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The present paper is divided into two parts. First, we introduce implicit and explicit iterative schemes based on the regularization
for solving equilibrium and constrained convex minimization problems. We establish results on the strong convergence of the
sequences generated by the proposed schemes to a common solution of minimization and equilibrium problem. Such a point is
also a solution of a variational inequality. In the second part, as applications, we apply the algorithm to solve split feasibility problem

and equilibrium problem.

1. Introduction

Let H be a real Hilbert space with inner product (:,-) and
norm | - ||. Let C be a nonempty closed convex subset of H.
Let ¢ be a bifunction of C x C into R, where R is the set of
real numbers. Consider the equilibrium problem (EP) which
is to find z € C such that

¢(z, )20, VyeC. (1)

We denoted the set of solutions of EP by EP(¢)). Given a
mappingT : C — H,let¢(x, y) = (Tx, y—x) forallx, y € C;
then z € EP(¢) if and only if (Tz,y —2z) > O forall y € C;
that is, z is a solution of the variational inequality. Numerous
problems in physics, optimizations and economics reduce to
find a solution of (1). Some methods have been proposed to
solve the equilibrium problem; see for instance see [1-8] and
the references therein.

Some composite iterative algorithms were proposed by
many authors for finding the common solution of equilib-
rium problem and fixed point problem. Next, we list some
main results as follows.

With some appropriate assumptions, Ceng et al. [9]
established the following iterative scheme: x; € H and

1
¢(un’y)+_<y_un’un_xn>20’ VyEC,
n )
Xy = 0ty + (1 —a,) Su,,  VneN.
Under certain conditions, the sequences {x,} and {u,} con-
verge weakly to an element of EP(¢) N F(S).
For finding an element of EP(¢) N F(S), S. Takahashi and
W. Takahashi [10] introduced the following iterative scheme
by the viscosity approximation method in a Hilbert space:
x,; € Hand

1
¢(un’y)+_<y_un’un_xn>20’ V)’EC)
n (3)
X1 = 0,h(x,) + (1 -a,)Su,, VneN.
Under suitable conditions, some strong convergence theo-
rems are obtained.
In 2009, Liu [11] introduced two iterative schemes by the
general iterative method for finding an element of EP(¢) N
F(S), where § : C — H is a k-strictly pseudocontraction



nonself mapping in the setting of a real Hilbert space. Let {x,}
be a sequence generated by

¢(un’y)+%<y_un’un_xn>20’ VyEC,

Yn = ﬁnun + (1 - ﬁn) Sun’ (4)

x, =oa,yh(x,)+ (I -a,B)y,, VneN,

and x, € H arbitrarily,

1
¢ (uy y) + T (y-tpu,—x,) 20, VyeC,

n

Yn = ﬁnun + (1 - ﬁn) Sun’ (5)

Xyl = (Xnyh (xn) + (I - ‘XnB) V> VneN,

where B is a strongly positive bounded linear operator on H.
Under some assumptions, the strong convergence theorems
are obtained.

In 2012, based on the concept of the shrinking projection
method, Reich and Sabach [12] consider the following algo-
rithm for finding the common solution of finite equilibrium
problems in a reflexive Banach space

Xy € X,

Q= {2 € Q) (F (x,+€,) - VF (3h) . 2 - 3} <0},
Qi = ﬂng;H’

Xn+1 = PrOjQ’/;+1 (x()) , n=01,2,....
(6)

Under some consumption, the sequence {x,}, .y converges
strongly to Projé (xg)-

The gradient-projection algorithm is a classical power
method for solving constrained convex optimization prob-
lems and has been studied by many authors (see [13-26] and
the reference therein). The method has recently been applied
to solve split feasibility problems which find applications in
image reconstructions and the intensity modulated radiation
therapy (see [27-34]).

Consider the problem of minimizing f over the con-
straint set C (assuming C is a nonempty closed and convex
subset of a real Hilbert space H). The main results we all know
about the gradient projection are thatif f: H — Risa con-
vex and continuously Fréchet differentiable functional, the
gradient-projection algorithm generates a sequence {x,} >,
determined by the gradient of f and the metric projection
onto C. Under the condition that f has a Lipschitz continuous
and strongly monotone gradient, the sequence {x,,}- can be
strongly convergent to a minimizer of f in C. If the gradient
of f is only assumed to be inverse strongly monotone,
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then {x,} >, can only be weakly convergent if H is infinite-
dimensional.

