractive mapping g
is a contraction with constant k. Rhodes [17] obtained the
following result for weakly contractive mapping (see also

[16]).

Lemma 5 (see [17, Theorem 2]). Let (X,d) be a complete
metric space and g a weakly contractive mapping on X. Then
g has a unique fixed point p in X.

Lemma 6. Let {s,} and {y,} be two sequences of nonnegative
real numbers and {A,,} a sequence of positive numbers satisfying
the conditions

(i) T, A, = +oo,
(ii) lim,, , o (y,,/A,) = 0.

Let the recursive inequality

Spe1 S Sy =AW (s,) + Ay, n=0,1,2,..., (13)
be given where y(t) is a continuous and strict increasing
function on [0, +00) with y(0) = 0. Then lim s, =0.

n— 00 n

2. Main Results

Throughout this section, we assume the following.

(i) E is a strictly convex Banach space which has a
uniformly Géteaux differentiable norm, and C is a nonempty
closed convex subset of E.
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(i) Take S, = (1 - A)J* + AJ2, 0 < A < 1. Obviously S,
is nonexpansive mapping and F(S,) = A™'0 n B0, if E is
a strictly convex Banach space. Indeed, it is easy to see that
F(S,) > A'0nB 0. Letg € F(S,), p € A”'0n B™'0; then

la-pl <=1 |7ia-p|+A|7Fa-p|
<-M|ta-p|+Ala-pl<la-pl-

From the above formula, we obtain (1-1) ||]fq—p||+)t||q—p|| =
Il pl so 172q - pll = llg~ pll. Similarly, 7%~ pl = I~ pl.
But

la-pl=]a-0(lta-p)+A(Fa-p)|. (3

Then the strict convexity of E implies thatg — p = ];Aq -p=
J2q - p,thatis,q = J*q = JPq, orqg € A”'0on B™'0.

Theorem 7. Let E be a strictly convex Banach space which has
a uniformly Gateaux differentiable norm, A, B two m-accretive

1ps in E such that C = D(A) = D(B) is convex and A™'0n
B70+0,and f: C — C a fixed contraction mapping with
contract constant . Suppose that «,, € (0,1), 3, € (0, 1), and
1, > 0 satisfy the following conditions:

(1) Y2 e, =00, a, > 0,asn — 00;
(i) B, — 0,andr, > r>e>0asn — ©o;

(111) zn ]lan+1 (xn| < 00, ZZZI |ﬁn+1
Zn 1I n+l rnl < 0.

Let {x,} be the composite viscosity process defined by
= f (%) +
Xne1 = ﬁnf (yn) + (1 - ﬁn) Yn:

- B, < oo, and

(1 - an) Srnxn’
(16)

Then {x,} converges strongly to p € A™'0 N B0, where p is
the unique solution of the following variational inequality:

(I-HpJ(p-9) <0, feZg gea’onB 0.

17)

Proof. First, by using Lemma 4, we know that there exists the
unique solution p of a variational inequality

(I-HpJ(p-9) <0, feZg gea’onBo,

(18)

where p = lim, 2, and z, is defined by z, = tf(z,) + (1 -
£)S,(z,) foreachr >0and 0 < ¢ < 1.

Next, we will divide our discussion into the following
steps.

Step 1. We will show that {x,} is bounded.
In fact, take p € A7'0 N B™'0. Then

"yn - P“ = ”“nf (xn) + (1 - ‘Xn) Sr,,xn - P"

<(1-a,(1-a)|x, - p| +a,]f (p)-pl-
(19)

3
Therefore,
"xn+1 - p“ "ﬁn yn) + 1 - :871 p"
<(1-B,(1-a) |y, - pll + B [Lf (p) -l
< [1 -(1-a) (ﬁn T, = “nﬁn (1- 06))] “xn - P"
+ [ﬁn T ay, _‘xnﬁn(l —(X)] “f(p) _p”
1
< max {—— | £ (p) - pl. I, - I}
(20)
Using the induction method, we have
1
I, - pll < max{ == If (0) - plLIxo - £}, >0,
(21)

which implies that {x,}, {f(x,)}, {y,}, and {f(y,)} are all
bounded. Since ||S nx - pII < |lx, — pl, then {S, x,} is
bounded. Following the conditions of (i) and (ii), we obtain
that

