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This paper concerns limit cycle bifurcations by perturbing a piecewise linear Hamiltonian system. We first obtain all phase portraits
of the unperturbed system having at least one family of periodic orbits. By using the first-order Melnikov function of the piecewise
near-Hamiltonian system, we investigate the maximal number of limit cycles that bifurcate from a global center up to first order of

E.

1. Introduction and Main Results

Recently, piecewise smooth dynamical systems have been
well concerned, especially in the scientific problems and
engineering applications. For example, see the works of
Filippov [1], Kunze [2], di Bernardo et al. [3], and the refer-
ences therein. Because of the variety of the nonsmoothness,
there can appear many complicated phenomena in piecewise
smooth dynamical systems such as stability (see [4, 5]), chaos
(see [6]), and limit cycle bifurcation (see [7-10]). Here, we
are more concerned with bifurcation of limit cycles in a
perturbed piecewise linear Hamiltonian system:

x=y+ep(x,990),

@
y=-g(x)+eq(x, ,6),
where ¢ > 0 is a sufficiently small real parameter,
(x) = ajx+ay, x20, @)
g\ = bx+b, x<0

with a;, g, b, and b, real numbers satisfying a; +ag # 0, b; +
by #0,

n

p*(x,y,é)z. ‘ a;;xiyj, x>0,
p(x.5.0) = A (3)
p (x9.0)= Z a;x'y!, x <0,
i+j=0
q" (x,9,0) = Z b,.;.xiyj, x>0,
q(x,7,8) = AR (4)
q (x,90)= Z bi;x’yj, x <0,
i+j=0

and 8 = (a;;,ai;,bi;,bi;) € D c R0+ with D compact.
Then system (1) has two subsystems

k=y+ep (x,9,0),
(5a)
y=-ax—ay+eq (x,9,0),

x=y+ep (x,90),
(5b)

y=-bx-by+eq (x,99),



which are called the right subsystem and the left subsystem,
respectively. For € = 0, systems (5a) and (5b) are Hamiltonian
with the Hamiltonian functions, respectively,

1 1
H (x,y) = Eyz + Ealx2 + ayx,

1 1 (©)
H (x,9) ==y +-bx* + byx.
2 2
Note that the phase portrait of the linear system
x=y,
, %)
y=-ax-b,

with a® +b* # 0 has possibly the following four different phase
portraits on the plane (see Figure 1).

Then, one can find that system (1) |,_, can have 13 different
phase portraits (see Figure 2) when at least one family of
periodic orbits appears.

We remark that in Figure 2,

GC: global center,

Ho: homoclinic,

He: heteroclinic,

C": center in the region {(x, y) | x > 0},
C": center in the region {(x, y) | x < 0},

S*: saddle in the region {(x, y) | x > 0},

S”: saddle in the region {(x, ¥) | x < 0},

L*: curvilinear or straightline in the region {(x, y) |
x > 0},

L™: curvilinear or straightline in the region {(x, y) |
x < 0}

It is easy to obtain the following Table 1 which shows
conditions for each possible phase portrait appearing above.
Also, cases (3), (5), (7), (9), and (13) in Figure 2 are equivalent
to cases (2), (6), (8), (10), and (12), respectively, by making the
transformation

(%), (8)

together with time rescaling dt = —dr.

The authors Liu and Han [7] studied system (1) in a
subcase of the case (1) of Figure 2 by takinga, = b, = 1, g, =
b, = 0. By using the first order Melnikov function, they
proved that the maximal number of limit cycles on Poincaré
bifurcations is n up to first-order in e. The authors Liang
et al. [8] considered system (1) in the case (5) of Figure 2
by taking a, = -1, a, = 1, b, = 1, and b, = 0. By using
the same method, they gave lower bounds of the maximal
number of limit cycles in Hopf, and Homoclinic bifurcations,
and derived an upper bound of the maximal number of limit
cycles bifurcating from the periodic annulus between the
center and the Homoclinic loop up to the first-order in .
Clearly, the maximal number of limit cycles in the case (7) or
(8) of Figure 2is [(n—1)/2] on Poincaré, Hopf and Homoclinic
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bifurcations up to first-order in ¢, by using the first order
Melnikov function.

This paper focuses on studying the limit cycle bifurcations
of system (1) in the case (1) of Figure 2 by using the first order
Melnikov function. That is, system (1) satisfies

a, 20, ay 20, a,+a; >0,

€)

b, >0, b, <0, by < b,.

Clearly, system (1) |,_, satisfying (9) has a family of periodic
orbits

L,=L,uL,
= {(x.») | H (x,y) = h} (10)

U{(x,y) | H (x,y) = h},

such that the limit of L, as h — 0" is the origin. The
intersection points of the closed curve L, with the positive y-
axis and the negative y-axis are denoted by A(h) = (0, V2h)
and A, (h) = (0,—V2h), respectively. Let

h>0,

M* () = L’; g dx— p*dy,

(11)
M (1) = JA gdx—pdy, h>o0.
s

Then, from Liu and Han [7], the first-order Melnikove
function corresponding to system (1) is

M (h,8) = M" (h,8) + M (h,8), he(0,+c0). (12)

Let Z(n) denote the maximal number of zeros of M (h, §) for
h > 0 and N(n) the cyclicity of system (1) at the origin. Then,
we can obtain the following.

Theorem 1. Let (9) be satisfied. For any given n > 1,
one has Table 2.

This paper is organized as follows. In Section 2, we will
provide some preliminary lemmas, which will be used to
prove the main results. In Section 3, we present the proof of
Theorem 1.

2. Preliminary Lemmas

In this section, we will derive expressions of M™(h,§),
M (h, ) in (11). First, we have the following.
Lemma 2. Suppose system (1) satisfies (9). Then,

(1) M*(h, 8) in (11) can be written as

n k+1+1/2

M* (h,8) = M} (h,8) + Z:@ T as W 13)
where
*(h,6) = Z pl]J- M yidy = Z qu £ y*dx,
i+j=0 i+j=0

(14)
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TaBLE I: Coeflicient conditions for phase portraits (1)-(13).