Recently, Xu [35] gave an operator-oriented approach as
an alternative to the gradient-projection method and to the
relaxed gradient-projection algorithm, namely, an averaged
mapping approach. He also presented two modifications
of gradient-projection algorithms which are shown to have
strong convergence.

On the other hand, regularization, in particular the
traditional Tikhonov regularization, is usually used to solve
ill-posed optimization problems [36]. The disadvantage is the
weak convergence of the method RGPA for the regularization
problem under some conditions.

The purpose of the paper is to study the iterative method
for finding the common solution of an equilibrium problem
and a constrained convex minimization problem. Based on
the Viscosity method [18], we combine the RGPA and aver-
aged mapping approaches to propose implicit and explicit
composite iterative methods for finding the common element
of the set of solutions of an equilibrium problem and the
solution set of a constrained convex minimization problem
and also to prove some strong convergence theorems.

2. Preliminaries

Throughout the paper, we assume that H is a real Hilbert
space whose inner product and norm are denoted by (-, -) and
[l - Il, respectively, and C is a nonempty closed convex subset
of H. The set of fixed points of a mapping T is denoted by
Fix(T); that is, Fix(T) = {x € H : Tx = x}. We write x,, — x
to indicate that the sequence {x,,} converges weakly to x. The
fact that the sequence {x,,} converges strongly to x is denoted
by x, — x. The following definition and results are needed
in the subsequent sections.

Recall that a mapping V : H — H is said to be L-
Lipschitzian if

Ve-Vl<Llx-sl. VeyeH @)
where L > 0 is a constant. In particular, if L € [0,1),
then V is called a contraction on H; if L = 1, then V

is called a nonexpansive mapping on H. V is called firmly
nonexpansive if 2V — I is nonexpansive, or equivalently, (x —
y,Vx = Vy) = |[Vx - Vy|?, for all x, y € H. Alternatively, T
is firmly nonexpansive if and only if T' can be expressed as
T =(1/2)(I+S), where S : H — H is nonexpansive.

In 1978, Baillon et al. [37] defined the concept of averaged
mapping which is used very frequently now.

Definition 1 (see [37]). A mapping T : H — H is said to be
an averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping; that is,

T=010-a)l+asS, (8)

where « is a number in (0,1) and S H — Hiis
nonexpansive. More precisely, when (8) holds, we say that
T is a-averaged. Clearly, a firmly nonexpansive mapping (in
particular, projection) is a (1/2)-averaged map.
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Proposition 2 (see [28, 38]). For given operators S, T,V :
H — H one has the following.

O IT = (1 -x)S+ aV for some a € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I - T is firmly nonexpansive.

(iii) If T = (1 = @)S + &V for some « € (0,1) and if S is
firmly nonexpansive and V is nonexpansive, then T is
averaged.

Recall that the metric (or nearest point) projection from
H onto C is the mapping P : H — C which assigns to each
point x € H the unique point Pox € C satisfying the property

fe-Pord=infle -] =4O, )
In 1984, Goebel and Reich [39] discussed the properties
of the nearest point projection.
Lemma 3 (see [39]). For given x € H one has the following:
(i) z = Pox if and only if

(x-—2z,y-2)<0, VyeG (10)

(ii) z = Pox if and only if
b2l < =y -y -2, vyec
(iii)
(Pcx = Poy,x = y) > |Pox - PCyHZ, Vx,y € H. (12)
Consequently, P is nonexpansive and monotone.
Lemma 4. The following inequality holds in a Hilbert space X
lx+y” <lIxl? +2(nx+y), Vx,yeX. (13)
Lemma 5 (see [40]). In a Hilbert space H, one has

A+ (1= A) y) = MxlP+ A=) P - 2@ =) x -y

Vx,ye H, Alel0,1].

(14)

Lemma 6 (Demiclosedness Principle [40]). Let H be a
Hilbert space, K a closed convex subset of H, andT : K — Ka
nonexpansive mapping with Fix(T) # 0; if {x,,} is a sequence in
K weakly converging to x and if {(I — T)x,} converges strongly
to y, then (I - T)x = y; in particular if y = 0 then x € Fix(T).