"xnﬂ - yn" = ﬁn “f (yn) - yn” — 0, asn-— oo,
(22)
"yn - S,nxn” =a, ”f (x,) — Srnxn" — 0, asn-— 0o.
(23)

Step 2. We show that ||x,,,, — x,[| — 0.
For this, we estimate y,, — y, first. From (16), we know
that

In = “nf (xn) + (1 - (Xn) Sr,,xn’

Yn-1= “n—lf(xn—l) + (1 -

(24)
X1 ) Srn,l Xp-1+

Then simple calculations show that
Yo~ Vn-17= (1 - (xn) (Srnxn - Sr,,,lxn—l)
+a, (f (xn) - f ('xn—l)) (25)
+ (“n - “n—l) (f (xn—l) - Srn_lxn—l) .
It follows from (25) that
”yn = Yn-1 ”
<(1-w,)
+ |“n - OCn—ll ”f (xn—l) -S

S, x

r,n

=S

]| + e x, = x| (26)
rn,lxn—l " .

In view of Lemma 3, we have

Jix, =2

Tn-1 Tn-1 A
= (P (152 ) ) e

7



Ifr, ; <r, then

A A
]rnxn - ]rn_lxn—l

O Tn-1\ ;4 A
- ]r,H < r Xp + 1- r ]rnxﬂ - ]rn,lxnfl
n

n

T T

n-1 n—1 A

X, t (1 - _) ]rn'xn ~ Xp-1
n

IN

T r,
(28)
Ty - A
= nl(xn xn—l)+(1_ n1>(]rxn_xn—1)
Ty Tn
Tpo1 Ty = Tuol |4
< "xn - xn—l“ + ]rnxn - xn—l"
Ty
Y, —T,—1 A
< xp = x| + —2 Jy Xy = Xy |
Similarly,
B B
]rnxn - ]r”_lxn—l ' < ”‘xn - xn—l"
(29)
"n = Tu-1 1B
- eﬂ ]rnxn_xn—lu'

Thus, let M = sup{(l/e)ll];:xn - X1l (1/8)”]29% =X,k
we have

S, %0 =S, X
<=M |7, = T2 x|+ AT %, = T2 x| BO)
< [y = x| + (= 10) M.
Substituting (30) into (26) we get
19 = yuall < (1= 0,) ([, = 2| + (7 = 10) M)
+ 0 6, = x|
R | A C BN
< (1-a, (1= ) x, = x,4]
(31)
+(1=-a,) (= 1) M
= o || F (o) = S, %
< (1-a, (1= ) [x, = x,.4]
+ My (Jo, = ety | + |1, = 1)
where M, is a constant such that
M, > max{M, | f (x,,) =S, x|} (32)
On the other hand, we have
X1 = Buf (V) + (1= By) Yoo
(33)

Xn = ﬁn—lf(yn—l) + (1 - ﬁn—l)yn—l'
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Simple calculations show that

Xpt1 = Xp = (1 - Bn) (yn - yn—l) + /jn (f (yn) - f(yn—l))

+ (ﬁn - :Bn—l) (f (yn—l) - yn—l) .
(34)

It follows that

Ise1 = xall < (1= Bo) 1n = Yrucs | + Bt [y = Y
1By = Buct | If Gaet) = 2l
=(1- B (1 =) [y = Y|
+1Bu = Bl 1f Gaet) = puca -

(35)

Substituting (31) into (35) we get

%001 = .
<(1-B - {(1 -, (1 =) [, = x,4]]
+M, (Jog, = oy | +[ry =11 ]) }
1By = Bucal If (Wet) = Y |
< (1 =0, (1= ) [lx, = %,

+ M2 (l(xn - (xn—ll + |:Bn - ﬁn—ll + |rn - rn—ll) >

(36)
where M, is a constant such that
M, > max{|[f (yu-1) = Yur > Mi} - (37)
From conditions (i)-(iii), we have that
o
Z(xn=oo, «, — 0, as n — 00,
n=1
(38)

Mg

(|(xn - ‘Xn71| + |ﬁn - ﬂnfll + |rn - rn71|) < +00.

