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We study the existence and uniqueness of coincidence point for nonlinear mappings of any number of arguments under a weak
(y, p)-contractivity condition in partial metric spaces. The results we obtain generalize, extend, and unify several classical and
very recent related results in the literature in metric spaces (see Aydi et al. (2011), Berinde and Borcut (2011), Gnana Bhaskar and
Lakshmikantham (2006), Berzig and Samet (2012), Borcut and Berinde (2012), Choudhury et al. (2011), Karapinar and Luong (2012),
Lakshmikantham and Cirié¢ (2009), Luong and Thuan (2011), and Rolddn et al. (2012)) and in partial metric spaces (see Shatanawi

et al. (2012)).

1. Introduction

The notion of coupled fixed point was introduced by Guo
and Lakshmikantham [1] in 1987 In a recent paper, Gnana
Bhaskar and Lakshmikantham [2] introduced the concept
mixed monotone property for contractive operators of the
form F : X x X — X, where X is a partially ordered
metric space, and then established some coupled fixed-point
theorems. After that, many results appeared on coupled fixed-
point theory in different contexts (see, e.g., [3-6]). Later,
Berinde and Borcut [7] introduced the concept of tripled fixed
point and proved tripled fixed-point theorems using mixed
monotone mappings (see also [8-10]).

Very recently, Roldan et al. [11] proposed the notion of
coincidence point between mappings in any number of vari-
ables and showed some existence and uniqueness theorems
that extended the mentioned previous results for this kind of
nonlinear mappings, not necessarily permuted or ordered, in
the framework of partially ordered complete metric spaces,
using a weaker contraction condition, that also generalized
other works by Berzig and Samet [12], Karapinar and Berinde
[13].

Partial metric spaces were firstly introduced by Matthews
in [14] as an attempt to generalize the metric spaces by
establishing the condition that the distance between a point

to itself (which is not necessarily zero) is less or equal
than the distance between that point and another point
of the space. In the mentioned papers, Matthews studied
topological properties of partial metric spaces and stated a
modified version of a Banach contraction mapping principle
on this kind of spaces. After Matthews’ pioneering work, the
theory of partial metric spaces and particularly the field of
fixed-point theorems have expansively been developed due
to the increasing interest in this area and motivated by its
possible applications (see [15, 16] and references therein).

In this paper, our main aim is to study a weaker con-
tractivity condition for nonlinear mappings of any number of
arguments. This condition can be particularized in a variety
of forms that let us extend the previously mentioned results
and other recent ones in this field (see [2, 5, 7, 9, 11, 12, 16—
20]). We also notice that our results cannot be obtained by
the very recent paper of Haghi et al. [21] (for more details see
Remark 26).

2. Preliminaries

Preliminaries and notation about coincidence points can also
be found in [11]. Let n be a positive integer. Henceforth, X will
denote a nonempty set, and X" will denote the product space



X" = X x Xx .". xX. Throughout this paper, m and k will
denote nonnegative integers and i, j,s € {1,2,...,n}. Unless
otherwise stated, “for all m” will mean “for all m > 0%, and
“for all i” will mean “for alli € {1,2,...,n}”. Let R = [0, col.

A metric on X is a mappingd : X x X — R satisfying,
forall x, y,z € X:

(i) d(x, y) = 01if, and only if, x = y;
(ii) d(x, y) < d(z,x) + d(z, y).

From these properties, we can easily deduce that d(x, y) >
0and d(y,x) = d(x, y) for all x, y € X. The last requirement
is called the triangle inequality. If d is a metric on X, we say
that (X, d) is a metric space (for short, an MS).

Definition 1 (see [22]). A triple (X, d, <) is called a partially
ordered metric space if (X, d) is a MS and < is a partial order
on X.

Definition 2 (see [2]). An ordered MS (X, d, <) is said to have
the sequential g-monotone property if it verifies

(i) if {x,,,} is a nondecreasing sequence and {x,,} 4, X,
then gx,, < gx for all m;

(ii) if {y,,} is a nonincreasing sequence and {y,,} 4, ¥,
then gy,, = gy for all m.

If g is the identity mapping, then X is said to have the
sequential monotone property.

Henceforth, fix a partition {A,B} of two non-empty
subsetsof A, = {1,2,...,n}; thatis, AUB= A, and AnNB = 0.
We will denote

Qup=1{0:A, > A,:0(A) € Aando (B) € B},

@)

Q,p={o:A, > A,:0(A) cBando (B) C A}.

If (X, <) is a partially ordered space, x, y € X,andi € A, we
will use the following notation:

ifi € A,

ifi € B.

X<y,

< 2
xly<=>{x2y’ (2)

Let F: X" — Xandg: X — X betwo mappings.

Definition 3 (see [11]). One says that F and g are commuting
if gF(xy,...,x,) = F(gxy,...,gx,) forall x,,...,x, € X.

Definition 4 (see [11]). Let (X,<) be a partially ordered
space. One says that F has the mixed g-monotone property
(with respect to {A, B}) if F is g-monotone nondecreasing in
arguments of A and g-monotone nonincreasing in arguments
of B; that is, for all x|, x,,...,x,, ¥,z € X and all j,

9y <9z
= F(Xpsee s Xiogs Vo Xippo e+ o> Xy) (3)
S F (X0 X152 X g e e o0 X)) -
Henceforth, let 0,,0,,...,0,,7 : A, — A,ben+1

mappings from A, into itself, and let ® be the (n + 1)-tuple
(01,05 ...,0,,T).
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Definition 5 (see [11]). A point (x}, x,,...,x,) € X" is called
a ®-coincidence point of the mappings Fand g if

F (%o Xoy2p > Xoymy) = 9%ey Vis (4)

If g is the identity mapping on X, then (x, x,,...,x,) € X"

is called a ®-fixed point of the mapping F.

Remark 6. If F and g are commuting and (x;, x,,...,X,,) €
X" is a ®-coincidence point of F and g, then (gx,
g%, - .. gx,) also is a @-coincidence point of F and g.

Definition 7 (see [14]). A partial metric on X is a mapping
p: X xX — Ry verifying, forall x, y,z € X:

(P1) p(x,x) < p(x, );
(P2) p(x,x) = p(x, y) = p(y,y) = x = y;
(P3) p(x,y) = p(y,x);
(P4) p(x,2) + p(y, y) < plx, y) + p(y, 2).
In this case, (X, p) is a partial metric space (for short, a PMS).

Example 8 (see, e.g., [14]). Let X = R], and define p on X by
p(x, y) = max{x, y} for all x, y € X. Then, (X, p) is a partial

metric space.