Definition 7. A nonlinear operator T' whose domain D(T) <
H and range R(T') < H is said to be

(i) monotone if

(x-yTx-Ty) 20, Vx,yeD(T); (15)

(ii) B-strongly monotone if there exists 8 > 0 such that
(x-y,Tx-Ty) 2 f|lx-y|’, V¥x,yeD(T); (16)

(iii) v-inverse strongly monotone (for short, v-ism) if
there exists v > 0 such that

(x =3, Tx-Ty) 2¥|Tx - Ty|’, Vx,y e D(T). (17)
Proposition 8 (see [28]). Let T : H — H be an operator
from H to itself.

(i) T is nonexpansive if and only if the complement I — T
is (1/2)-ism.
(ii) If T is v-ism, then for y > 0, yT is (v/y)-ism.
(iii) T is averaged if and only if the complement I-T is v-ism
forsomev > 1/2. Indeed, for « € (0, 1), T is a-averaged
ifand only if I — T is (1/2a)-ism.

Lemma 9 (see [18]). Assume that {a,} is a sequence of
nonnegative real numbers such that

A1 = (1 - yn) a, + yn8n’
where {y,} is a sequence in (0,1) and {6,} is a sequence in R
such that

n>0, (18)

(D) X1 Y = 005
(i) lim sup,,_, .0, <0 or Y2 9,18,] < co.

Then lim,, _, .,a, = 0.

In order to solve the equilibrium problem for a bifunction
¢ : CxC — R,let us assume that ¢ satisfies the following
conditions:

(A1) ¢(x,x) =0, forall x € C;

(A2) ¢ is monotone; that is, ¢(x, y) + ¢(y,x) < 0, for all
x,y €GC;

(A3) Forall x, y,z € C,
ltllrglgb (tz+(1-t)x,y) < (x,9); (19)

(A4) for each fixed x € C, the function y — ¢(x, y) is
convex and lower semicontinuous.

Let us recall the following lemmas which will be useful for
our paper.

Lemma 10 (see [28]). Let ¢ be a bifunction from C x C into R
satisfying (Al), (A2), (A3), and (A4). Then, for any r > 0 and
x € H, there exists z € C such that

¢(Z’)’)+%<;V—z,z—x)20, Vy e C. (20)

Further, if T,x = {z € C : ¢(z,y) + (1/r){y — 2,2 — x) >
0,Vy € C}, then the following holds:
(1) T, is single-valued;
(2) T, is firmly nonexpansive; that is,
ITx - T,y|° < (T,x-T,y,x-y), V¥x,yeH; (21)
(3) F(T,) = EP(¢);
(4) EP(¢) is closed and convex.



3. Main Results

We now look at the constrained convex minimization prob-
lem:

minf (x), (22)

where C is a closed and convex subset of a Hilbert space H
and f : C — R is a real-valued convex function. If f is
Fréchet differentiable, then the gradient-projection algorithm
(GPA) generates a sequence {x,,} ., according to the recursive
formula

Xpe1 = Projc (I -yVf)(x,), n>0, (23)
or more generally,
X4 = Projg (I - anf) (xn) » nz0, (24)

where, in both (23) and (24), the initial guess x, is taken
from C arbitrarily and the parameters y or y,, are positive real
numbers.

As a matter of fact, it is known that, if Vf fails to be
strongly monotone and is only 1/L-ism; namely, there is
constant L > 0 such that

(V) =VF (9)x- 9 2 T @ -, xyeC,
(25)

under some assumption for y or y,, then algorithms (23) and
(24) can still converge in the weak topology.
Now, consider the regularized minimization problem

minf, (x) := f (x) + Il (26)

where o > 0 is the regularization parameter, and again f is
convex with 1/L-ism continuous gradient Vf.

It is obvious that there exists a unique point x, € C such
that x, is the unique fixed point of the mapping

V,, := Proj (I - yVf,) = Proj. (I -y (Vf +al)). (27)

We can prove that {x,} — x", where x” is a solution of
the constrained convex minimization problem.