I
—_

"

Hence, noticing (36) and applying Lemma 2, we obtain
llx,.1 — x,I — 0. Then by (22) we obtain

(n — 00).
(39)

"xn - yn" < ||xn+1 - xn" + "xnﬂ - yn" — 0,

Step 3. We prove that |x,, — S,x,| — 0,1y, =S,y — 0.
In fact, since

“xn - Sr,‘xn" < ”xn - xn+1" + "xn+1 - yn" + "yn - Srnan >
(40)
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from (22) and (23), we have |x,, — S,ﬂxnll — 0. Then

S,nxn—ern'
<(1-A) ];:xn - ]fxn" +A ]ﬁxn —]ern”
ca-nit(Lx s (1- L) i, ) - 18,
T, T, "
BT _r\sB _ B
O (R TS B B
<(1-A) II(an + (1 - L)]rAxn> - X,
T r,) ™
+A <an+<l—1>]fxn>—xn
T, 7, "
< |- 2| max {7, ] [r2x, -} — o
n
Hence, we have
"xn_srxn“
<%0 = Sy, X[ + (1S5, %0 —ern| — 0, n-— oo,
"yn _Sryn" (42)

< "xn - yn" + "xn - ern“ + ”Sryn - ern"

<2 ||xn - yn” + ||xn - ern” — 0, n-— oo

Step 4. We show that limsup,,_, . (I - f)p,J(y, — p)) <0,

limsup,, _, o {(I = f)p, J (X1 = P)) < 0.
To prove this, let { yn]_} be a subsequence of {y,} such that

lim sup ((T=H)pT(u=p))
(43)
= lim (1= )p.J (- p))-

By Lemma 4, lim, _, y+2z, = p € F(S,), where z, = tf(z,) +
(1 -1)S,(z,). Then

ztn - ynj =t, (f (Zt,,) - ynj) + (1 - tn) (Sr (ztn) - ynj>'

(44)

For each integer n > 0, let t,, € (0, 1) such that

Srynj - ynj
t

t, — 0, — 0, n— o0. (45)

n

Using Lemma 1, we get

2

uzt,, - yn/v

2
< (1 - tn)z

S (Ztn) ~n
+2t, <f (Zt,,) _ynj’](zfn _y"j)>

<(1-2t,+)( N

;

Zt,, - ynj

Sr (Ztn) - Srynj yn]- - Sryn-

J

2

+21,(f (2,) = 2,1 (2, = 7)) ) + 21,

§(1+tf,) 2+(1+tn)2

x(2| )
+2t, <f(zty,) _Ztn’](ztn _y"j)>’

Ztn - ynj Srynj - ynj

+

2, ynj Srynj - ynj

(46)
and hence
(2~ £(2,)0 (=, )

2
1+t S -
2 N ( + n) ryn]- )’n,- (47)

)-

Since {x,}, {z, }, and {S,y,} are bounded, then ”Srynj -
Y, I/2¢, — 0. Therefore,

n

<

Zt,, - ynj
n

+ Srynj - ynj

X (2 ‘lzt,‘ - ynj

lim sup <ztn -f (ztn),] (Zt,, - ynj)> <0. (48)

il
We also know that
(p=1(z).1 (- p))
= (p=1(2,)7 (o~ 2) =T (2~ )
+(p-2,1 (=, - m))
# (5,1 () (2,7 0,))
Notice that 2, — p, p € F(S,),n — co,and ] is norm to

weak™ uniformly continuous on bounded subset of E; then
we obtain

(49)