Example 9 (see [14]). Let X = {[a,b] : a,b € R,a < b}, and
define p([a, b], [c, d]) = max{b, d} — min{a, c}. Then, (X, p) is
a partial metric space.

Example 10 (see [14]). Let X = [0,1] U [2, 3], and define p :
XxX — R{ by

max {x, y}, if {x,y} n[2,3] #0,

|x = y|, if {x,y} c[0,1]. ©)

pe)-

Then, (X, p) is a partial metric space.

Example 11 (see, e.g., [23, 24]). Let (X,d) and (X, p) be
a metric space and a partial metric space, respectively.
Functions p; : X x X — R; (i € {1,2,3}) given by

pi(xy)=d(xy)+p(xy),
Py (%, y) = d(x, y) + max {u(x),u(y)}, (6)
ps(xy)=d(xy)+a

define partial metrics on X, where u :
arbitrary function and a > 0.

Obviously, if (X, d) is a MS and we define p = d, then
(X, p) is a PMS. Indeed, a partial metric p on X verifies

X — R isan

(i) plx, y) =0= x = y;
(ii) p(x, y) = p(y, %)
(iii) p(x,z) < p(x, y) + p(y,2),
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but the condition p(x, x) = 0 does not necessarily hold. For a
partial metric p on X, the mappings d,,,d,,, : X x X — R§
given by

d,(xy)=2p(x,y)-px)=p(»y),
d,, (x,y) = max{p(x,y) - p(x,x),p (. ) = p (. )}

= p (% y) —min{p (x,x), p (3, y)},
(7)

for all x,y € X, are (usual) metrics on X. On a PMS, the
concepts of convergence, Cauchy sequences, completeness,
and continuity are defined as follows.

Definition 12 (see [14, 25, 26]). Let {x,,} be a sequence on a
PMS (X, p).

(i) {x,,} p-convergestox € X (and one will write {x,,} LA
x) if p(x, x) = lim,, _, . p(x, x,,).

(i) {x,,} is called p-Cauchy if lim,, s (X, X,y)
exists (and it is finite).

(iii) (X, p) is said to be p-complete if every p-Cauchy
sequence {x,,} in X p-converges to a point x € X
such that p(x, x) = lim,,, .y, o P(X,5 X0 )

(iv) A mapping f: X — X is said to be p-continuous at
x, € X if, for every € > 0, there exists § > 0 such that

Sf(By(x0,8)) € B (f (xp), €).

We have used the previous notation because we need to
distinguish between p-convergence and d ,-convergence on
X and usual convergence for real sequences.

Lemma 13 (see [14, 25, 26]). Let {x,,} be a sequence on a PMS
(X, p).

() {x,,} is p-Cauchy if, and only if, it is d,-Cauchy.

d
(2) {x,,.} 2 x if, and only if, {x,,} 2, xand plx,x) =
lim,,, 0 s 0o P(Xs Xy ); that is,

{dp (xm,x)} — 0 & p(x,x)
(8)

Hm  p (%, %) -

m,m’ — 0o

= lim p(x,x,,) =

m— o0

(3) (X, p) is complete if, and only if, the MS (X, dp) is
complete.

(4) If{x,} 2 xand p(x,x) = 0, thenlim,,_, p(x,, y) =
plx, y) forall y € X.

3. Auxiliary Results

We will use the following results about real sequences in the
proof of our main theorems.

Lemmald. Let{a}, cn, ..., {a"},.cn benreal lower bounded
sequences such that {max(a}n,...,a:‘n)}meN — 0. Then, there
exists iy € {1,2,...,n} and a subsequence {a:fl(k)}keN such that

{1
(@ o Yeen = O.

Proof. Letb,, = max(a:n,afn, ..»ay,) forallm. As {b,,} is con-
vergent, it is bounded. As a;, < b,, for all m and i, then every
{a! }isbounded. As{a} },.cx isa real bounded sequence, it has
a convergent subsequence {a;1 (mmen — . Consider the
2 3
subsequences {a; (,)}mens {aal(m)}me,\,, ceo {ag1 (mymen; that
are n — 1 real bounded sequences and the sequence
{b,, mytmen that also converges to J. As {ail(m)}meN is a
real bounded sequence, it has a convergent subsequence

3
— a,. Then, the sequences {a, ; (,}men>

2
{aozal (m)}meN o

{aizal(m)}mer-’ {ag‘zal(m)}meN also are n — 2 real bounded

1
sequences, {a; ; ptmen = ap and by mtmen — 0.
Repeating this process n times, we can find n subsequences
1 2
{ao(m)}mEN’ {ao(m)}mEN’ s {ag(m)}rnEN (where o = Oy 01)

such that {a,},eny — @; for all i. And {b,lpeny — 0.
But

n n
{bU(m)}meN = {max (aa(m)’ e ’aa(m))}meN )
— max (ay,...,a,),
so § = max(a,...,a,), and there exists i, € {1,2,...,n} such

that @, = 8. Therefore, there exists i, € {1,2,...,n} and a

subsequence {a:}’(m)}meN such that {a:;“(m)}meN - a = 5. O

Lemma 15. Let {a,,},,cn be a sequence of nonnegative real
numbers which has not any subsequence converging to zero.
Then, for all € > 0, there exist 8 €]0,¢[ and my, € N such
that a,, > § for allm > m;,.

Proof. Suppose that the conclusion is not true. Then, there
exists g, > 0 such that, for all § €]0, [, there exists m, € N
verifying a,, < 8. Letk, € N be such that 1/k, < &. For all
k € N, take §; = 1/(k+k,) €]0, &[. Then, there exists m(k) €
N verifying 0 < a,, ) < 6 = 1/(k + ko). Taking limit when
k — oo, we deduce that lim; _, ,,a,,) = 0. Then, {a,,} has a
subsequence converging to zero (maybe, reordering {a,,)}),
but this is a contradiction.

Lemma 16. If {x,,},,cn is a sequence in a MS (X,d) that is
not Cauchy, then there exist &, > 0 and two subsequences
{X (o) een and {x, 0 en such that, for all k € N,

k<m(@k)<n(k)<mk+1),
(10)

d (xm(k)’xn(k)) 2 &, d (xm(k)’xn(k)—l) < &

Proof. We know that

{x,,} is Cauchy

& [Ve>0,3n, eN: (mn=ny = d(x,,x,) <e)].