Throughout the rest of this paper, assume that the
minimization problem (22) is consistent and let U denote its
solution set; we always assume that 4 is a contraction of C
into H with coefficient p € (0,1); let {Gan} be a sequence
of mappings defined as Lemma 3 and define a mapping T,, :
C — Cby

Po(I-9Vf, ) =M 0+ (1-1,)T,

n

_2-y(L+a,) (28)

A,
4
Consider the following mapping Q, on H defined by

Qx=0,h(x)+(1-0,)T,Ggx, x€H,neN, (29)
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where 0, € (0, 1); then by Lemmas 3 and 10
“an -Quy "

Senp"x_y"-I—(l_en)”x_y”:(1_(1_p)6n)'
(30)

Since 0 < 1 - (1 - p)f, < 1, it follows that Q, is a
contraction. Therefore, by the Banach contraction principle,
Q,, has a unique fixed point xZ € H such that

xh=0,h(x}) +(1-6,) T,Gg xh. (31)

For simplicity, we will write x,, for xﬁ provided that no
confusion occurs. Next, we prove the convergence of {x,}
while we claim the existence of the g € U () EP(¢) which
solves the variational inequality

(I-hygp-q) 20, YpeU[EP($). (32)

3.1. Convergence of the Implicit Scheme

Proposition 11. If 0 < y < 2/L,0 < « < 2/y — L, Vf is
(1/L)-ism, for all x € C,

PrOjC (I - yvf(x) = (1 - er) I+ tuotTot’

(33)
Proj. (I - yVf) = (1 - p) I +uT,
where p, = (2 + (L + «))/4, u = (2 + yL)/4, then
||Tax - Tx|| < aM (x), (34)
where
M (x) =y S llxll + 1Tx]) - (35)
Proof. One here
[Projc (I = yVfy) x = Proje (I - yVf,) x|
= “([" - [’loc) X+ [’locTocx - [’lTx“
(36)
<|I(1 = yVfe) x = (1 - yVf) x|
= [V ) = Vf ()] = ay lx],
then
letod (Tax) = x| < s = i Nl + exy D]
5 T (37)
2+y(L+«)
where, M(x) = y(5lx| + I Tx|). O

Theorem 12. Let C be a nonempty closed convex subset of a
real Hilbert space H and h : C — H a contraction with
p €(0,1), U N EP(¢p) #0, and ¢ a bifunction from C x C into
R satisfying (A1), (A2), (A3), and (A4). Let {x,} be sequence
generated by

1
¢(un’y)+_<y_un’un_xn>20’ Vyec’
n (38)

Xn = enh (xn) + (1 - en) Tn (un) >
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where, P.[I = yVf, ] = A, I+ (1 =A,)T,, 0 <y < 2/L and
A, =Q2-yL+a,)/4

(i) {B,} < (0,+00) liminf, B, > 0;
(ii) {6,} < (0,1), lim, _, .6, = 0;
(iii) o, = 0(0)).

Then, {x,} converges strongly to a point q € U N EP(¢)
which solves the variational inequality (32).

Proof. Pick any p € U NEP(¢), u, = Gg x,,, p = Gg p; then
we have

e, = | < 1%, - 2l (39)
(noting Tp = p)
%, - 2l
= 6,1 (x,) + (1-6,) T, (,) - p
=6, (h(x,) =k (p)) + 6, (h(p) - p)
+(1-6,) (T, (u,) - p)|
< 0,p |, = pl| + 6, |1 (p) - p
+(1=6,) [l — pll + 1T, (p) = T (P)]

= (1 - (1 - P) en) len - P" + en “h (P) - P" + ‘Xan;
(40)
hence,

1
l-p
So, {x,} is bounded. Next, we claim that |x,, — u,]| — 0.