Coefficient conditions 20,420 @ >0 a <0,a,<0 a <0
a, +ay,>0 a, <0 a, +ay, <0 a, >0
b, >0,b,<0,b >b, 1 (2) ©)
b >0, >0 3) 4) 7) ©)]
b <0,b,20,b,>b (8)
1) (@b, = a,b),
b <0,4<0 (6) (10) (12) (alb, > a,b)),

(13) (a2b, < a,b2)

TABLE 2
a >0,a,=0 a, =0,a,>0 a, >0,a,>0
1
b >0, Z(n) = n, Z(n)=n+[”+1], Z(n):n+[”+ ]
by =0 N = n NG =+ [ Nz e [21]
+1
b =0, Z(”)—”+[n2 ] Z(n) =n, n+[n;1 sZ(n)Sn+2[—”;l]
b, <0 N(n) =>n [n;l] Nn) >n N(n)2n+[n;1],
1 2 2
b >0, Zm) =n [”“], n+[n+1]sZ(n)£n+2[n+ | n<Zm)<n+ ”+1]’@:bi)
2 2 2 B B 2 a b
n+1 n+l n+l] a& b
by <0 N(")2”+[ ] N(n)2n+[ ], nsZ(n)§n+2[ ],—Oq&—o
2 2 2 a, b
N(n) > n,
(@Q)a=0,b>0 )a=0,b<0
(c)a>0 (d)a<o0

FIGURE 1: The possible phase portraits of system (7).
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with

1+1 4

i1,
I T

—+ +
Pij = Gy, T i ‘11] b, gt

(15)

(ii) (h,d) in (11) can be expressed as

n 2k+1+1/2

M~ (h,8) = M; (h,8) - Y “——ay, "' (16)
AURAPI s

where

M; (h,6) = Z szj xyldy = Z qUJ x'y M dx,

i+j=0 i+j=0 AA
(17)
with
- _ j+1 - i+1 _
Pij = Gy i T g 9ij = Yijer ¥ T Fieng
(18)

Proof. We only prove (i) since (ii) can be verified in a similar
way. By (11), we obtain

M" (h,6) = JK,T q" (x,9,8)dx-p" (x,y,6)dy

1

+ J q" (x,9.6)dx-p" (x,9,6)dy

A1A

- L q (x,3,8)dx-p" (x,3.8)dy  (9)

A1A

~¢ g (5 dx-p (v 0)dy

AA,UA A
+ J p'(0,9,0)dy,
A
which follows that by Green formula and (3)
n k+1+1/2

=M; (h,)+ Y Z——ar, K (20)
2k=

M" (h,98)
0 2k +1

where
Mj(h,@):ﬂ (preq))dxdy.
int AA;UA, A

Then, by Green formula again

M{(h8)=-O P (xy06)dy

AALUA A

$_ 7 (nnd)dx,

AALUA A

(22)

where

P (52:8) = p" (5. :8) =" (0.0:8)+ | 4 (w.0)

y
7 (%98 =q(x90)-q9 (x,0,8) + Jo pr(x,v,8)dv.

(23)
By (3), (4), and the above formulas, we have

P (x,9,0) = i a; Zaojy + i iT.b*x'“yj*l

i+j=0 i+j=1
o ] +1 P
Z < 1+1 ] - bz]+1 xly]

= x Z p;x'yj,
i+j=0
(24)

q (x.0)= Z Xyl - Z 0x + Z Ty

i+j=0 i+j= 1
- Z i
=) z]+1+ +1 z+1] Xy
i+j=0
—+ i ]
- y q,]xy
i+j=0

(25)

Combining (20)-(25) gives (13) and (14). Thus, the proof is
ended. O

Then, using Lemma 2 and (6) we can obtain the following
three lemmas.

Lemma3. (i) Ifa, =0, a, > 0, then M (h, ) in (11) has form

n
M (h,8) =" Y B K (26)
i+2k=0
where
k+1+1/2
g
0.2k 2k+1
2k+1+1/2 2k +1
B:2k = ( 1+2k +——b 12k+1) (27)
/2 " .
X J sin*0cos’™ 0dl, 1<i<n.
0
(ii) Ifby =0, by < 0, then we have
LG .
M~ (&) =h" Y Bk, (28)

i+2k=0



6
where
e 2k+1+1/2a52k
0.2k 2k+1
N ) =
By = bi (“i,zk + 5 bi—1,2k+1) (29)
0

/2 .
X J sin?* Ocos?10do, 1<i<n.

0

Proof. Note that along AA,,x = h/a, — (1/2a,)y*. Then,
inserting it into (14) follows that

n1—+ \2h h 1 i+l
M(h@)—z UJ (———y> y'dy

i+j=0 -V2h \ Gy 2610
(30)
n-1 Ht \2h X
Pijk 2\i+1 ok
) 2,’”1[ (2h=y") "y dy.
i+2k=0
Let y = V2hsin 6. Then we have dy = V2hcos0d6 and the

above integral can be carried into
Jm (2h - yz)iH)/de)’ _ (zh)i+l+k+(l/2)
0

/2 " .
X J sin?*0cos” V1 9 d6.
0
(31)

Thus, using (30) and the above equation we can write (13) as

n—1 k+1+1/2 +

. b,
M" (h,0) = Z TZk

i+2k=0 0

/2 R .
% J SinszCOSZ(I+1)+1 ede % hl+1+k+1/2
0

32
2k+1+1/2 + ( )
N Z A2k pkr1i2
o 2k +1
1/2 c i+k
+ it
=h Z Bi,zkh ’
i+2k=0
where
k+1+1/2 _+
Bt 2 A2k
0.2k 2k+1
2k+1+1/2P n/2 )
B, = —1’12k J sin*@ cos®10dl, 1<i<n,
’ a 0
(33)

which gives (i) by (15). Thus, (i) holds and we can prove (ii)
in the same way by (16)—(18). This ends the proof. O
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Lemma 4. Let system (5a) satisfy (3) and (4). Then

() Ifa, > 0, ay = 0, M"(h, &) has the expression

1 i+2k
M (h,8)=Vh Y Al (Vh) T, (34)
i+2k=0

where

2k+1
+ 2(\/5) ag,Zk
02k ™ 2%k+1

2k+1+i
- =& <b+ Lt ) (35)
i,2k (\/a_l)l i—1,2k+1 2k +1 1,2k

/2 . "
« J sin10cos?*20d6, i 1.
0

(i) Ifa; > 0, ag#0, M'(h,8) can be written as

n—-1

i+1
M+ (ha 6) = \/E [ Z <b1+2k+l 2k + la:l-l Zk) ¢:l-( (h)
i+2k=0
n 2k+1+1/2 +
N Z A2k 1k
4 2k +1
i+1