(11)
If this condition is not true, then

Jey > 0: (Vny € N,Im, n > ny such thatd (x,,, x,) > &) .
(12)



Letny = 2. Then, there exists m,, n; € Nsuch thatm,,n, > n,
and d(x,, ,x, ) > &. Let m(1) = min(my,n;) > ny =2 > 1,
and consider the numbers

d (xm(l)’ xm(1)+1) >
(13)

d (xm(l)’ xm(1)+2) 1o d ('xm(l)’ xmax(ml,nl)) :

Since d(x,(1)> Xmax(m, ) = A (Xpm> %, ) = &, between the
previous numbers there exists a first nonnegative integer
n(l) e {m(1) + 1,m(1) + 2,...,max(my,n;)} such that
A(Xp1y, Xp1)) 2 & but d(x,,qy,x;) < g for all j €
{m(1),m(1)+1,...,n(1) - 1}. In particular, d(x,,,, X,,1)-1) <
£.

Now, let n, = n(1) + 1. Then, there exists m,,n, € N
such that m,,n, > n(1) + 1 and d(xmz,xnz) > g Let m(2) =
min(m,,n,) > ny = n(1)+1 > n(1),and consider the numbers

d (xm(z)> xm(2)+1) >
(14)

d (xm(Z)’ xm(2)+2) yeond (xm(Z)’ xmax(mz,nz)) .

Since d(X,(2)> Xmax(mymny) = A (X X,) = &, between the
previous numbers there exists a first nonnegative integer
n2) € {mQ2) + I,m(2) + 2,...,max(m,,n,)} such that
A(Xpn2) Xn2) 2 & but d(x,,p),x;) < g for all j €
{m(2),m(2)+1,...,n(2) - 1}. In particular, d(x,,), X,,2)-1) <
€-

Repeating this process, we can find two subsequences
{Xn(0} and {x,4} such that, for all k € N:

k<m((k)<n(k)<m((k+1),
(15)

d (xm(k)>xn(k)) = &), d (xm(k)>xn(k)—l) < &:.

O
Definition 17. Let ¥ be the family of all continuous, nonde-

creasing mappings y : Ry — R; such that y(¢) = 0 if, and
onlyif, t = 0.

These mappings are known as altering distance func-
tions (see [27]). Note that every selected v € ¥

commutes with max; that is, y(max(s;,s;,...,sy)) =
max(y(s;), ¥(s,),...,y(sy)) forall s;,s,, ..., sy € [0, 00).
Lemma 18. If vy € VY and lim,,_, y(a,) = 0, then
lim,, _, a4, =0.

Proof. As there exists y(a,,), then a,, € domy = [0, c0l.
If the conclusion is not true, there exists ¢, > 0 such that,
for all n, € N, there exists n > n, verifying a, > ¢,.
This means that {a,,} has a subsequence {a,,)}; such that
Q) = - As ¥ is nondecreasing, y(g)) < y(a,, ) for all
k € N. Therefore, {y(a,,)},, has a subsequence {y(a,,)}«
lower bounded by y(g,) > 0, but this is impossible since
lim,, _, w(a,,) =0. O

With regards to coincidence points, it is possible to con-
sider the following simplification. If 7 is a permutation of A,
and we reorder (4), then we deduce that every coincidence
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point may be seen as a coincidence point associated to the
identity mapping on A, (see, for instance, [28]).

Lemma 19. Let T be a permutation of A,, and let ® =
(0,05, ...,0,,T) and ®' = (0011 O1(2)> - - > 01y Iy )-
Then, a point (xy,%,,...,x,) € X" is a ®-coincidence point
of the mappings F and g if, and only if, (x;, X5, ..., x,,) isa ®'-
coincidence point of the mappings F and g.

Therefore, in the sequel, without loss of generality,
we will only consider Y-coincidence points where Y =
(01,05,...,0,), that is, that verify F(x, 1), Xg,(2)> - - - » Xg,(n)) =
gx; for all i. We also show some preliminary results on PMS.

Lemma 20. Let {x,,} be a sequence on a PMS (X, p), and let
x € X.

W I ix,} 5 x and plxx) = 0, then {x,] > x,
{dyGop M} = dy(x, y) and (s, )} — plx, )
forally € X.

(2) If {x,,,} 2 x and {p(x,,, x,,)} — 0, then p(x,x) = 0.

Proof. (1) Since 0 < p(x,,x,) < p(xx,) and

lim,, , p(x,x,) = plx,x) = 0, then lim,, _, . p(x,,, x,,)
= 0. Therefore, lim,, _, ,d,(x,x,,) = lim,, _, ,(2p(x, x,,) —

d
plx,x) — plx,,x,)) =0, so {x,,} -, x. Since d, is
continuous, then {dp(xm, y)} — dp(x, y) forall y € X, and
item 4 of Lemma 13 implies that {p(x,,, )} — p(x, y).

(2) Item 2 of Lemmal3 shows that p(x,x) =
lim,, v oo P(X, X,,y) = lim,,, ,  p(x,,,x,,) = 0. O
Remark 21. Although the limit in a MS is unique, the p-limit
in a PMS is not necessarily unique. For instance, let (X, p)
as in Example 10. Then, (X, p) is a complete PMS (see [14]).

d
Consider x,, = 2.5—1/(2m) for allm € N. Then, {x,,} 225

but {x,,} £ x, whenever x, € [2.5, 3].

Definition 22. Let N € N, let (X, p) bea PMS, let G : XN —
X be a mapping, and let Y, = (x;,%,,...,xy) € X". We
will say that G is «,-continuous at Y; if, for all sequences
{xrln}, {xfn},...,{fo} on X such that {xin} , x; foralli e
{1,2,...,N}, p(x;,x;) = 0foralli e {1,2,...,N} and
{p(G(x:n, xfn,...,xﬁ),G(x:n,xfn,...,fo))} — 0, we have
that {G(x!,, x%,...,xM)} D G(Y,) and p(G(Y,), G(Y,)) = 0.
One will say that G is ., -continuous if it is continuous at every
point Y, € X™.

Lemma 23. If (X, p) is a PMS, and G : X~ — X is d,-

continuous at Y, € XN, then G is a,-continuous at Y.

P

Proof. Let {x}M}, {xfn},...,{xii} sequences on X
such that {xin} LA x; for all i e {1,2,...,N},
px; x;) = 0 for all i € {1,2,...,N}, and

{p(G(x:n,xfn,...,xﬁ),G(x:n,xfn,...,xﬁ))} — 0. Item 1
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. d
of Lemma 20 implies that {x;_} SN x; foralli € {1,2,...,N}.

Since G is d,-continuous at Y, = (x;,x,,...,Xy), then

1.2 N 4
{G(x, %, .05x,)F  —  Glx;,x,,...,xy5). Item 2 of
Lemma 13 assures us that {G(xin, o xﬁ)} LA G(xy5...,xp)
and
P(G(x1, %55 xn) G (X, X005 XN))

12 N 12 N
= 11m p( (xm,xm,...,xm),G(xm,,xmy,...,xm,))

n1n1 — 00

lim p( (x;,xfn,...,xN),G(xrln X ...,xN))=O.

b
m— 00 m m m

Then, G is « ,-continuous at Y,,. O

P

4. Main Results

In the following result, we show sufficient conditions to
ensure the existence of Y-coincidence points, where Y =
(01,05, ...,0,).

