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We introduce and study a new system of generalized H(:, -) —#-cocoercive operator inclusions in Banach spaces. Using the resolvent
operator technique associated with H(:, -)—#-cocoercive operators, we suggest and analyze a new generalized algorithm of nonlinear
set-valued variational inclusions and establish strong convergence of iterative sequences produced by the method. We highlight the

applicability of our results by examples in function spaces.

1. Introduction

The resolvent operator technique is a powerful tool to
study the approximation solvability of nonlinear variational
inequalities and variational inclusions, which have been
applied widely to optimization and control, mechanics and
physics, economics and transportation equilibrium, and
engineering sciences, see, for example, [1-4] and the refer-
ences therein.

In a series of papers [5-8], the authors investigated
(A, #)-accretive and H(:,-)-accretive operators for solving
variational inclusions in Banach spaces. Convergence and
stability of iterative algorithms for the systems of (A,#)-
accretive operators have been studied in [9, 10]. The notion
of (H, ¢) — n-monotone operators has been introduced and
investigated by the authors in [11]. Generalized mixed vari-
ational inclusions involving (H(, ), 77)-monotone operators
have been discussed in [I12]. Some results on H((,"),#)-
accretive operators and application for solving set-valued
variational inclusions in Banach spaces have been proved in
[7]. Some other related articles on the variational inclusion
problems can be found in [13-22].

Very recently, Ahmad et al. [23] introduced a new H(:, ) -
n-cocoercive operator and its resolvent operator in the setting
of Banach spaces. The authors proposed concrete examples
in support of H(:,-) — n-cocoercive operators and they
also proved the Lipschitz continuity of resolvent operator
associated with H(:,-) — #-cocoercive operator. Motivated
and inspired by the research works mentioned above, in this
paper, we introduce and study a new system of H(:,-) —
n-cocoercive mapping inclusions in Banach spaces. Using
the resolvent operator associated with H(:, ) — #-cocoercive
mapping, we suggest and analyze a new general algorithm
and establish the existence and uniqueness of solutions for
this system of H(:,-) — #-cocoercive mappings.

2. Preliminaries

Throughout this paper, we denote the set of positive integers
by N. Let X be a Banach space with thenorm | - || and the dual
space X*. For any x € X, we denote the value of x* € X" at
x by (x,x"). When {x,} is a sequence in X, we denote the
strong convergence of {x,} tox € Xbyx, — xasn — oo.
We denote by 2% the family of all nonempty subsets of X. Let



CB(X) be the family of all nonempty, closed, and bounded
subsets of X. The Hausdorff metric on CB(X) [24] is defined

by

D (A, B) = max {sup d (x,B),supd (A, y)]> , "

x€A y€B
A,B e CB(X),
where d(x, B) = infgllx — bl and d(A, y) = inf . 4lla - yl.
Definition 1 (see [25]). A continuous and strictly increasing

function ¢ : [0,+00) — [0,00) such that ¢(0) = 0 and
lim, _, ( ¢(t) = oo is called a gauge function.

Definition 2 (see [25]). Let X be a Banach space. Given a
gauge function ¢, the mapping J, : X — 2% corresponding
to ¢ defined by

Jg (x) = {x" e X" : (x,x") = |Ix| |x7,

|| = ¢ (=D},

is called the duality mapping with gauge function ¢.
In particular, if ¢(¢) = ¢, the duality map ] = J; is called
the normalized duality mapping.

(2)
Vx € X,

Lemma 3 (see [26]). Let X be a real Banach space and ] :

X — 2% be the normalized duality mapping. Then, for any
xyeX,

lx+ y[* < x> + 2y, j (x + 9)) 3)
forall j(x + y) € J(x+ ).