<P—Ztn,](ztn —y,,j>> — 0, n-— oo,

<P_f(zt,,)>]()/nj —P> _]<Ztn _yn,-)> — 0, (50)

n — OoQ.
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Erom (48), (49), and the two results mentioned above, we <[1=(a,+B,) A -)]|x, - p||2
ave
+ (‘xn + ﬁn) nﬁ; - “)ZLZ
lim sup (=) pT(ya—p)) <O (51) "
+2(a, + B) ”ﬁ% —a) L’
Using (22) and the property of ], we obtain the result that !
+2 (o, + B,) (f (p) = P, T (%1 = P))
lim sup (I = f) p.J (¥, = P)) e+ 2%,
n—00 (52) ((Xn ﬂn) “n +[))n
= limap (= £) ] (o = 2)) <0 X (£ (9)= P (0= P) =T (s = P)),
(54)
Y e el where L = sup,sq{lx, = pll I, = Pl 1£(p) = pl}. Put
= (a, + B,) (1 — )
”yn - p"2 o = nﬁn ~ Q) 12 nﬁn
= oy (F (50) = P) + (1= ) (5,5, - P X *’3" i
= (1 - ) (S0 = p) + 5, (f (x,» L QR AICRE) )
+a,(f(p) =PI L

a,+pB,1-«

x{(f(p) =T (W= P) =T (X1 = P)) -

From the conditions (i) and (ii), the result of Step 4, and the

facts that o, 8,/(ex,, + B,) — Oand {(f(p) - p.J(y, — p) —
Applying Lemma 1, we obtain J(X,p1 — P)) — 0, weknow thaty, — 0,Y.,y, = +oo and

limsup,,_, o, < 0.In view of Lemma 2, (54) reduces to

<(1-a,(1-)|x, - 2|
+2a, (f (p) — T (yu—P)) -

|lxn+1 - P||2 ||xn+1 - p” < (1 - Yn) ||xn - p" + YuOns (56)
=18, (f 5) =)+ (1= B) (- D) then we know that

= (1= 8.) (- p) Tim |x, - p = 0. 57)

+B8, (f (v) = F(p)+ B, (f (p p)|| This completes the proof. O

<(1-B,d-a) |y, - P" Remark 8. If we modify (16) as follows:

+2B, (f (P) = P.J (Xps1 = P)) Yo = f () + (1= a) S,

(58)
<(1-a,(1-) (1= B, (1) |x, - p| X1 = Buf (%) + (1= By) Yo
+20,(1- 8, (1= @) (£ (8) - T (3, ) o= o+ (1 20) S5 59
+26,(f (p) = T (501~ P)) %t = Bof () + (1= B) 3
or
<[1- (@, +B,) (1= )] |, - I = i (1 - ), 2
a1 - @), - ol =B S

= 20, (1= @) <f (p) -pJ (y" B p» Then, imitating the proof of Theorem 7, we can also get
+2(c, + ) (f(P) = T (%01 — P)) jthe r.esult of Theorem 7. Th.erefore, from the compare of

iterative scheme, the conclusions of [10, 11] are special cases
+20, (f (P) = 2T (¥ = P) = ] (X1 = P)) of Theorem 7.
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Example 9. Next we study the following optimization prob-
lem:

inh(x), ink(x),
min (%) min (%) (61)
where C is an interior nonempty closed convex subset of a
Hilbert space and h,k : C — R are two proper convex
and lower semicontinuous functionals. To solve optimization
problem (61), we will list the following well known results.

Proposition 10 (see [18]). Let ¢ : C — R be a proper convex
and lower semicontinuous functional. Then

(i) 0p : C — E (0 denotes the subdifferential in the sense
of convex analysis) is a maximal monotone mapping;

(ii) 0¢p(xy) = min,.c@(x) if and only if 0 € dp(x,).