Theorem 24. Let (X, p) be a complete PMS, and let < a partial
order on X. Let Y = (0,,0,,...,0,) be an n-tuple of mappings
from {1,2,...,n} into itself verifying o; € Q,pifi € Aand
0,€Q) zifieBLetF: X" —» Xandg:X — X betwo
mappings such that F has the mixed g-monotone property on
X, F(X") € g(X) and g is ,-continuous and commuting with
F. Assume that there exist y, ¢ € Y such that

 In)))

Sw(maXP(gxpgyz)) (maXP(nggy,)

1<i<n 1<i<

v (p(F(xp x5 %,), F(y1 ¥

17)
)

for which gx;<; gy, for all i. Suppose either F is a,-
continuous or (X,d,,<) has the sequential g-monotone

property. If there exist x,,%g,...,x; € X verifying
Xy < F(xa(l), gm,...,xg i) ) for all i, then F and g have,
at least one Y-coincidence point.

Proof. The proof is divided into seven steps. The first two
steps are the same as in the proof of Theorem 9 in [11], since
the contractivity condition does not play any role in these
parts of the proof.

Step 1. There existn sequences {x} }m>0, 0
0;(1) 0,(2) X (n
=F(x; 7, x) ..

{x" }m>0

such that gx; ) for all m and all i.

m+1
Step 2. gx' <; gx'  forall mandall i.

Step 3. We claim that {p(gxin, gxinﬂ)}m

{max, e, (9%}, 9%y hmzo = 0).

>0 — Oforalli(ie,

Indeed, define §,,

gx. <; gx’ . for all m and all i, then condition (17) implies
that, for all s > 1 and all i:

= maxlSanp(gxfn,ngH) for all m. As

v (p (9%} 9%).1))

v (p (F (5200

,x”'(")) ,F (x”f(l),x”f(z), .

m m

i)
w({lggp gx;, lgx”"’)> <P<{r<lfa<§1p(gx ng"“’)>

<y maxp (gx),_ 1,9x1)> =y (8,1)-

1<]<n
(18)
There'fore,‘for al m > 1, W(fsm) = y(max,;,
P(9%p> GXipir)) = MaX G Y (P(GX,0 GXp01) < Y6, 0).

This means that the sequence {y(6,,)},,>; is nonincreasing
and lower bounded. Hence, it is convergent; that is, there
exists A > 0 such that {y(5,,)},,>; — A. We are going to
show that A = 0. Since

{maxw (p (gxin: gxinu))}m

1<i<n

fr(mploteat )] 0

1<i<n

v @l — A

Lemma 14 assures that there existi, € {1,2,...,n} and a sub-
sequence {w(p(gx k),gx k)+1))}k such that {w(p(gxm(k),
gxm(k)ﬂ))}k — A. Repeating (18), for all k > 1,

4 (P (9’62(10’ gxiZ(k)ﬂ))

- () i (1)
gw(maxp(gx ij) 1’gxaokj) )) (20)

1<j<n

() 7, ()
_q)(maxp(gx k; »9x, k; )>

1<j<n

Consider the sequence

i (7) i, (/)
{maXP(gxm%k)—p Xl )]’ i (21)

1<j<n

Suppose that this sequence has no subsequence converging to
zero. Using & = 1, Lemma 15 assures us that there exists 8’ €

10, 1[ and k, € N such that max1<J<np(gxa’°,g)1 gxa")lg )> 8
for all k > k. It follows that

-9 <maxp (9’%;%/3) 1’9’62%/3))) <-¢ (6') Vk > k.

1<j<n
(22)



Then, (20) says to us

4 (P (gxﬁi(ky gxiﬁ(k)ﬂ))

io () NG
<y (maxp (gxm‘ék) l,gxm‘ék) ))

1<j<n
i (J 0; (])
_¢<{1<1;a<xp(gx Ok) 1 gx ok) )> (23)

< w(maxp (gx ’”fé) 1 9% 01?)) ?(5')

1<j<n

<Y (8py-1) — @ (5’) .

Taking limit in k, we deduce that A < A — @(8') < A,
which is impossible. Therefore, the sequence in (21) must have

i0 () 03, ()
asubsequence {maxlgjsnp(gxm?(k P gx mo(k

to zero. Since y and ¢ are continuous, taking limit when
k — o0 in (20) using this subsequence, we deduce that
0 < A < w(0) -0 = 0,s0 A = 0. Then, we have
just proved that A = 0. Therefore, {y/(5,,)},,5;1 — A =0,
and Lemma 18 assures that {J,,},,~; — 0, which means that
{p(gxm,gxm+l)} — Oforall jsince0 < p(gxm,gxm+1) <94,
for all m and all j.

)}i>1 converging

Step 4. {p(gx’, gx Nso — 0 for all i (ie., {max, .,
p(gx ,gxf )}m>0 — 0). It is the same proofof Step 3.

Since d (gxm,gxmﬂ) 2p(gxt . gxt . )-plgx, gx )-
p(gxt .., gxi .)) for all m and i, joining Steps 3 and 4, it
follows that

{dp (gxin,gxinﬂ)} — 0 Vi (24)

Step 5. Every sequence {gx' },o is d,-Cauchy. We reason
by contradiction. Suppose that {gx'1}, o, ..., {gx"},us0 are
not d,-Cauchy (s > 1) and {gx: Y 00 - > 19X o are
d Cauchy, eing {i;,...,i,} = {1,...,n}. By Lemma 16, for
alp 17 € {1,2,...,s}, there exists &, > 0 and subsequences

{gxl - }keN and {gxI (o ken such that
k< mr(k) < nr(k)>
4 (gxzuk)’ 9"3,(1()) 2 & (25)

(k)—l) <&

dp (gx;;r(k),gx;’r Vk € N.