Take p € U N EP(¢); by Lemma 3, we have

Ix, - pl < (I (p) - p|| + M,]. (41)

"un - P“z = “Tﬁn'xn - Tﬁnp"z < <xn - pu, - P>
(42)

= 2 (b= olF + o~ £IF B~ ).
It follows that
i, 21 = - oI - 1, ~
I, ol
= 6, (h(x,) = p) + (1= 6,) (T, - p)I
< (1-6,)° ([T, - T,p+ Tp - Tp|]

+26, (h(x,) = px, - p)
< (1 - On)z

x [l = pII* + 2w, - pl
x |T.p - Tp| + |T.p - Tp|]
+26, (h(x,) = px, = P)
<(1-6,)’

5
x ([l = oI = s = ]
+2|u, = p|[ T, = Tp|
+ | T,p = Tol) + 26,0, - p|I
+20, (h(p) = px, — P) -
(43)
So, lIx, —u,| — 0. Next, we show that ||x,, — T, x,| — 0,
"xn - Tnxn”
= ||xn - Tnun + Tnun - Tnxn"
<0, |h(x,) - Tu,|| +|Ju, — x,| — 0.
|, = Tou|| = |14, = x,, + x,, = Tyx,, + T,ix,, = Toua,,|| — 0.
(44)
Observe that
"PC (I - vaa,,) U, —uy
= |Auu, + (1= A,) Tu, — u,| (45)
= (1 - An) "Tnun - un" < “Tn”n - un“ :
Hence,
I1Pc (1= yVf) u, - u,
< [P (1= y9f) u, - P (1= y¥f,, ) »
+Pe (1= V7, ) 1, —
<ya, ||un|| + ||Tnun - un" — 0.
So,
nlLI%O ”PC (I - va) Uy, = un” =0. (47)

Since {u, } is bounded, there exists {”n,-} such that {“n,-} —
q. Since C is closed and convex, C is weakly closed. So, we
have g € C. Let us show that g € U. Assume that g € U. Since
u, — qand q#Tg, it follows from the Opial’s condition that

lim inf |, —q
< liminf u, - Tq|
(48)

< liminf (”un -Tu,
n— 00 i i

+|[Tu,, - Tq])

< liminf

n— oo

Uy, — q" ’

This is a contradiction. So, we get g € U.
Next, we show that g € EP(¢). Since u, = G x,,, for any
y € C, we obtain

¢(un’y) + i<y —Up Uy — xn> = 0. (49)

n



From (A2), we have

i <y Uy Uy — xn) 2 ¢(y’ un) . (50)

n

Replacing n with #;, we have

u, —x,
<y_un,-’ 1[; ’>2¢(y’un,-)' (51)

Since (u,, - x,,)/fB, — 0andu, — g, it follows from (A,)
that 0 > ¢(y,q), forall y € C. Letz, = ty + (1 — t)q for
allt € (0,1] and y € C. Then, we have z, € C and hence
¢(z,,q) < 0. Thus, from (A1) and (A4) we have

0=0¢(z2) <tdp(z,y) + (1 -1)p(2,q) <td(z: y)
(52)

and hence 0 < ¢(z,, y). From (A;), we have 0 < ¢(q, y) for
all y € C and hence g € EP(¢). Therefore, g € U N EP(¢).
On the other hand,

Xn—q= en (h (xn) - q) + (1 - en) (Tnun - 61) > (53)

I, - al
=0, (h(x,) - x,—q) +(1-6,) (T,u, -, x, - q)
=0,(h(x,) ~h(q).x, - )
+(1-6,)(Tu, - T, x, — q)
+(1-6,)(T,q-Tqx, - q) +6,(h(q) -
<0,pllx, - ql* + (1-6,) |, - 4l

+ 6n<h (q) — 4%, — q> + (1 - en) anMZ "xn - q" ;
(54)

4%, —q)

then Xp, = q if X = 4.
Next, we prove that g solves the VI (problem):

=1 (5) = =5 (1=1,Q4) %, + (1= T,Q5 ) %, 65)
Note that
(I-h)g,q9-p)

= lim (1= £) (x,, ), %, = p)

J— 00

= i, [_é ((1-7.Qn, ),

- (I -T1,Q, ) o, - P> (56)
B 9i ((1-7,Qs,) % - p)

]

{178 )5, 1)
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3.2. Convergence of the Explicit Scheme

Theorem 13. Let C be a nonempty closed convex subset of a
real Hilbert space H, h : C — H a contraction with p € (0, 1),
U NEP(¢) 0, and ¢ a bifunction from Cx C into R satisfying
(A1), (A2), (A3), and (A4). Let {x,} be sequence generated by
x, € Hand

¢(”n’)’) + i()’— Uy, —x,) 20, VyeC,
B 57)

Xpt1 = enh (‘xn) + (1 - en) Tnun’

where P.[I —yVf, ] = A, I + (1= A,)T,, 0 <y < 2/L and
Ay = 2 =y(L+ay,))/4 u, = Gg x,. Let {a,,} and {6,,} satisfy
the following conditions:

(i{9,} < (O1), lim, .0, =
Zf;zl 6,11 = 6,] < oo

0, Y0210, = oo,

(11) &, = 0(0n) 2221 |(Xn+l - (xn| < 005

(i) {B,} € (0,+00),lim,,_, oo B, > 0and Yo, | B —Bal <
0.