+1+§0( k1 T 577 k1 z++12k>

i k+r/2
x Y lrk<2h + _) Iy (1,0,

r=0, r even
(36)
or
M (h,8) = Vhy, ) (h,)
2 a2
(zh + -2 )(p[(n /2l (zh + a—“,@)
! (37)

T . Ay

x| — —arcsin —— |,
\2ah + a}
where

_ \/2h+az/a1 az
I, (h,0) = j ' \jzh v egy, (38)
ag/ay a;

each oy, is a nonzero constant and ¢, Wi, 121 P12
are polynomzals of degree k + [(i + 1)/2], [n/2],[(n -
1)/2], respectively.
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Proof. Since y = +4/2h—a;x* - 2ayx along the curve
AA, M (h, ) in (14) becomes

M (h,5)

J(aoJr\[Zathraé)/al

; (j+D)/2
xl(zh —a,x* - 2a0x) el dx]

|
by
\M,‘_
|
ot
| —— |

0 .
i i (j+1)/2
+ J xl(—l)’+1(2h —a,x* - 2a0x) TR dx
(

—ay++2a,h+a?)/a,
n—-1

Z 2G; Iy (1,0,

i+2k=0

(39)
where

Iy (h,6)

dx.

~ (—ap+y2a,h+a?)/a, ; a(z) a, 27k+1/2
= x| 2h+ ——-a)({ x+—
a

0 a,

(40)

Let v = \/a,(x + ay/a,). Then, we have dv = +/a,dx and the
above equation becomes

I o) = — 1 jvzh”g/“l ( ) &)'
1,2, 4 - i
(vay)™ Jao/var \Vay
(41)
az k+(1/2)
x<2h+—°—v2) dv.
a

For a, = 0, make the transformation v = V2hsin 6. Then,
we have by (41)

m 2k+1+i+1 2 .
I (h,8) = ((% I sin‘Ocos”™> 0.d6.  (42)
’ Vay 0

Substituting the above formula into (37), together with (13),
gives that

n—1 2“}'
Mmo)= G
i2ke0 (\/@7)
/2 : +14i+
X J sin'0cos?**2 0 dO x (\/ﬁ)% e
0
(43)

n

2a; 2k+1
3 o

2k=0

_ i A:2k<\/ﬁ)2k+1+i>

i+2k=0

7
where
2k+1
At = 2(\/5) aa—,Zk
0.2k 2k+1
2k+1+i_y
At = 2( \/Z) di-1,k (44)
i2k — i
(vay)

/2 .
X J sin' ' Ocos*20d, 1<i<n.

0

Thus, by (15) and the above discussion we know that (i) holds.
For a, #0, (41) can be represented as

1 d a, H’—+
Ly (h,8) = ——— cl?(——") I, (h3), (45)
2k (\/a_l)l+l 1;) \/‘1—1 k
where
_ \2h+ad[a, 2 k+1/2
I:k (h, ) = J vr<2h + D vz) dv.  (46)
ao/ar a,
Recall that

(12 k+1/2
jvr<2h+—0—v2) dv
a;

Vr+1(2h+ ag/al _ V2)k+1/2
2k+2+r ()
2k +1) (2h + ay/ay )
2k+2+r
az k-1/2
XJ-vr<2h+—0—v2> dv.
a,
Then, by (46) and the above equation we obtain that
_ ar+1(2h)k+1/2
Ty ()= - (r+1(;/2
a 2k +2+71)
(2k+1) (2h+a/a, ),
I h,8), k>1,r>0.
2k+2+r i1 (1:0) r
(48)
It follows that
—+ ar+1
I, (ho)= - —a(rﬂ 7 V2h@! (h)
1
a’ k_+
+&:k<2h+ —") I,(h8), k>1,r>0,
a,
(49)



where
& = (2k+1) (2k—-1) (2k=3) X -+ X 3
kT Qk+2+4r) Qk+r) 2k=2+47) X -+ X (4+7)°
. (2h)* 2k + 1
Pri (h) =
2k+2+r QRk+2+7r)(2k+7)

<2h+ )(2}1)" !
1

2k+1)(2k-1)
Rk+2+1r)k+r)2k—-2+7)

2
(2h+ —) Ch)*2 +
1

2k+1)(2k-1) x--
(2k+2+r)(2k+r)(2k 2+r)><

2 k-1
9
X <2h + —) 2h,
a

which is a polynomial of degree k in h. For convenience,
introduce

—~t —t

_ ¢ (h), k=1, _ O, k=1,
h = =

(Prk ( ) {0’ k — 0, (er 1 =0.

X (4+7)

(50)

(51)
Then, combining (49) and (51) gives that

Vahg;, (h)

r+1

—t ay
L o) = - 257
4

2
+ocrk<2h+ )Iro(h ), k=>0,r>0.
a

(52)
Further, by using the formula
az 1/2
Jvr<2h+ =2 v2> dv
a
‘1(2h +ag/a, - VZ)S/Z
r+2 (53)
(r-1) (Zh + aé/al)
" r+2
az 1/2
X J _2<2h + 2 - vz) dv,
a,
we have that
—1/9713/2
—+ (2h)
I,(h¢)=——"——
0 ai'"l)/z (r+2)
(54)
a2 —+
+ ?(Zh 1>Ir—2,0 (h,6), r=>1.
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It follows that

T,y (h,8) = (20)*%; ()

2\ (55)
+5c;'(2h+ —0) Iy (h,8), r=>1,
a

1

where
0, r odd,
& =1 (r-1D@Fr-3)x--x3x1
, T even,
(r+2)r(r-2)x---x6x4
ay! (r-1aj”>

2
~+ aO

- (h) = + <2h + —)
¢ (r+2) rafr_wz a

L D=3 <2h+§)2+m
(r+2)r(r- 2)(1”5 a,

(re1-2[020))

(r-1)/2
(r+2)a

+<(r—1)(r—3)><--~><

» a(r)—l—z[(r—n/z])

(el

/2T (r— r—1 -1
" “Y 1)/2-[(r-1)/2] [( )D

2
2\ [(=1)/2]
9
X <2h + —) R
a

which is a polynomial of degree [(r — 1)/2] in h. Let

o (h), r>1 a, r>1
_+h _ (Pr( > = 1, =t 7o =L 57
o (1) {0, r=o, 711, r=o ©7

x((r+2)r(r—2)><---><

(56)

Then, we have that by (55) and the above

T,y (1, 8) = (2h)5] (h)

. ag f/2_+ (58)
+o (2h+—| I, (h3), r=0.
a

1

Substituting the above equation into (52), one can find that

k+r/2
T, (h,8) = Viy' (h) + &4, (2h+ —)
(59)

a,

x Ty (h,8), 720, k>0,

where «, = 0 for r odd, o, > 0 for r even, and

\/_ r+1 .