,s) > Oande(') = min(ey,..., &) >
{gx Ymso are d,, Cauchy, for all jE€

Now, let &, = max(e, ...
0. Since {gx;"'},505 - -
{i41>- .1y}, there exists ) € N such that if m,m' > ”1> then

dp(gx{n,gxm ) < &5/8. Since {p(gx] , gx/ )} — 0 by Step 4,
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there exists 7, € N such thatif m > nz, then p(gx ,gx)) <

8(’)/8. Define n, = max (nl,nz) If m,m' > n,, then

el
0<p(gx).9%,)

d,(gxl,gx )+ p(gxi, gx,) + p(9x . 9x )
2

! ! ! ! !
& /8 +¢e,/8+¢,/8 3¢ £
_alStaSta/s 3 &

2 T 16 4
(26)

Therefore, we have proved that there exists 7, € N such that
if m,m' > ny, then

! !
. . & . : &
J J 0 Jj Jj 0
dy (9o 9%,) <o ploxwen,) <3 )
Vi€ ficy.. i)
Next, let ¢ € {1,2,...,s} such that &g = & =

max(e;,...,¢&). Let k; € Nsuch that n, < m;(kl), and define
m(l) = mq(kl). Consider the numbers m(1) + 1,m(1) +
2,...,n,y(k;) until finding the first positive integer n(1) >
m(1) verifying

i, i i i

maxd, (gxm(l)’gxn(l)) &, d (9x$(1)’9xﬁ(1)71) < &>
Vje{l2,...,s}.

(28)

Now let k, € N such that n(1) < mq(kz), and define m(2) =
mq(kz). Consider the numbers m(2) + 1,m(2) +2,..., nq(kz)
until finding the first positive integer n(2) > m(2) verifying

i i i i
maxdp (gxm(z),gxn(z)) > g dp (gxr;(z),gxrj(z)_l) < &

1<r<s
Vje{l,2,...,s}.
(29)

Repeating this process, we can find sequences such that, for
allk > 1,

ny <m(k) <n(k) <m(k+1),

i i
maxd, (g, 9%, ) 2 €0, (30)

1<r<s
i i )
d, (gxrji(k),gx;(k)_l) <&, Vjiell,2,...,s}.
Note that by (27), dp(gx'r;l(k),gxz(k)), dp(gx;;l(k),gxl’ ) <

n(k)-1
s(')/4 <g/2forallr e {s+1,s+2,...,n} 50

i, i,
maxd, (gxm(k)’gxn(k)) = &

j iy _
maxd, (9xm<k)’ 9xn(k)) =

1<j<n

dp (9x:n<k)’9x;<k)—1) < &>
(31
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foralli € {1,2,...,n} and all k > 1. Furthermore, for all j,

2p (95001 9%ha01) = P (9% 1> Tty 1)
= P (95910 ri01)
= dy (950910 9%00-1) (32)
< dy (9201 o) + iy (9500 T5hitr-1)

j j
<d, (gmec)—l’ 9xm(k>) t&.

Therefore, for all j and all k,
p (gxin(k)—l’gxiz(k)—l)
< (&0 + dp (%1910 %0 + P (9501910 %101

+p (gx;il(k)—l’ 9xi(k)—1)) X2
(33)

Next, for all k, leti(k) € {1,2,..., s} be an index such that

i(k) i(k) i i
dy (9% T%0y) = maxd,, (9% 9%
. , (34)
_ i i
= maxd, (gxm(k)’gxn(k)) = &-

1<j<n

Then, for all k,

p (gx;;ﬁk gxl(];c)))

= (dy (9% 9%,60) + P (95100 %) (39)
+p (gx’(’;)),gxnfk)))) x2' > %0

Applying the contractivity condition (17), it follows, for all k,

0<v(3)
< v (P (9% 9%0)

(36)
it () it ()
< 1//<maxp (gxm((k,i)]l,gx (]?) ]1)>

1<j<n

it () it (7)
_(p<maxp(gxm((’2 D, gl 1))

1<j<n

Consider the sequence:

10 (/) iy (/)
{maxp (gxm(k gxn(‘;;’)_l)]»k - (37)
>

1<j<n

If this sequence has a subsequence that converges to zero,
then we can take limit when k — o0 in (36) using this
subsequence, so that we would have 0 < y(gy/2) < w(0) -
¢@(0) = 0, which is impossible since ¢, > 0. Therefore,
the sequence (37) has no subsequence converging to zero. In
this case, taking ¢, > 0 in Lemma 15, there exist § €]0, g[

and k, € N such that maX1gjgnP(9xf,i((’Z)(i)p9x52(£))(_]1))

0, for all k >k, It follows that, for all k > kK,
~p(max, e, p(gxT 97 gx79) < ~g(8). Thus, by (36),

0<v(3)
it (1) iy (/)
< 1/’({12]9‘321’ (gxm(k Z10 9% 50— 1))
1o () itk ()
R4 (fEfS;P (gxm(k gxn(k)—l)) (38)

<y <maxp (gxry’l‘(’z(]l gx ",’;;(]1>> 10

1<j<n

SW<maXP(9x (- 1’gxn(k ))“/’(6)'

1<j<n
Fix any y > 0 and we are going to prove that y(g,/2) + ¢(d) <
y(gy/2 + ). Indeed, by Step 3 and (24), since

{maXP (gx (k)- 1)9’5 (k)- 1)}

1<i<n

{maXP (9xn(k) l’gxn(k) 1)} (39)

1<i<n

{m@Xdp (gx;n(k)—l’ gx;n(k))}

1<i<n

are sequences converging to zero, we can find m,; € N such
that if m(k) > m,, then

Y
maxp (9%m9-1> TFma-1) < 5
maxp (gx gx ) <Y (40)
I<ion n(k)-1° (k)-1) = 2’
maxd (gxi gx' ) <Y
1zisn P \TTmR)-1 IEmE) ) =

Therefore, (33) implies that, for all j and for all k such that
m(k) > my,

p (gxfn(k)_p gxi(k)—l)
< (80 + dp (gxzn(k)_l’ gxzn(k)) +p (gx;in(k)—l’ gxfn(k)—l)
+p (gxi(k)—l’gxiz(k)—l)> x27!

- & +y/2+y/2+y/2 so+3y
- 2 2 4

€
< 5 + .
(41)

Then, (38) guarantees that 0 < y(g/2) < y(max,.j,

p(gxfn(k)fl,gxi(k)fl)) - @(0) < wl(g/2 +y) — ¢(6). This
means that y(g,/2) + @(8) < w(ey/2 +y) forally > 0.
If we take y = 1/m > 0 (where m € N), we deduce that
Y(gy/2) + 9(8) < y(gy/2 + 1/m) for all m € N. Since y is
continuous, we have that y(g;/2) + ¢(0) < y(e,/2), which is



impossible since ¢(&) > 0. This contradiction finally proves
that every sequence {gx;,}, is d,-Cauchy.
Since X is p-complete, then X is d,-complete (item 3

of Lemma 13). Then, there exist x;,x,,...,%, € X such
. d

that {gx],} LN x; for all i. Furthermore, p(x;, x;) =

im,, 00 P(9%, 9%,) = limy, oo p(gX,,, 9%,) = 0

for all i. Since g is a,-continuous, then {ggx’ } 2, gx;
and p(gx;,gx;) = 0 for all i. Item 1 of Lemma 20