Then, {x,} and {u,} converge strongly to a point g € U N
EP(¢) which solves the variational inequality (32).
Proof. First we prove that {x,,} is bounded.

Taking any p € U N EP(¢), we have

U, = Gﬁnxn’ p = Gﬁnp' (58)

So, [lu, — pll < lIx, - pl;

i1 = £
= 045 (x,) + (1= 6,) T, () - p|
=6, (h(x,) =k (p)) + 6, (h(p) - p)
+(1-6,) (T, (u,) - p)|
<0, |x, = pl + 6, |1 (p) - pl
+(1=6,) [|x, = pl + T, (p) - T (P)]
< (1-(1-p)6,) x, - pl + 6, [h(p) - pl| + .M,

1
< max {[x, - ol 1 (1 (7) - ol + M)}
(59)

So, {x,} is bounded.
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Next we prove that ||x,,,; — x,[| — 0,

i1 = 4
=6,k (x,) + (1 -6,) T,u,]
= [Opih (x0) + (1-6,.0) Ty, ]
=6, (h(x,) =1 (x,-1)) + (1-6,) (T,u, - Tu,,)
+ (0, = 0,-) (h(x,1) -
+(1=60,0) (Tttyy = Tyt

Tnun—l)

< an "xn - xn—ln
+ |9n - 9n71| ["h (xnfl)" * "Tnun—lll]
+ (1 - Gn) "un - urﬁl"

+ (1 - enfl) "Tnunﬂ - Tnflunflll .
(60)

Fromu,,, = Gg  x,., andu, = Gy x,, we note that

1
(/) (”n+1>)’) + ﬁ <)/ “Upr> Uy — xn+1> >0, V)’ € C’
n+1
(61)
1
¢(un’y)+ F <y_un’un_xn> =0, Vy eC. (62)

Putting y = u,, in (61) and y = u,,,, in (62), we have

1
¢ (un+1’un) + ﬁ_ <un T Upi Upyy — xn+1> =0, Vy €C,
n+l

-x,)20, VyeC.

(63)

1
(/5 (un’ un+1) + _<un+1 Uy Uy
B

So, from (A2), we have

u, —X u - X
<un+1 -u,, nﬁ no_ n+1ﬁ n+1 > >0, (64)
n n+l1

and hence

B
<un+1_un’ U= Uy Tl =X~ (un+1 - xn+1)> > 0.

Bn+1

(65)

Since lim,, _, .3, > 0, without loss of generality, let us
assume that there exists a real number a such that 8, > a > 0
for all n € N. Thus, we have

"unﬂ - un"2

(132 ) =500

< <un+1 T Up Xy — Xyt

< |lun+l - un”

o B | e |
n+1
(66)
thus,
1
"un+1 - un" < “xn+1 - xn” + ; |ﬁn+1 - ﬁn| M > (67)
where M, = sup{[lu, — x, | : n € N},
“Tnu -1 Tn—l”n—l"
_ 4PC(I _vaocn) - [2 _Y(L"'“n)] I
B 2+y(L+a,) nl
e (1-yF, )~ 2 y(Ta, I
2+y(L+a,,) n-l

AP (1-9Yfe,)
2+y(L+a,) -

+H—[z—y<L+aH)1u
2+y(L+a,)

4P (I-yVf, )
e —— ]
2+y(L+a,)

n-1

2-y(L i)
2+y(L+a,,) "

1

= (412 + v (L o )] Pe (1= 995, )
-4 [2 + Y(L + “n)] PC (I - yvf(xn_l)un—l)
x ([2+pL+a)2+yL+a, D) |

4y |0‘n - ‘xnfll ”unfl"
2+y(L+e,)][2+y(L+a,,)]