W:—k (h’ 6) (r+1 /2 a2 Pri ( )

- (60)

+ 2\/§h&,k<2h + “—0) 7 (),
a,
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which is a polynomial of degree k + [(r + 1)/2] in h.
Combining (37), (45), and (59) gives that

n—1 —+ i i-r
ql 2k 7 [2) —t
M (h,8) = Vh 712G (——) Vo ()
1 Zk (vay)™ Z vay )
. = ZQZZk
i+1
ir2ke0 (1/a71)

X Z Cloc,koc( \/_)

r=0, reven

az k+r/2
><<2h+ a_0> Ty (h,8),

1

(61)

which implies (35), together with (13) and (15).
Note that

1
J Va2 - x2dx = 3 [x\/az — x2 + a” arcsin ﬁ] . (62)

a

Then, we have

Tpo (h,8) =

2
1 a
<2h + —0)
2 a,
&0
\2a,h + a}

Inserting the above formula into (35), we can obtain (36).
Hence, the proof is finished. O

(63)

s .
X | — —arcsin

Similar to Lemma 4, we can obtain the following lemma
about M~ (h, §).

Lemma 5. Let system (5b) satisfy (3) and (4). Then
(i) If b, > 0,4, = 0, M" (h, ) in (11) has the expression

n

M (&) =Vh Y AL (VR (64)

i+2k=0
where
2k+1  _

- 2(\/5) A2k

o= T
2%k+1

) (\/i) +1+i ) ; i )

Ay = <bi—1,2k+1 + m‘%x)

(V5
L.

1 242 )
sin’ '0cos*?0d0, 1<i<n.

(ii) Ifb, > 0, by #0, M~ (h,d) in (11) has the form

n—-1

_ i+1 _ _
Z <bi,2k+1 + 2kT“m,zk) bu (h)

i+2k=0

M~ (h,6) = x/ﬁ{

2k+1+1/2 -

A2k k
- — " h
Z 2k +1 ]

2k=0

i+1 _
+ Z ( 2k T a'+1,2k>
i+2k=0 " 2k+ 1"
i b k+r/2__
x ) ,rk<2h+ 5 ) oo (1.9),
r=0, reven
(66)

or

) . b\ -
M (h,6) = Vhyg,, (h,6) + (Zh + b_?) Pl

(2h+ 6) T +arcsinL
b 2 \2bih + B

(67)

where

_ bo/Vbr
I, (h6) = J O dy, (68)

bZ
2h+ —
N \] b

each oy, is nonzero constant and $u, Y, ) P(n-1)/2 9Te
polynomzals of degree k + [(i + 1)/2],[n/2],[(n - 1)/2],
respectively.

3. Proof of Theorem 1

In this section, we will prove the main results. Obviously,
under (9) there are the following 9 subcases:

1D a, =b=0,a,>0b,<0,
(2)a, >0,b, >0,a,=b, =0,
3)a, >0,b,<0,a,=b =0,
(4)a; >0,ay,>0,b,=0,b, <0,
(5)a, >0,a,>0,b,>0,b,=0,
(6) a; >0,a,>0,b >0,b, <0,
(7) ay > 0,b, >0,a, =b, =0,
8)a, =0,a,>0,b >0,b, <0,
(9)a, >0,a,=0,b >0, b, <0.

We only give the proof of Subcases 1,2, 3, 4, 5, and 6. And
the Subcases 7, 8, and 9 can be verified, similar to Subcases 3,
4, and 5, respectively.
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Subcase 1. a; = b, =0, a, > 0,
Lemma 3, one can obtain that

by, < 0. From (12) and

M (h,8) =M (h,8)+ M (h,6)

n

n
_ h1/2 z Bszth + hl/z Z Bi—)Zthk
i+2k=0 i+2k=0 (69)

- K2 Z (Bfy + By ) K™,

i+2k=0

which implies that M(h,§) has at most n isolated positive
zeros for h > 0. To show that this bound can be reached, take
a; = b§ =0, a;; =0, j > L. Then, by (27) and (29), (69) has
the form

n
1/2 i
M (h,8) = h'* Y ByH, (70)
i=0
where
141/2 A
+ _ Al+1/2 + + 2 (2! .
By, =2 Ay B, = aé —(2i+ 1)!!ai0, i>1.
(71)
Hence, using (70) we can take ay,i = 0,1,...,n as free

parameters to produce n simple positive zeros of M (h, §) near
h = 0, which gives n limit cycles correspondingly near the
origin. Thus, N(n) > n in this case. This ends the proof.

Subcase 2. a; > 0, by > 0, a, = b, = 0 Similar to the above
and using (32) and (64), M(h, §) in (12) has the expression of
the form

M(h,6)= i A:zk(\/E)Zk+l+i+

i+2k=0

i A;zk(\/z)ZkHH

i+2k=0
VRS A(VR),
- (72)

where A; = ¥, (Al,; + Aj)- Further, taking a;; = b; =
0, a;; = 0, j > 1, then, by (34) and (65), M(h,§) in (72)
becomes

M (h,0) = h'* Y A%(Vh), (73)
i=0
where
2a
A+ _ 00 ,
0 2k+1
(74)
2iat (7?2 .
A = m’oi J sin' '0cos’6dO, i>1.
(vay) Jo

Thus, from (72) and (73), we can discuss similar to Subcase 1.
This finishes the proof.
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Subcase 3. a; > 0, by < 0, g, = b, = 0 By Lemmas 3, and 4
and (12), we can have that

n

Moy = Y AL (VR n? Z B, h'**

i+2k=0 i+2k=0
- itk O ik
=hP0Y AL (VR) T+ Y Bkt
i+2k=0 i+2k=0

=h'2M* (h,6).
(75)