. d
shows that {ggx),} —  gx; for all i. Therefore, for

all i) lim m—>oop(ggxm+l’ggxm+l) = limm:m’_’oo

P(GGXi1> GG 1) = plgxpgx) = o

Moreover, for all m and all i, ggxm 4 = gF(xoW, x5@),
X0 (n) ) = F(gxa(l) ng (2) )gx ))_

Step 6. Suppose that F is a,-continuous. In this case, we know

p
that {gx! } 2, x; and p(x;, x;) = 0 for all i and

{p(F (g7,
F(g o;(1) , gxi ),...,gxf,’;(n)))} (42

- {P (ggxinﬂ’ggxinﬂ)} — 0,

z() Ui(")
,gx N ),

which implies that {F(gx ,gx‘7 i@ S gxp )y} L
F(x4.1)> Xg,2) - - - Xg,(m)) and p(F(xai(l), e X ()

F(xy(1y>-++>%gm)) = 0 for all i. Item 1 of Lemma 20
assures us that, for all 7,

xa(l)’ 0;(2)

{995} = {F (gx37, g3, .. gx3 ™)}
dP

—F (xai(l)’xd,-(Z)’ z -’xa,-(n)) -

(43)

Since the limit in a MS is unique, we deduce that
F(x4.1)> Xg,20 -+ > X, (m) = g%; for all i, so (x,x,,...,x,) is
a Y-coincidence point of F and g.

Step 7. Suppose that (X, d,, <) has the sequential g-monotone
property. In this case, by Step 2, we know that gx!, <; gx!, .,
for all m and all i. This means that the sequence {gx’ },,5, is

. d .
monotone. As {gx’ } — x;, we deduce that ggx’ <; gx; for
allm andall i. This condition implies that, for all 7 and all
j)

<, ggx Vil
(44)

. 0'(1) .
either [ggxnf <i 9% (i) V’] or [gx"j(i)
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(the first case occurs when j € A and the second one when
j € B). Then, by (17), for all j,

y (P (ggxfnw F (xaju)’ Xoi(2)>+ ’xa,(n))))
ORC) xoj(n)) ’

)g m P ] m

%0m)))

<y <maxp (ggxm > gxa,(t’)))

1<i<n

=y (p(F (g2

F (xo.j(l), xa.j(z), vy
(45)

-9 (maXP (ggxn" ,gxa,.a)))

1<i<n

<y <maXP (99%,> 9; ))

1<i<n
o d,
Since {ggx,,} — gx; for all i, then
Jim p(ggx,,9%) = (g% gx,) =0 Vi.  (46)
Therefore, lim,, _,,(max, .,p(ggx.,gx;)) = 0. Tak-

ing limit when m — oo in (45), we deduce that

llmmﬁool,(/(p(ggx:m_l, F(Xo.j(l), Xo.j(z), e xo.j(n)))) = 0 for all
j. Asy € ¥, Lemma 18 guarantees that

"llgnoop (ggxinﬂ, F (xo.j(l), xo.j(z), ey xo.j(n))) =0 V]
(47)

Finally, for all j,

x"j“”))

=2p (ng’F (xaj(l)’xaj(Z)’ e x"j("))) - (ng’ng)
),
F(xﬂj(l)’xaj(z)""’xaf(n))>

< 2p (gx],F (xaj(l), xaj(z), ey xaj(n)))

d, (gx]-,F (xaj(l), X2+

— P (F (xo,j(l), xo,j(z), ey

22 (9% F (%o, 10 %o 20+ %o, ) ) P (9> 99%),)

+p (ggxin,F(xaj(l), xaj(z),..., ) ]
(48)
Using (46) and (47), we conclude that d,(gx),
F(xg,(1)> Xg,(2)> - - - X (m))) = 0 for all j. ]

Remark 25. In the previous theorem, if the image Im d of the
metric d is not the whole set [0, co[, then ¥ and ¢ can only
be defined on Im d, and we can consider a wider range of
mappings since it is only necessary to impose that they are
continuous and nondecreasing on Im d.
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Remark 26. We notice also that our paper cannot be deduced
from the recent interesting paper of Haghi et al. [21] on partial
metric space. In fact, we use a partial order <. Then, we only
suppose (17) for which gx; <; gy; for all i (not necessarily on
points which are not comparable). Further, we use a self-map
g: X — X which implies that

P (A, B) = maxp (ga;, gb,) »
1<i<n (49)
B=(b,b,...

A=(a,a,...,a,), ,b,) € X"

is not necessarily a partial metric on X”. For instance, let X =
R; = [0,00) provided with its usual partial order and the
partial metric p(x, y) = max(x, y). Consider

if0<x<1,

g% = {?c’— 1, ifx> 1. (50)
Then, g is continuous, but
P((0,0,...,0),(0,0,...,0))
=P((1,1,...,1),(0,0,...,0)) (51)

=P((1,1,...,1),(1,1,...,1)) = 0,

but (0,0,...,0)#(1,1,...,1). Then, P does not verify the
axiom p(x,x) = p(x,y) = p(y,y) = x = y. Therefore,
we cannot apply Theorem 2.4 on Haghi et al. [21].

As a result, we cannot use Theorem 2.7 in [21] since T has
an influence in —p(max{p(x, ), p(y, Ty)}), and our mapping
F has not a role in the left side of (17).

5. Consequences

Remark 27 Theorem 9 in [11] is an easy consequence of
Theorem 24 if we take p = d, w(t) = t, and ¢(t) = (1 — k)t for
allt e Ry.

In the next result, let [, be the family of all nondecreasing
on each argument, continuous mappings ¢ : [0,c0[" — R;
verifying ¢(x,, x,,...,x,) = 0if,and only if, x, = x, = -+ =
x, = 0. Examples of such mappings are the following, where
k>0,a; >0andn; € N forall i.

(i) ¢(xy,...,x,) = kmax,_;_,X;.
(i) Pxy,...rx,) = Yoy X,
(iil) ¢(xys...5x,) = Rloyxt + - + a,x2.

Lemma 28. Let ¢ € T, and define ¢ : R, — R as
o(t) = min(¢(te,), P(te,),...,d(te,)) for all t > 0, where
{e),ey,...,e,} is the usual basis of R". Then, ¢ € ¥ and
p(max, ., x;) < ¢(x1, X5, ..., %,) for all x,,x,,...,x, € R;.