In Hilbert space d¢ is a m-accretive mapping. Thus
A = 0h, B = Ok are two m-accretive mappings. Solving
optimization problem (61) is equivalent to finding a common

zero of A and B.
Let

JA=(T+rA) " =T +roh),

JP=(+rB) " =T +rdk)",

(62)
S,:(I—A)J,A+Mf, an:ﬁn:l,
n
r, = m 5 (1’>£).
n+1

Then the conditions (i), (ii), and (iii) of Theorem 7 are
satisfied. For arbitrary f € X the sequence {x,} generated by
(16) converges strongly to a common zero of A and B, which
is also the solution of the optimization problem (60).

Theorem 11. Let A, B be two accretive maps in E with A™'0 N
B'0 # @ and satisfying the following range conditions: D(A) <
CcR(I+rA)NR(I+rB), D(B) € C c RI+rA)NR( +rB)
which are convex. Let f, {a,}, {B,}, {r,}, and {x,}, {y,} be the
same as those in Theorem 7. Let {x,} be a sequence generated
by (16). Then {x,,} converges strongly to p € A" 0NB™'0, where
p is the unique solution of the following variational inequality:

(I-fpJ(p-q) <o,

fe3e ge AonBo.
(63)

Theorem 12. Let A, B be two accretive maps in E with F =
A7'0N B0 # @ and satisfying the following range conditions:
D(A) € C ¢ RUI+rA)NR(I+rB), D(B) < C ¢ RUI+rA)nR(I+
rB) which are convex. Let f, {a,}, {B,}, and {r,} be the same
as those in Theorem 7. Let g : C — C be a weakly contractive
mapping with the function y. Let {x,} be a sequence generated

by

In = &%,9 (xn) + (1 - “n) Srﬂxn’
Xne1 = /3nf (yn) + (1 - ﬁn) Yn:

Then {x,,} converges strongly to p = Q(g(p)) € A~"0n B0,
where Q is a sunny nonexpansive retraction from C onto F.

(64)

Proof. Since E is a uniformly smooth Banach space, then
there is a sunny nonexpansive retraction Q from C onto F.
Then Q o g is a weakly contractive mapping of C into itself.
Indeed, for all x, y € C,

IQ(g(x)-Q(g(M] <llgx)-g )
<Jx=yl -y (lx- -

Lemma 5 assures that there exists a unique element p € C
such that p = Q(g(p)). Such p € C is an element of Alon
B'0. Now we define a iterative scheme as follows:

(65)

Zp = %9 (P) + (1 - an) Srnww
Wy = ﬁnf (Zn) + (1 - ﬁn) Zp-

Letw, be the sequence generated by (66). Then Remark 8 (59)
assures that w, converges strongly to p = Q(g(p)) asn —
00. For any n, we have

(66)

"xn+1 - wn+1||
< ﬁn "f (yn) - f(zn)" + (1 - :Bn) ”yn - zn"
S

55,5,

< *, ng (xn) -9 (P)" + (1 - (xn)
<o [lg (x,) = g (W) + g (wn) = g ()] (67)

+(1—a,) ||, — w,l
< [l = wall = ey (o, = i)
+ @, (fwn =l =y (Jw, - )
< e = wall = e (I = wal)) + e, o = -
Thus, we obtain for s, = [x, — w,| the following recursive
inequality:
Sar1 = S5 = Y (5,) + ¢4, w, = p]. (68)
Since lw, — pll — 0, it follows from Lemma 6 that
lim, , llx, —w,| = 0. Hence

Jim [, pl < Jim (-] + Jw, - p) = 0. (69)

n— 00
This completes the proof. O

In virtue of the weakly contractive mapping g being a
contraction, using Theorem 12 we may obtain the following.