Definition 4. Let X be a Banach space. Let A : X — X and

n:XxX — Xbetwomappingsand ] : X — 2% be the
normalized duality mapping. Then, A is called

(i) #-cocoercive, if there exists a constant y; > 0 such
that

(Ax—Ay,j(n(x ) = mlAx - Ay, VxyeX,
J(n(x.y) €T (n(x. ),

(ii) n-accretive, if
(Ax = Ay,j(n(x.))) 20,
j(n(xy)) €T (n(xy)),

(iil) #-strongly accretive, if there exists a constant 3, > 0
such that

(Ax = Ay, j(n(x ) 2 Billx-y]'s VxyeX,
i (xy) €T (n(xy)),

(iv) n-relaxed cocoercive, if there exists a constant y; > 0
such that

(Ax - Ay, j(n(x%,9) 2 (-n) [Ax - A, VxyeX,

J(n(x ) €T (n(xy)),
(7)

Vx,y € X,
(5)
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(v) Lipschitz continuous, if there exists a constant A , > 0
such that

lAx - Ayl < Aalx -y, veyeX (8)

(vi) a-expansive, if there exists a constant « > 0 such that

[Ax - Ay| zafx-y|, VxyeX )

(vil) # is said to be Lipschitz continuous, if there exists a
constant 7 > 0 such that

Iyl <tlx-y], vxyeX (10)

Definition 5. Let X be a Banach space.LetA,B: X — X,H :
XxX — X,n: XxX — X befour single-valued mappings

andJ : X — 2% be the normalized duality mapping. Then,

(i) H(A,-) is said to be 5-cocoercive with respect to A, if
there exists a constant ¢ > 0 such that

(H (Ax,u) - H(Ay,u),j(n(x,9)))

> y”Ax - Ay||2, Vx, y,u € X, (1)
j(n(xp) €T (n(x ),

(ii) H(-, B) is said to be #-relaxed cocoercive with respect
to B, if there exists a constant y > 0 such that

(H (u, Bx) - H (u,By), j (1 (x, y)))
> (~y) |Bx - By|’, Vx,yueX, (12)

J( (e ) €T (%)),

(iii) H(A,-) is said to be r,-Lipschitz continuous with
respect to A, if there exists a constant 7, > 0 such that

|H (Ax,u) - H (Ay,u)| < ||x - y|, Vx,pueX, (13)
(iv) H(-, B) is said to be r,-Lipschitz continuous with
respect to B, if there exists a constant r, > 0 such that

|H (u,Bx) - H (u,By)| <y [|x -y, Vx,yp,ueX (14)
Definition 6. Let X be a Banach space. A set-valued mapping
M : X — 2% is said to be -cocoercive, if there exists a
constant y, > 0 such that

(u=vj(n (%) 2 wlu-vI>, VxyeX,

veM(y), jn(xy)el(n(xy)).
(15)

ueM(x),

Definition 7. Let X be a Banach space. A mapping T : X —
CB(X) is said to be @-Lipschitz continuous, if there exists a
constant A > 0 such that

D (Tx,Ty) < Ap|x-y|, xyeX (16)



Abstract and Applied Analysis

Definition 8. Let X be a Banach space. Let T,Q : X —
CB(X) be the mappings. A mapping N : X x X — X is
said to be

(i) Lipschitz continuous in the first argument with
respect to T, if there exists a constant £, > 0 such that

IN (wy,-) = N (w,, )] <t [w; = wy,
w, €T (uy),

Yu,, u, € X,

w, € T (u,),
17)

(ii) Lipschitz continuous in the second argument with
respect to Q, if there exists a constant £, > 0 such that

"N (-v)=-NG Vz)" <t ”"1 - Vz" >

v €Q(uy),

Yu,, u, € X,
(18)
v, €Q(uy),

(iii) #-relaxed Lipschitz in the first argument with respect
to T, if there exists a constant 7; > 0 such that

(N (wy,-) = N (wy,-), j (1 (41, 1)))
< (1) —wl’s Vupm e X,

(19)

w, €T(uy), w,eT(uy),

i (n(uu,)) €7 (n(uy,u)) 5

(iv) y-relaxed Lipschitz in the second argument with
respect to Q, if there exists a constant 7, > 0 such that

(N(5v) =N (57), ) (11 (u, 1))
< (-1) "”1 - uzllz, Vu,u, € X, v €Q(uy), (20)

v, €Quy),  j(n(uuy)) €7 (n(up,uy)).

Definition 9. Let X be a Banach space. Let A,B : X — X,
H:XxX — X,n:XxX — X be four single-valued
mappings. Let M : X — 2% be a set-valued mapping. M
is said to be H(:, ) — n-cocoercive operator with respect to A
and B, if M is rj-cocoercive and (H(A, B) + AM)(X) = X, for
every A > 0.