Proof. First part is clear. If x; = max,,,x; then
(x;e;) = ¢(0,0,...,0,x;,0,...,0) < Plx;, x50,
X1 Xipp Xjgp1o+- > %) = P(x,%5,...,x,).  Therefore,
p(max; g, X;) = 9(x; ) < P(x; € ) < P(x1, %5, ..., %,). O

Corollary 29. Thesis of Theorem 24 also holds if one replaces
the contractivity condition (17) by any of the following list (for
which gx;<;gy; for all i).

(A) This condition can be found in [11] and [12], there exist
v € Y and ¢ € I, such that

v (p(F (%1 %505 %), F (1, Y20+ 5 )
<y (gg};p (gxi’gyi)) (52)

¢ (p(gxign)s--> P (9% V) -

(B) In [17], there exist w, ¢ € ¥ and f3,, 3,, ..
such that By + B, +---+ 3, < 1 and

SO

- B, €10,1]

v (p(F(xpx0%,), p (715000
(53)

1<i<n

<y (gﬁlp (g gyi)> —¢ (maXP (gxi gy,-)) :

(C) There exist y, ¢ € ¥ and o, «,, . ...

> Ia)))

, &, > 0 such that

v (p (F (%1 X003 %,) s F (315 ¥25 -

n (54)
<y (maxp (gxi,gyi)> - (Zaip (g% gyi)) :

1<i< :
<isn 0

(D) In [2, 7, 9], there existy € ¥, &}, «y, ..., 0, > 0, and
Bi>Bo-- > B, =0suchthat B, + B, +-++ B, < 1land

v (p(F(x1, %05 %,)  F (91, Y245 V)

(55)

sy <2.Bip (gx;, g)’i)> - ;%P (9x:> 9y1) -

(E) In [5], there exist w € ¥ and o, 0y, ..., > 0 such
that

s Vn)))
<y < %ZH:P (g g)’i)) - i‘xi}’ (9x: 9y;) -

v (p (F (%55 %,) s F (y15 25
(56)

(F) In [19, 20], there exist v, € V¥ such that v is
subadditive (y(s+1t) < w(s) +y(t) forallt,s € [0, 00))
and

Y (p(F(xp, %05 %,)  F (71, Y245 V)

n

<1y <i_le (g% gy,)) - (maXp (g% gy,-)) :

n 1<i<n

(57)

Of course, it is also interesting to particularize all the
previous items to the following cases: y(t) = At (where A >
0), ¢(t) = ut (where p > 0), or gx = x for all x € X.

Proof. (A) By Lemma 28, there exists ¢ € ¥ such
that —¢(x;, x,,...,x,) < —-p(max,;_,x;) for all
X1, Xp,..., %, € [0,00[, so (52) implies (17). (B) It is obvious

that Y, Bip(gxigy) < (Yo, Bmax, ., p(gx; gy;) <
max, ., p(gx;,gy;), so (53) implies (17). (C) We only
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take ¢(xy,%,,...,%,) e(YL, a;x;) in item (A). (D) It
is a mixture of (B) and (C). (E) It is a particular case of
(D) where ; = 1/n for all i. (F) If v is subadditive, then
(I/my(t) < y(t/n) for all t > 0, so we may choose 3; = 1/n
for all i in (B). O

6. Uniqueness of Y-Coincidence Points
Consider on the product space X" the following partial order:

for (x1, x5, -5 %,)s (V1> Voo oo ¥,) € X7,

%) < (V1 Yoo

We say that (x;, x,,...
ble if (x,,x,,...
SIS A

Theorem 30. Under the hypothesis of Theorem 24,
assume that for all Y-coincidence points (x;,%5,...,%,),

(%1, X9, - . JVn) &= %<y, Vio (58)

, ¥,) are compara-
X)) 2

»X,) and (v, 5, ...
’xn) S ()’1:)/2,---,)/,,) or (xl,xz,...

(V1> Var oo V) € X" of F and g there exists
(U, ty,..5u,) € X" such that (guy, guy,...,gu,) is
comparable, at the same time, to (gx,, gx,,...,gx,) and to

(GY1, 925> GYn)-
Then, F and g have a unique Y-coincidence point (z;, z,,

..»2,) € X" such that gz; = z; for all i.

Proof. From Theorem 24, the set of Y-coincidence points of
F and g is nonempty. The proof is divided into two steps.

Step 1. We claim that if (x;, x,,...,%,), (¥, ¥, ---> ¥,) € X"
are two Y-coincidence points of F and g, then

gxi=gy; Vi (59)
Let (x1,%5 .. %,), (V1> ¥2o-->¥,) € X" be two Y-
coincidence points of F and g, and let (u;,u,,...,u,) € X"

be a point such that (gu,, gu,, ..., gu,,) is comparable, at the
same time, to (gx;, gx,, ..., gx,) and to (gy;, g¥ss-- > GVu)-
Using (uy,u,,...,u,), define the following sequences. Let
u, = u; for all i. Reasoning as in Theorem 24, we can
determine sequences {u} },s00 (Ul oo - Ul s SUCh

that guin+1 = F(ugj(l), uf;;(z), N uij(”)) for all m and all i. We

. . d i .
are going to prove that gx; = lim,/_  gu, = gy, for all i, so
(59) will be true.

Firstly, we reason with (gu,,gu,,...,gu,) and
(gx1,9%55...,9%,), and the same argument holds
for (guy, gu,y,...,gu,) and  (gy;,gVsr--->9V,). As
(guy> guy, ... gu,,) and (gx1, 9%55 ..., gx,) are
comparable, we can suppose that (gu,, gu,,...,gu,) <

(gx1>9g%55...,9x,) (the other case is similar); that is,
guy = gu;<;gx; for all i. Using that F has the mixed
g-monotone property and reasoning as in Theorem 24, it is
possible to prove that gu!_ <; gx; for all m > 1 and all i. This
condition implies that, for all jand all m > 1

. (@) . i@,
either [ guf,{ 1 < gxgj(i)Vz] or [ 9%a,(i) Si guf,{ l Vz] .
(60)

Define B, = max,_,p(gu ,gx;) for all m. Reason-
ing as in Theorem 24, it is not difficult to prove that
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{Butmsy — 0 which means that lim,,_, B, =

lim,, _, o (max, ;. p(gutl,, gx;)) = 0. As 0 < ‘p(guin,gx,») <
B, for all m and all i, we deduce that {p(gu,,, gx;)},=1 —

0 = p(gx;, gx;) for all i; that is, {gu, } 2, gx; for all i. Ttem 1
of Lemma 20 shows that

{gui } ﬁ) gx; Vi (61)

If we had supposed that (gx;, gx,,...,gx,) < (gu;, gu,,
..»gu,), we would have obtained the same property
(61). And as (gu,,gu,,...,gu,) also is comparable to
(gy1>9Y2> - - > gY,)> We can reason in the same way to prove

. od
that {gu;,} 2 gy, for all i. Since the limit in a MS is unique,
gx; = gy, for alli.
Let (x;, Xx,,...,%,) € X" be a Y-coincidence point of F
and g, and define z; = gx; for all i. As (z,2,,...,2,) =
(gx1> g%, .., gx,), Remark 6 assures us that (z,,2,,...,2,)
also is a Y-coincidence point of F and g.