Let us prove that M ™ (h, §) has at most nn+ [(n+1)/2] zeros on

the open interval (0, +00). For the purpose, let Vi = A. Then,
forn =2l 1 >1, M"(h,d) in (75) has the expression

n n
M* (h,5)= Z A:'r,zk/\l+2k+ z B;zk/\ZHZk
i+2k=0 i+2k=0
(76)
2 1 _ o
=Y CV+Y Cy A 2 M(2,9),
=0 =1
where
Ci= Y Aly+ Y By j=012,.,2,
i+2k=j 2i+2k=j
(77)
Curj= ) By j=L2...1
itk=j+1

To prove M " (h, §) has at most n+[(n+1)/2] zeros, it suffices to
prove M(A, §) has at most n+ [(n+1)/2] = 31 zeros for A > 0.
By Rolles theorem we need only to prove that d* M, 8)/d)\*
has at most [ zeros for A € (0, +00). From (76), we can have
that

d*M (), )

1
= Gt + Y CojAdn A, (78)

j=1

which shows that d*M(A, 8)/dA* has at most I zeros for A >
0. Thus, M(h, §) has at most 3/ zeros for h > 0. To prove 3]
zeros can appear, we only need to prove that M* (h, 8) in (75)
can appear 3! zeros for h > 0 small. Let b; =0, a;j. =0, j>

l,a;, =0, 0 <i <l anda, #0. Then M"(h,d) in (75) can be
expressed as by (29) and (34)

21 . 21 .
M* (o)=Y AL(VR) + Y By(Vh)

i=0 i=l+1

= Ay + Al Vit Agy(VR) + -
+ A;l—Lo( \/E)ZH + A;l,o( \/E)ZZ
+ B (\/E)ZHZ + Bl;z’o(\/z)zlﬂ

1+1,0

+oeet B;l’o(\/ﬁ)‘u,

(79)
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where

+ +
Agy = 2\/5‘100’

i+1
2(+2)
0= ———iag, i=12,...,2],
(var)
(P (80)
By =——ay, J cos™" 040
b
0
2 2
= ?/_L” ag, i=1+1,...,2l
by (2i+1)!
Thus, by changing the sign of ay; g, a5 1 ¢s...» a0 G105
a3 1¢s - - Ggq in turn such that
a;_1 0% < 0, i=2l20-1,...,1+2,
a0y >0, al a0 <0, i=2L21-1,...,1,
(81)
+ + +
0 < lag| < |aj| < < |a2,,0|
« Joru] < ol < Ja < 1
we can find 3/ simply positive zeros hy, h,, ..., hy with 0 <
hy <hgy_, <--<h <«<1lForn=21+1,1=0,1,..., wecan

discuss in a similar way. Thus, this bound can be reached and
N(n) = n+ [(n+ 1)/2]. The proof is finished.

Subcase 4. a; > 0, a; > 0, b, = 0, b, < 0 From (12) and
Lemmas 3 and 4, we get that

2
M (h,8) = Vhyr,, (h,8) + <2h +— )(P[(n /2]

2
a
x<2h+—0,6) 7T — 2 arcsin %o

4 \2a,h + at

+Vh Z Bgzkh”k

i+2k=0

2
= Vhf, (h, 6)+(2h+ )(p[n /2]

aé . g
2h+ —,8 7T — 2 arcsin

4 \2a,h + a} ’
(82)

where
Fu(8) =y (8) + 3 Byh™,  (83)

i+2k=0

1

which is a polynomial of degree 7 in h. Let A = Vh. Then
h=2% X €(0,+00), and (82) becomes

M (h,8) = Af, (1%)

U i ag
+v(A,0)| = —arcsin —— (84)
2 \2a,A% + a?
2 M(A9),

where

2 2
2 2, %
v()t,6) = (2/\ )(p[ (n-1)/2] (ZA + a—,6> . (85)

1

One can see that (d/dA)(M(A, 8)/v(), 8)) = u(), 8)/v*(A, 8),

where
2 2
u(),8) = (uz " Z—O>(pfr(n1)/2] (2/\2 " Z—°,5>
1 1

d 2 2

x S (W, (12,8)) - Af, (1%0)

di [(2/\2 )(P[(n 1)/2] (ZAZ " :_(:’6)]
\/_

+

2
(ZA +‘Z )
Vay a,

2
X <q)[+(n_1)/2] (2/\ + — 2 5))

Denote by #{A € (0,+00) | f(A) = 0} the number of zeros of
the function in the interval (0, +00) taking into account their
multiplicities. Note that
n+1
, (87
) @

(86)

n+1]’ degu:2<n+[

and they are even functions in A. Therefore,

degv:z[

#01 € (0,+00) | v (1,8} < ”;1]
(88)
#{/\e(0,+oo)|u()t,5)}£n+[n;1].
Then, from [8], we can obtain that
#{1 € (0,+00) | M (A,8) = 0}
<#{d € (0,+00) | v(A,8)}
#{A € (0,+00) |u(A,8)} +1 (89)
n—1 n+1
S[T]*” > J+1
n+1
:n+2[ 2 ],
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which implies that Z(n) < n + 2[(n + 1)/2]. Now, we verify

Z(n)=n+[(n+1)/2].

Make the transformation u = \/v?/2h — aj/2a,h. Then

Tgo(h, 8) in (35) becomes

Toy (h,0) = du,  (90)

()"
\/(/13/(11 0 \/1+(2ha1u2/a0)

which follows that as 4 > 0 small

Ty, (h,6)

(2h)3/2 J>1 (1 )1/2

" Em-D 20\ om
S P ) e
1)

Note that
L
w1

J, =

/2
= J sin®""'0cos’0d0  (Let u = sin 6) (92)
0

- uz)l/zdu

2m)!!

Zm, m:0,1,2,....