Example10. Let X = RxRand A,B: X — X be defined by
A(xy, %) = (22 = x5, % = %),

VY (x1,%5)5 (y1> 32) € X.
(21)

B()’l»)’z) = (_2)’2’J’1 - )’2) >

Assume now that H(A, B), 77 : X x X — X are defined by

H (Ax,By) = Ax + By, Vx,y € X.

(22)

n(xy)=x-y,

Let M = I, where I is the identity mapping. Then, M is
H(:,-) — n-cocoercive with respect to A and B.

Example 11. Let X = C[0, 1], the space of all real valued
continuous functions defined on closed interval [0, 1] with
the norm

If]| = max |f(®)]. (23)

te[0,1]

Let A,B: X — X be defined by

A(f) =sin* (), B(g) = cos’(9),
Let H(A,B) : X x X — X be defined by
H(A(f).B(g))=A(f)+B(g)

Suppose that M(f) = f2, where f(t) = f(t)f(t) forallt €
[0,1]. Then, for A = 1, we conclude that

| (A, B)+ M) (N = [A(£) +B(f) + £
= max |sin2 (f (1) +cos” (f (1)) + f* (f)' (26)

te(0,1]

VfgeX. (24)

ViigeX. (25

:1+f2(t)>0.

This proves that0 ¢ (H(A, B)+M)(X) and M isnot H(A, B)-
n-cocoercive with respect to A and B.

Proposition 12 (see [23]). Let H(A, B) be n-cocoercive with
respect to A with constant y > 0 and n-relaxed cocoercive with
respect to B with constant y > 0, A be a-expansive and B be
B-Lipschitz continuous u > y and « > B. Let M : X — 2% be
H(A, B) — nj-cocoercive operator. Suppose that

¥ (v, y) € Graph (M),
i) €] (nu,v).
Then, x € Mu, where Graph(M) = {(u,x) € XxX : x € Muj}.

(x=2,j(nwv)) =0,

Theorem 13 (see [23]). Let H(A, B) be n-cocoercive with
respect to A with constant u > 0 and n-relaxed cocoercive
with respect to B with constant y > 0, A be a-expansive and
B be B-Lipschitz continuous, y > y and o > f. Let M be an
H(:,+) — n-cocoercive operator with respect to A and B. Then,
foreach A > 0, the operator (H(A, B) FAM) Vs single-valued.

Definition 14. Let X be a Banach space. Let H(A, B) be #-
cocoercive with respect to A with constant ¢ > 0 and #-
relaxed cocoercive with respect to B with constant y > 0,
A be a-expansive B be 3-Lipschitz continuous and # be f3-
Lipschitz continuous, ¢ > 9, and « > f. Let M be a
H(:,+) —n-cocoercive operator with respect to A and B. Then,

the resolvent Ri&")_” : X — Xisdefined by

RO () = (H(A,B) + AM) ™ (), VueX. (28)

Theorem 15 (see [23]). Let X be a Banach space. Let H(A, B)
be y-cocoercive with respect to A with constant yu > 0 and n-
relaxed cocoercive with respect to B with constant y > 0, A be
a-expansive B be 3-Lipschitz continuous, and n be p-Lipschitz
continuous; 4 > y and « > 3. Let M be H(:,-) — n-cocoercive



operator with respect to A and B. Then, the resolvent operator

RAM) T: X — Xis p/(ua® —yB*)-Lipschitz continuous, that
is,
H(-,)— H(-,)—
[ 0 - R 0
p (29)
<S———lu-vl, VYuvelX
prosvl Ul

3. Strong Convergence Theorem

In this section, using the resolvent operator technique asso-
ciated with H(-,-) — n-cocoercive operators, we propose a
new generalized algorithm of nonlinear set-valued varia-
tional inclusions and establish strong convergence of iterative
sequences produced by the method.

Fori = 1,2, let X; be real Banach spaces with the norm
Il Let ApB; : X, —» XpH, : X, xX; — Xp1,: X; X
X; - X, F: X;xX, - X,,andG: X, x X, — X, be
single-valued mappings, and T : X; — CB(X,),Q: X, —
CB(X,) be set-valued mappings. Let M : X, x X, — 2%,
N:X,xX, — 2% be H,(-,-) - n,-cocoercive and H, (-, -) —
#,-cocoercive operators with respect to (A, B;) and (A,, B,),
respectively. We consider the following problem.