Step 2. We claim that (z,z,,...,%,) is the unique Y-
coincidence point of F and g such that gz; = z; for all i. It
is similar to Step 2 in Theorem 11 in [11]. O]

It is natural to say that g is injective on the set of all Y-
coincidence points of F and g when gx; = gy; for all i implies
x; = y; foralli when (xy, %5, ...,%,), (V1> ¥2» > V) € X" are
two Y-coincidence points of F and g. For example, this is true
is g is injective on X.

Corollary 31. In addition to the hypotheses of Theorem 30,
suppose that g is injective on the set of all Y-coincidence points
of F and g. Then, F and g have a unique Y -coincidence point.

Proof. If (x;,%,,...,x,) and (¥, ¥;,...,¥,) are two Y-
coincidence points of F and g, we have proved in (59) that
gx; = gy, for all i. As g is injective on these points, then,
x; = y; for all i. O

Corollary 32. In addition to the hypotheses of Theorem 30,
suppose  that (241> 24,25+ +»Zg,m) IS comparable to
(zgj(l),zgj(z),..., Jj(n))for alli, j. Then, z, =z, = -++ = z,,.

In particular, there exists a unique z € X such that
F(z,z,...,z) = z, which verifies gz = z.

Proof. Let M = max,; ;.,p(;, %), let jo, 50 € {1,2,...,n}
such that p(zjo,zso) = M, and let

A= maXp (ZO.]_O (i) ZO.SO (1)> < M. (62)

1<i<n
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Fix j,s € {1,2,...,n}. As (zgj(l),zaj(z), ...,zg]_(n)) is compara-
ble to (2, (1), Zg, (2> - - » Zg,(m))> then either Zo,(i) SiZ0, ) for all i
Or 2, (1<%, (i) for all i. Since gz; = z; for all i, we know that
either 9Z0,i) i 9%0,() for all i or gz, (; <; 9%0,(i) for all i. In
any case, applying (17),

v =y (p(z2,))
=v(p(97,92,))
=y (P (F (20,0 20,0020, )
F (2o, 0y 20,00 Z0,)))  (63)

<y (maxp (gZ% (i) 9%o,, (i))>

1<i<n

-9 (maxp (gzajo(i)> gzaso(i)))

1<i<n

=y (N)-eA) <y M) -9 (A).

If A > 0, then @(A) > 0, so y(M) < y(M) — ¢(A) < y(M),
which is impossible. Then, A = 0, and (63) implies that
y(M) < y(A) — o(A) = w(0) — ¢(0) = 0, so y(M) = 0.
Therefore, p(z;,z;) = 0 foralliand j. O

Example 33. Let X = R provided with its usual partial order
< and the partial metric p(x, y) = max(|x|,|y|). Letn € N,
and let a;,a,,...,a, € R\ {0} real numbers such that there
exist iy, j, € {1,2,...,n}verifyingaio <0< ajO.LetN > |a; |+
|a,|+---+|a,l, and consider F(x,, x5,...,x,) = (a;x; +a,x,+
-+ +a,x,)/N and gx = x, for all x,x,,x,,...,x, € X. Then,
F is monotone nondecreasing in those arguments for which
a; > 0 and monotone nonincreasing in those arguments for
which a; < 0. Furthermore, taking k = (|g;| + la,| +--- +
la,l)/N € (0, 1), it follows that

|F (x15 %5, ... )]

_ail el +lao] x| +--- + || x|

N
clalrlel ol el bl oo )
= kmax (|x, |, [x,],..., |x,]) -
(64)
Therefore,

P(F (x5 %), F (15 Y25 V)
= max (|F (x1, %5, %,)[5 [F (315 325> 3)])
< max (kmax (5], ol - o) )

kmax ([y], [52]5 -5 [yal)
= kmiax (p(x1 %))

1

If y(t) = t and @(t) = (1 — k)t, all conditions of Theorems 24
and 30 (and Corollaries 31 and 32) are satisfied. Indeed, it is
clear that (0,0, ...,0) is the unique fixed point of F.

The following example is based on Examples 1.9 and 2.2
in [29].

Example 34. Let X = {0,1,2,3,4}, and let p be the partial
metric on X given by p(x,y) = max(x, y) for all x,y €
X. Then, (X, p) is complete, and p generates the discrete
topology on X (indeed, d, is the Euclidean metric on X).
Consider on X the following partial order:

(x,5)=(0,2).
(66)

x,y€eX, X<yex=y or

Consider F: X" — Xand g: X — X defined by

0, if x;,%,,...,x, €{0,1,2}
F , s — b 1> V2> »Mn » Ly >
(123002 %,) {1, otherwise,
0, ifx=0, (67)
gx =12, ifxe€{0.51},
3, if x € {1.5,2}.

It is not difficult to prove the following statements.

(1) Fand g are o,-continuous mappings (since d,, gener-
ates the discrete topology on X).

(2) F and g are commuting.

(3)If y,z € X verify gy < gz, then either y,z ¢
{0,1,2} or y,z € {3,4}. Then, F has the mixed (g, <)-
monotone property on X.

(4) If %1, %5, s X V1> Var - - > ¥y € X verity gx; <; gy,
for all i, then F(x,,x5,...,%,) = F(y;, ¥35--.» ¥,). In
particular, (17) holds (whatever y and ¢; for instance,
y(t) = 2t and @(t) = log(t + 1) for all t > 0).

For simplicity, henceforth, suppose that » is even, and
let A (resp., B) be the set of all odd (resp., even)
numbers in {1,2,...,n}.

(5) For a mapping o : A, — A,, we use the notation
o= (0(1),0(2),...,0(n)) and consider

o;=0i+1,...,n-1,n1,2,...,i—-1) Vi (68)

e e ! L
Then, 0; € Q,pifiis odd, and 0; € Q, yifi is even.

LetY = (0y,05,...,0,).
(6) Take xf) = 0ifiis odd and xf] = 2 if i is even. Then,
gxg < F(xg"(l),xg"(z), e xg"(")) for all i.

(7) (X, d,, <) has the sequential g-monotone property.

Therefore, we can apply Theorems 24 and 30, and Corol-
laries 31 and 32, to conclude that F and g have a unique Y-
coincidence point, which is (0,0, ..., 0).
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