Inserting the above formula into (91) gives that
_ 2_ +00 2 m
%mwbzﬁ¢9264§ﬁhm,<w
0 m=0 0

where

(="

m=m, m > 0. (94)

Take b; = a;; = 0,a;; = 0, j 2 1, b; = 0, i > 1. Then, by
(28), (35), and (93), we can obtain that for h > 0 small

ALICOLSI
M (h,8) = \/ﬁ[ ~a, by 2ce1 Vo (1)
Z (21+1)”b 0 zkzo 0,2k+1 70
kL ¢ 2511 + ag ‘
+ Z 27 o0k \| =3 bogrnn | B+ e
2k=0 a 1
+00 m
y Zcm<%) hm+1:|
m=0 0
_VEY v,
i=0

(95)
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where
212 (21)”
T 1) %o
+ o+ + :
L; (b3 by - > Byannyjgsn) > 1=0,1,2,..5m
-1 n+i—k+1/2
_ £ + 2k+1 2(11
Var1+i = Z Kook 3
2k=0 &)
k
+ .
x Z Czcn+i—rb(),2k+1’ 120,
r=0
(96)
with L;,i = 0,1,...,n being linear combination,
L;(0,0,...,0) = 0. One can find that
0 (VO’ Voo s Vs Vi1 Vo - - Vn+[(n+1)/2])
3 (0> 1>+ -+ By B> Biys - - > B agry 211 )

A, Ay (97)

= 2
0 2\ji21A3
9

where A, isa (n+ 1) x [(n + 1)/2] matrix,

= A,

-2v2 0 0 0
0 -4V2 0 o
by s
~16V2
A = 0 0 1563 0 >
. . . _2vZ 2! (98)
Cn+ D)LY
+ + 2+
As = (“oooﬁo’z%mﬁl’z %02P2s -+
[(n-1)/2]
2 0‘00 [(n-1)/2] ﬁ[(n—l)/zl)’

with f3; are [(n + 1)/2] x 1 matrix satisfying

201 n—i i )
( YR ) Z Ci Cnfr
2] r=0

0

2a n+l—i i
(_1> ZC:Cn+1—r

2
a, r=0 >

:81' =
(99)

2a n+[(n-1)/2]—i ;

1

< 2) ZOC:Cn+[(n—1)/2]—r
r=

n—l]
> |-

i=0,1,2,...,
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Hence, we can obtain that from (97)

2— [(n+1)/2]
a
|Al = <2\j_21> |A1| |A3|
)
—— [(n+1)/2]
. 2a1 [(n=1)/2]
= 2060 — 1_[
ay i=0

—2\/'(21)
0011—[ o (20 + 1)”b’

(100)
where

B = (BosBi>- > Bitn-1yy2)) » (101)
and f3; are given in (99). We claim that |[A|#0. We only

need to prove |B| #0 by the above formula. Using elemen-
tary transformations to |B| by multiplying ith column by

13

(3) Add the third column multiplying by -C;
column,i =4,5,...,[(n+1)/2]

to ith

[(n—1)/2]. Add the [(n — 1)/2]th column multiplying by

—C{EZ ?;g} to [(n + 1)/2]th column,

[(n + 1)/2]. multiply ith column by (-1)""', i =
2,3,...,[(n+1)/2].
Then, |B,| becomes, together with (94)

_ [(n-1)/2][(n+1)/2]/2 2 n 7
|B,| = (-p)ft el det (Bo» Bys- - > Biu-syya))

"ﬁ[(nfl)/Z])

= 2lOmDI2 gy o (BB

2 gllme/2)_pyullee /2] g |

: (104)
(2a1/ag)'_1, i =23,...,[(n+ 1)/2], we can obtain that by where
(99) and (101)
2a n[(n+1)/2] (-1)"
|B|:<—21) |B1|> (102) Qn-)+1)Q2Mm—-1i)+3)
aO n+1
(-1)
where B; = Qn+1-D)+1)2(n+1-i)+3) ,
! (-1/2) :
Cn Zcqcn—r Z CE(nfl)/Z]Cn—r (_1)n+[(n_l)/2]
. Qo+ (-D/2A-)+ D+ (-1 /2] -1 +3)
1 [(n-1)/2]
B.| = Cui1 Y CChiiy Clin-1)/21Cre1-r 1 _ 1
| 1|— =0 = 2(n1—1')+1 2(n—i)1+3
L . (CRVEI B — 2(n+1—1’)+1_2(n+1—i)+3
Cotl(n-1)/2) Eoclcm[(m)/z]ﬂ 11-1)/21 Gt [(n-1) /21~ i : >
(103) L SR
2(n+[n-1)/12]-i)+1 2n+[(n-1)/2]-i)+3
Now we will use elementary transformations to B, as follows. 105)
(1) Add the first column multiplying by —1 to ith column, i, j = 0,1,..., [(n - 1)/2]. For B, in (104) by adding a
i=23,...[(n+1)/2]. column on the left and a row on the above, we can obtain
(2) Add the second column multiplying by —C,_, to ith that, together with adding ith column to (i+1)th column with
column, i =3,4,...,[(n+1)/2]. i=1,2,...,[(n+1)/2]
1 1 1 cee 1
1 1 1 1
2n+3 2n+1 2n—1 2(n—-[(n-1)/2]) +1
1 1 1 1
|B,| = m+5 m+3 m+1 2n—[mn-1)/2)+3|> (106
1 1 1 1
2+ [(n—-1)/2)+3 2(n+[(n-1)/2)+1 2(n+[(n-1)/2]) -1 2n+1
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which implies that [A;|# 0 by (102) and (104) if |B,| #0. We
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claim that |B,| # 0 and

1 1 1 1
23 241 21 2(n—[(n—11)/2])+1
2n+5 2n+3 2n+1 2(n—-[(n-1)/2])+3
|Bs| = : : 2 : : #0. (107)
1 1 1 1
201+ 1n=D/2D)+3 20+ =D /2D +1 20+ (-1 /2) -1 201
2(n+[m+1)/2D)+3 2(mn+[(n+1)/2)+1 2(n+[(n+1)/2])-1 2n+3
Now, we prove them by induction on n. For n = 1, 2 we have Then for n = 21 + 1, we have
1 1 1 1
1 1 1 1
4l+5 4l+3 4l+1  20+3
11 i 1 1 i |BZ|= 1 1 1 1 )
1 1| 15 1 T 35’ 41+7 4l+5 41+3 21+5
53 75 : : : oo
L1 L1 (108) 1 1 1 1
53 4 S 6l+5 6l+3 6l+1  4l+3
11| 528 11| 2205 1 1 1 1 (110)
7 5 9 7 4l+5 41+3 4+1  20+3
1 1 1 1
al+7 4l+5 4l+3 2045
which means that (106) and (107) hold for n = 1, 2. Suppose |B3 | - : : - : :
(106) and (107) hold for n = 21 — 1, 21,1 > 1. That is, we have 1 1 1
forn =2l 6l+5 6l+3 6l+1 41+ 3
1 1 1 1
6l+7 6l+5 6l+3  4l+5