Corollary 13. Let A, B be two accretive maps in E with F =
A7'0N B7'0# @ and satisfying the following range conditions:
D(A) < C ¢ RU+rA)NR(I+rB), D(B) € C ¢ R(I+rA)NR(I+
rB) which are convex. Let f, g € o, {a,}, {B,}, and {r,} be the
same as those in Theorem 7. Let {x,,} be a sequence generated

by

In = &g (xn) + (1 -
Xnt1 = ﬁnf (yn) + (1 - ﬁn) Vn-

an) Srﬂ Xn>
(70)



Then {x,} converges strongly to p = Q(g(p)) € A"'0n B0,
where Q is a sunny nonexpansive retraction from C onto F.

Example 14. Next we give an essential example.
Let Q be an bounded domain in a Euclidean space RY
with Lipschitz boundary I'. Let ¢ : I' x R — R be a given
function shch that for each x € T
(i) ¢, = ¢(x,) : R — R is a proper, convex, lower
semicontinuous function with ¢,.(0) = 0.

(ii) B, = O0¢, (subdifferential of ¢,) is the maximal
monotone mapping on R with 0 € 3,(0) and for each
t € R, thefunctionx e I' — (I + )t[)’x)_l(t) € Ris
measurable for A > 0.

Leta : RN — RN be a continuous, monotone function
such that there exist constants ky, k, satisfying (i) |a(&)| <

k1€l and (ii) («(£), &) > kzlfl2 for each & € RY.

Definition 15 (see [19]). One first defines a mapping A” :
H'(Q) — (H'(Q))" (H'(Q) is a sobolev space) by

(A%u,v) = J (a(gradu), gradv) dx (71)
o

foru,v € H'(Q). Clearly A% is an everywhere defined, mono-
tone, demicontinuous operator from H 1(Q) into (HY(Q))*.
Second one defines an operator A‘; : LP(Q) — 2@ for

1 < p < +00 as follows.
(i) For p > 2 one defines the domain of A‘; by

D (A‘;) = {u € L7 (Q) : there exists an f € L7 (Q)
(72)

such that A%u + 0P (u) > f}.

Here ®(u) = .[r ¢, (u|p(x))dI(x) is the proper, convex, Ls.c.
function (see [19, Lemma 3.1]). For u € D(A";,) we set

A";(u):{feLP(Q)|A“u+aq>(u) 5. (73)

(if) For 1 < p < 2, one defines A’ as the LP-closure of A
defined in (i) above.

For the operator A%, one has following results.

21

Lemma 16 (see [19, Lemma 3.4]). A‘; D LP(Q) — s

m-accretive operator (1 < p < +00).

Lemma 17 (see [19, Proposition 3.2]). Let f € LP(Q),u €
LP(Q) such that f € A”I‘Ju. Then

(i) div(a(grad u)) = f, a.e. on Q and

(ii) (n, a(grad u)) € B, (u(x)) for a.e. x € T.

Lemma 18 (see [19, Proposition 3.3]). Let 8, = 0 for x € T.

Then (A‘;)_IO ={u € LP(Q) | u = a constant function}.
Clearly for different oy, ey, A%}, A are two m-accretive
operators. The above results show that

-1 -1

0+(A7) 0n(A) 0
(a5 on (47) »
={u € L?(Q) | u = a constant function} .

Abstract and Applied Analysis

For the sake of finding a common zero, Theorems 7, 11, and
12 provided three different iterative algorithms. Therefore the
study of a common zero of two accretive operators makes sense.

Remark 19. The results presented in this paper substantially
improve and extend the results of Ceng et al. [10] from the
following aspects.

(1) Theorems 7 and 12 extend the result on the iterative
construction of the zero for a single accretive operator
to the case of that for common zeros of two accretive
operators. If we modify two accretive operators as
finite accretive operators, then, imitating the proof of
Theorem 7, we can also get the result of Theorem 7.

(2) Our results include one or two different viscosity
items. Remark 8 shows that the conclusions of Ceng
et al. are special cases of this paper.

(3) The viscosity item is changed from a contractive
mapping f to weakly contractive mapping g in
Theorem 12.
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