4y (“n—l - “n) P (I - yvfocn) Uy
[2+y(L+a)][2+y(L+a,,)]

+ (4(2+y(L+(xn))
x [PC (I - yvfoc,,) Up

- Bo(I=9Yf, )t ])

x ([2+p(L+a,)][2+ (L + (xn_l)])_IH



4y |0‘n B “n—1| “”n—l “
[2+y(L+a)][2+y(L+a,,)]

< 4y |‘xn71 - an' "PC (I - yvfocn) un—l"
S Rry@ra)] 24y (L+a,)]

4]/ |(Xn—1 B (an [2 +Y (L + (xn)] ”un—l"
[2+y(L+a)][2+y(L+a,,)]

4y |‘Xn B “n—1| Hun—l “
[2+y(L+a)][2+y(L+a,,)]

< |(Xn—1 - (xn| [Y "PC (I - vaan) un—l" + SY “un—l”]

< M, |ocn_1 - ocn|.

(68)
So
"xn+1 - xn"

< [1_(1_p)9n] "xn_xn—ln (69)

+ M6 [len - 6n—1| + |‘xn - (xn—1| + |/3n - ﬁn—l” .
So

lim |x,,,, - x,[ =0,

lim |u,,,, —u,| = 0.

Next, we prove that ||x,, — T,x, || — 0,

%1 = 2|
=6, (r(x,) - p) + (1-6,) (T,u, - p)|’
< (1-6,)° [T, - T,p + T,p - Tpf]
+26, (h(x,) = px, = p)
<(1- 0,7)2
x [, = oI + 2 Ju, ~
x |T,p = Tp| + |T,p - Tp|]
+20, (h(x,) = px, = P)
<(1-6,)
x ([l = 2l = s = 1]
+2 u, - pl[ IT,p - Tp| + |Tp - Tp|)

+ zenpllxn - p”2 + 2en <h (p) —pXx, - p> .
(71)

Abstract and Applied Analysis

So, llx, = u,ll — 0,
[l = T
= [y = s + %1 = Tty + Tty = T, |
< 0, 11 () = Tyt + 16 = | + s = 2] — 0,

||un - Tnun" = ||un -x,+x,-T,x,+T,x, - Tnun” — 0.
(72)

Observe that
[Pe (- v¥fa,) ttn =
= ”Anun + (1 - /\n) Tnun - un”

(73)
= (1-A,) [Tou, - u,
< ”Tnun - un” '
Hence,
|1Pc (1= yVf) =
< ”PC (I - ny) u, - Pc (I - vaa,,)“n
(74)
+ "PC (I - VVfa,.) U, —u,
< ya, ||un|| + ||Tnun - un" — 0.
So,
lim [|Pc (1= yVf) u, — | = 0. (75)

Since {u,} is bounded, there exists {uni} such that {“n,-} —
q. Since C is closed and convex, C is weakly closed. So, we
have g € C. Let us show that g € U. Assume that g € U. Since
u, — qand q#Tg, it follows from the Opial’s condition that

lim inf ”uni - q“

n— 00
< linnl iolgf Uy, — Tq"
(76)
< linnli(%f( u, —Tu, || + “T”n,- - Tq")
< linnlio%f Uy, — q" .

This is a contradiction. So, we get g € U.
Next We show that g € EP(¢). Since u, = G x,,, for any
y € C, we obtain

1
¢(un’y)+ _<y_un’un_xn> = 0. (77)
From (A2), we have
1
_(y_un’un_xn> 2¢(y>un)' (78)

Replacing n with n;, we have

Up, — X,
<y_uni’ T> = (p(y’un,v)' (79)
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Since (4, — x,,)/B, — Oandu, — g, it follows from (A,)
that 0 > (/)(y, ), for all y € C. Let z, =ty + (1 - t)q for
allt € (0,1] and y € C. Then, we have z, € C and hence
¢(z;,q) < 0. Thus, from (A1) and (A4), we have