1 1 1 1
1 1 1 1
4l+3 4+1 4—-1  201+3
1 1 1 1
|B)|=[41+5 41+3 4l+1  20+5|2|C| £0,
1 1 1 1
6l+1 61—-1 61-3  4l+1
1 1 1 1 (109)
41+3 4l+1 4-1  20+3
1 1 1 1
41+5 41+3 4+1  21+5
|B3|: : : . : : #0
1 1 11
6l+1 61—-1 61-3  4l+1
1 1 1 1
61+3 6l+1 6l—1  4l+3

Note that by the first equation of (109) there only exist
ay, 0, ..., a,, such that

1 % % ! )]
B = —_— ..
1B [6l+5 <6l+3+6l+1+ " Il

41 +3
(111)
S 2 M, 2 +...+—(l+1)“’“]|C|
6l+516l+3 6l+1 41 +3

since a; + o, + --- + oy, = 1, where C is given in (109). If
|B,| = 0, then we can obtain that from (109) and (111)

2! 20, (I+1) oy,

=0. 112
6l+3 6l+1 41 +3 12
Note that

% % O _ 1

4l+3 4+1 2043 4l+5°

! % oy a1

41+5 41+3 2045 4l+7 (113)

N, % S 1 ’

6l+1 6l-1 41+1 61+3

which follows that, together with (112)
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o 2a, I+,
a+3  4l+1 243 7
o 2a, I+ Do,y
6l+1 6l-1 a+1

By the second equation in (109) and the above formula, we
have

o =0, =-=0,; =0 (115)

This is a contradiction with oy + &, + -+ + a;,; = 1. Hence
o, /(61 +3)+ 20, /(6] + 1) + -+ (I+ 1)ay,, /(4] + 3) # 0, which
means that (106) holds for n = 21 + 1. Since |B,| # 0 in (110),
there only exist 3, 3,, ..., B, such that

/32 + ﬁ3 Foeeet ﬁl+1 _ 1

ﬁ1+4l+5 4l +7 6l+5 6l+7
B, Bs B 1
Pt a3 a5 T es3 airs WO
Br B . B 1
ﬁ1+21+3+21+5Jr T4+3 4+s

with 3, # 0 since the last row in the second formula of (110)
is linearly independent with all rows in the first formula of
(110), which means that (107) holds for n = 2l + 1. In a
similar way, we can prove (106) and (107) hold for n = 21 + 2.
Hence, the claim holds. So, from (99) we can know that
G0 10>+ > > g1 Bgzs - -+ B g n_1y/21+1 €an be taken as free
parameters So we can choose these values such that

i=0,1,...,n+[(n_1)],
2

ViVir1 < O
117)

0 < || < v < < Prspusnya| < 1o

which yields that by (97) and (96) M (h, §) can appear n+[(n+
1)/2] positive zeros for h > 0 small. We also can know that
N(n) =n+ [(n+1)/2]. Hence, the conclusion is proved.

Subcase 5. a; > 0, a, > 0, b, > 0, b, = 0 By (36) and (67),
one can see that

2
M (h,6) = \/_W[n/Z] (h,8) + (Zh +— )(P[(n 1)/2]

2
a, T a
X (2h+—0,5> - —arcsin—o—
! 2 \/2a1h+ a2

15
o 2, I+Dagy
al+5 4l+3 2aA+5
(114)
% ) U+ Day, _
6l+3 6l+1 4a+3
+Vh Y Asz(\m)Mk
i+2k=0
= Vhg(,y (h,8) + Gimrry/2) (1:0)
2 a2
0
(zh + = )<P[(n /2] (Zh + a—1,8>
x| Z- arcsin N ’
(118)
where
. [n/2] _ o
Gz (150 = Yoy W O) + 3 3 A,
1=0 i+2k=21
(119)

[(n-1)/2] -
— - +
Ginenyz) 1 0) = Z Z A, n> L

1=0  i+2k=2l+1

For convenience, we denote by g, any polynomial of degree
n although its coeflicients may be different when it appears in
different place. Then, we claim that forany 2 < k < [(n—1)/2]

d*M (h, 9) d“G 12

1/2-k+j
dhk ]Z(;h Jg[ﬂ/z] -j + dhk

-j-1
WiV on
+Eg +1

j=0
dk a2 ag
O [(2}1 +— )(p[(n /2] (2h+ a_1’8
T ) a,
x| = —arcsin ————
\/Zalh +a?

(120)
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Now, we verify this claim by induction on k. For k = 2, by 2k d**'g I(n+1)/2]
(118) we can obtain that * Z(:) Ginf21-1-5 Cdne
=
dM (I’l, 8) 1 -1/2 k+1 2 2
————= = —h" g, (h,0) d ag ay
dh 2 [s/2] o (2 o Plinsyya | 21+ a—l,a
512 (10) Gy
dh dh - ' ay
x| — —arcsin ———
2 ) B
; [(2h+ )go[(n /2] <2h+@,5>] \2a1h + a
a
da a a;
. t [(2h+ )(p[n /2] <2h+ a—1,8
— —arcsin ——— O
2a1h +a; % 9o
\2a,Vh (2h + a}/ay)
( )‘P[<n 1/2] & a\ d
2h+ —
+ JZ:(; + e ——d;
(21 29) G
2
2a \/—(2h+a0/a1) _g][2(J+l)h+<_]+%>(2h+@>])
a
d? 1
-1/2 1/2 [(n+1)/2]
=h G +h Gl + “an NN
x [ W2( 2h + %
(2 (2 29)] v
+ +
*n Pln-12) a (123)
- a which implies that (120) holds for k + 1. Thus, the claim is
x| = —arcsin —2— |, proved. Then, taking k = [(n — 1)/2], we can obtain that by
\2ah+aj differentiating it
(121)
A0 6 (1, %) _ Z /2 [(n+1)/2]+]g
which follows that dhl(m+1)/2] [n/2]-j
M ((h,8) s 172 [(r+1)/2)-2 2y i1
—az L Y | + Z gjh_j_l/z(Zh + @)
: a
j=0 !
d’g
1/2 [(n+1)/2] 90 ” _
et g i G ) A G
2 i ) Al )/2] Al D/2]
d a, a
+—|[2n+2 2h+ 2.8 2 2
dh? [( )4’[(,, D72l ( a )] [(Zh +2 )‘P[<n 1)/2] (Zh + Z_O’(S)]
1
X i arcsin %o
T _ 0. - . a
2 2a.h + a2 X | — —arcsin —————
\ <4 0 2 2
122) \2a,h + aj .
Hence, (120) holds for k = 2. Suppose (120) holds for k,2 <
k < [(n-1)/2] — 1. Then for k + 1, we have One can find that
d[(n+1)/2]+1M (h 5) [n/
K+l 1/2-[(n+1)/2]-1+
d * M(h; 6) dh [(nr1)/2]+1 Z h Jg[ /2]71‘
dhk+1 j=0
(1 1/2—(k+1)+j [(+D)/2]-1 i ag -l
=Z<5—k+j>h ' G2 o) g <2h+_)
j=0 =0 4
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_ 021172