0=0¢(z2) <tdp(z,y) + (1 -1)d(z,9) <tdp(z, y)
(80)

and hence 0 < ¢(z,, y). From (A;), we have 0 < ¢(q, y) for
all y € C and hence g € EP(¢). Therefore, g € U N EP(¢).
We assume that; x, — X, then X € EP(¢) N U,
lirrlrlsolip((l -hg.q9-x,)={I-h)gq-%)<0. (g
Finally, we prove that x,, — ¢,
61—l
= [0, (h(x,) = q) + (1 = 6,)(T,,
= 6, (h(x,) = (q))
Tyt~ Tq) + 0,(h(q) - )
< 6, (h(x,) - h(g)) + (1 - 6,)(T,u, - Tg)|’
+20,(h (q) = g X1 — Q)
<6, |(hx,) - h(q>)||2 +(1-6,)
x| (T, = T + 26, (h(q) = @ X1 — 9)
<0,0°x, —q|" +(1-96,)

x ||(T,u,, —

- Tg)|*

+ (1 - 971)(

an + an - Tq)"2
+20,(h(q) = ¢ %1 — Q)
< enPZHxn - q”2 +(1-6 ) [“xn - q" + ‘ng7]2

+ 26n<h (q) Xn+1 q>

<[1-(1-p Gn] I, - al
+(1-96,) [2<ng7 %, = all + &M ]
+20,(h(q) ~ @ %41 — Q)
I —al = (1-B,) IIxn —q|* + B9,
Bu=(1-p)0,
)
aﬁ 3—:(1—en)2M7l|xn—q||+(1—@)M?‘;‘—:

+2(h(q) ~ g %1 —q) |»

(82)
by Lemma9 and lim, B, = 0,2°0B, = 00
limsup, _, .8, <0, thenx, — q. O

4. Application of the Iterative Method

Next, we give an application of Theorem13 to the split
feasibility problem (say SFP, for short) which was introduced
by Censor and Elfving [27],

find x € C, such that Ax € Q, (83)

where C and Q are nonempty closed convex subsets of Hilbert
space H, and H,, respectively. A : H;, — H, is a bounded
linear operator.
It is clear that x™ is a solution to the split feasibility
problem (83) if and only if x* € C and Ax™ — P,Ax™ = 0.
We define the proximity function f by

1
f(x)= E"Ax - PQAx||2, (84)
and consider the convex optimization problem
. ! 2
r)161€1é1f (x) = r)?elgzqu - PQAx" . (85)

Then, x* solves the split feasibility problem (83) if and
only if x* solves the minimization (85) with the minimization
equal to 0. Byrne [28] introduced the so-called CQ algorithm
to solve the (SFP),

Xpar = P (I = pA” (I - Po) A) x,

where 0 < u < 2/|A*A| = 2/|Al* .

He obtained that the sequence {x,} generated by (86)
converges weakly to a solution of the (SFP).

Now we consider the regularization technique; let

n>0, (86)

1
fu) = A - PoAx| + %lellz. (87)

Applying Theorem 13, we obtain the following result.

Theorem 14. Assume that the split problem (83) is consistent.
Let C be a nonempty closed convex subset of a real Hilbert space
H, h: C — H a contraction with p € (0,1), U N EP(¢) # 0,
and ¢ be a bifunction from C x C into R satisfying (A1), (A2),
(A3), and (A4). Let {x,} be sequence generated by x, € H and

1
¢ (ty y) + oy —tpptt, — X,) 20, VyeC,
! (88)

Xne1 = enh (xn) + (1 - en) Tnun’
where
Po[I-u(A"(I-Py)A+ea, )] = A0+ (1-1,)T,
2-u(IAF + o) (5
n 4 4
where u, = Gg x,; let {a,}, {0,,} satisfy the following con-
ditions:
i1{6,} < (o,1), lim, 6, = 020,

00, Y2110, — 0,1 < 00, 0 < p < 2/|ATA|l =

2/1IAI%;
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(ii) a, = 0(0,) Y02, ety — &, | < 00;

(iii) {B,} € (0, +00), lim, _, o, > 0and 1.2, 1B,.1=Pul <
Q.

Then, {x,} and {u,} converge strongly to a point g € U N
EP(¢) which solves the variational inequality (32).

Proof. By the definition of the function f,, we have
Vf, (x) = A" (I - Py) Ax + ax, (90)
and Vf, is 1/(J|A|)* + a)-ism,

V£, (x) = V. (D)]] < IAIP + 5 (91)

then, due to Theorem 13, we have the conclusion immediately.
O
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