22 ~[(n+1)/2]
x(2h+—°) F(h9),

a,
(125)
where
aé ((+1)/2] [ny2)
F(h, 6) = (2]1 + a_> Z h]g[n/Z]—j
1 j=0
RE
n+1)/2]-j
- g (126)
=

2 [(n+1)/2]-j-1
X (Zh + —°> ,
a,

where F is a polynomial of degree [n/2] + [(n + 1)/2]. Since
M(0,8) = 0 from (118), it is easy to see that M(h,d) has at
most [1n/2] + 2[(n + 1)/2] = n+ [(n + 1)/2] zeros for h >
0 by Rolle theorem. As the above discussion, we only prove
Z(n) >2n+[(n+1)/2] ash > 0 small, Wthh implies N(n) >
n+ [(n+1)/2]. For the purpose, takeb = a =0, a =0, j>
1, b:; =0, i > 1. Then using (49), (51) we can wrlte M(h,d)
in (12) as

M (h,8) = VE[—zwfﬁm-+ji2(z;2)
1

0 ; i
X J sin' '0cos’ 6 d@( \/E)
—m/2

Qo

S

n-1

+ Z By a1 Wor (M)

2k=0

k+1 _+ 2611 +
+ Z 2 ook\/ — by

2k=0 0
><(h+—) Zc (2“1> h’"“].
(127)

Forn = 2I,1 > 1, (127) can be written as

21 .
M (h,8) = Vh [Zv,.(\/ﬁ)’ + szmﬂ.hl“*"] , (128

i=0 i>0

17
where
Yy = —2V2ay,.
2i+2

o 2(va) i
Voiel = T, — i1 it10

(Ver)

0 2i 2

xj sin0cos?0d0, i=0,1,....1-1,
—1/2
2i+1
2(v2)"" 2 o
= _ - . 201 2
Vy = —216‘21',0J sin™" " Ocos 0 dO
G
+ ot + .
+ Log (b bygr - s boagyyagen ) 0= L2oee0nls
I-k+i+1/2

2k+1 + 2'611

Valr14i = Z Kook
a
k n—-1
. .
X By 5ea1 ZC;CHH, i=0,1,..., [ 3 ] ,
=0
(129)

which implies that M(h, §) can appear n + [(n + 1)/2] zeros
in h > 0 small by using the same method with the Subcase 4.
Forn=2I+1, [ =0,1,..., we candiscuss by (127) in a similar
way. Hence, the conclusion holds.

Subcase 6. a; > 0, a, > 0, by > 0, b, < 0. We have as the
above

M (h,8) = Vh (w5 (1,8) + ¥, (1, O))

a2
<2h+ )q)[(n 121 (b, 6)

Ay

\2ah+ad

b2
+ (2h + E?) Plin1y/2) (1)

T .
x| — —arcsin
(130)

b
\2bh + B

Similar to the Subcase 5, we can prove that for any 2 < k <

[(n—1)/2]

T .
X | — +arcsin

d*M (h, 8)
dhk

k
_ 1/2-k+j
—Zh In/21-j
j=0
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2 -j-1
+Zg]h = 1/2(2}1+ )

j=0 !

k-2 ) b2 -j-1
+y gjh_f_m(zh + b—°>

=0 1

d* a a;
dhk [(2h+ )(p[(n /2] <2h+ a_1’6

Ay

\2a,h + at

d* ( bé) .
+— || 2h+ —
dhF A

T .
X — — arcsin

by
(n_l)jl 2h+a—1,8
2

by

N

s .
X | — —arcsin

(131)

Taking k = [(n — 1)/2] and differentiating the above twice
follow that

Al D AL () 8) [nz L2l D)/2)-14

9inj2)-j
1)/2]+1 J
dhln+1)/2]+ 5
[(n+1)/2]-1 ) e -j-1
-j-1/2 “
+ Z gih <2h+ 0 >
j=0 1

[(n+1)/2]-1 bz —j-
+ z h]1/2<2h+ 0)

=0 bl

(132)

If a;/a, = b} /by, then it is easy to see that (132) has the same
form with (125). Hence, we can know that M (}, §) has at most
[1n/2]+2[(n+1)/2] zeros for h € (0, +00). Ifaé/a1 # bg/bl, then
(132) can be written as

d[(n+1)/2]+1M (h, 8)
dhln+1)/2]+1

2\ —[(n+1)/2]
_ _ a
_ jlenp2) 1/2(2th _o)
a,

B2 —[(n+1)/2]_
x<2h+b—°> F(h,9),

!
(133)

Abstract and Applied Analysis

where
2 [(n+1)/2] 1:72 [(n+1)/2]
F(h,5)=<2h+ —°> (2h+—°)
a, b
[n/2]
x Y W
j=0

b2 [(m+1)/2] [(n+1)/2]-1 )
0 ) gjh[(n+1)/2]—1

j=0

ENCRCR
2h + —0)
a

1
2 [(n+1)/2] [(+1)/2]-1
2h + —0)
a,

gjh[(n+1)/2]—j
j=0

bg [(n+1)/2]-j-1
+ = >
b
(134)

where Fis a polynomial of degree [n/2] +2[(n+1)/2] in h. By
Rolle theorem, we can obtain that M (h, §) has at most [n/2] +
3[(n + 1)/2] zeros for h > 0 since M(0,§) = 0. Now, we only
need to prove Z(n) > n. Take a;; = b; = 0 a:; = b:]r =0,i>
1. Then, by Lemmas 4, 5, one can see that for & > 0 small

2k+1+1/2 + n-1
K,
e @[ X e i Y B v
2k=0 2k=0
2a a; ‘
K+l o
+ ZZ+ gok\/ 1b02k+1(h+g>
2k=0 % 1
+00 P m
X Z Cm<i; W
m=0 a,

(135)

Similarly, we can discuss the above formula such that such
that M(h, §) can appear n zeros for h > 0 small. Hence, the
conclusion is proved.
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