Find (x, y) € X, x X,, w € T(x), and v € Q(y) such that

0eM(x,x)+ F(w,v),
(30)
0eN(y,y)+Gw,v).

We call problem (30) a system of generalized H(-,-) — #-
cocoercive operator inclusions.

Under the assumptions mentioned above, we have the
following key and simple lemma.

Lemmal6. (x,y) € X, xX,, w € T(x),v € Q(y) is a solution
of problem (30) if and only if

X = R)L M( x) [Hl (A,x,Bx) - A F (w,v)],
() (31)

= RNy [H2 (422, Byy) = 1,G @),
where R G51L = (A3 Bix) + M), RS =

(Hy(A,y,B,y) + A,N(, )", and A, A, > 0 are constants.

Proof. This is an easy and direct consequence of
Definition 14. O

Algorithm 17. For i = 1,2, let X; be real Banach spaces with
thenorm |- ;. Let A, B, : X; — X, H; : X; xX; = X,,
n: XixX; - X, F: X xX, - X,,andG: X, xX, — X,
be single-valued mappings, and T : X; — CB(X;), Q :
X, — CB(X,) be set-valued mappings. Let M : X; x X, —
— 2%, N : X, x X, — 2% be such that, for each fixed
x € X,y € Xy, M(-, x)and N (-, y) are H, (-, -)—#, -cocoercive
and H, (-, ) —#,-cocoercive operators with respect to (A, B;)
and (A,, B,), respectively. For any given constants A; > 0
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(i = 1,2), define the mappings S; : X; x X, — X, and

S, Xy xX, =» X, by
S (%)

= U U RA M( x) [H (Alx’ 1x) A F(w,v)]
weT(x) veQ(y)

S (%, )

- U U R,\ N( )[H (Azy, 2)/) AZG(w,v)],
weT(x) veQ(y)
(32)

For any given (x,, ¥,) € X; X X,, wy € T(x,), vy € Q(y,), let

()=m

20 = RM M)

x [Hy (A xq, B1xg) = A F (w, vg)] €°S; (%0, ¥5) »

Hy ()1,

Yo = RAz»N(")’o)

x [Hy (A, 30, B, Yo) = A2G (wy, vp)] € S, (x5 30) -
(33)

Since w, € T(x,) ¢ CB(X,)and v, € Q(y,) ¢ CB(X,),in
view of Nadler’s theorem [24], there exist w; € T(x;) and
v, € Q(y,) such that

||w1 - wo||1 <1+ 1)D(T (x,),T (x))>
"Vl - VO“z <(1+1)D(Q(y1),Q(x))-

By induction, we define iterative sequences {x,}, {y,}, {w,},
and {v,} as follows:

(34)

— ()-m
X1 RA1 M(x,)

X [Hl (Alxn’ len) - /\lF (wn’ Vn)] € Sl (xn’yn)’

_ pH()-n,
yn+1 AZ)N(')J’V,)

X [Hy (A3 ¥ By y,) = 1,6 (w,
w, € T(x,),

Vn)] € SZ (xn’ yn) >

1
w1 = wall < (14 = ) DT (3,01). T (,)),
Vn € Q(yn)’
1
[uer = vl < (14 = ) DQU) Q).
(35)

wheren =0,1,2,...,and 1,1, > 0 are constants.

Theorem 18. For i = 1,2, let X; be real Banach spaces with
the norm | - ||;. Let A;,B; : X; — X, H; : X; xX; — X,
7 XixX; = X, F: X xX, — X, andG: X xX, — X,
be single-valued mappings, andT : X, — CB(X,),Q: X, —
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CB(X,) be set-valued mappings. Let M : X, x X, — 25
and N : X, x X, — 2% be such that, for each fixed x €
X,y € Xy, M(-, x) and N (-, y) are H, (-, ) -1, -cocoercive and
H,(-,-) — n,-cocoercive operators with respect to (A, B,) and

(A,, B,), respectively. Suppose that the following conditions are
satisfied.

(i) H;(A;, B;) is n;-cocoercive with respect to A; with
constant y; and n;-relaxed cocoercive with respect to B;
with constant y,, i = 1, 2.

(ii) A; is oa;-expansive and B, is ;-Lipschitz continuous, i =
1,2

(iii) H;(A;, B;) is r;-Lipschitz continuous with respect to A;
and s;-Lipschitz continuous with respect to B;, i = 1,2.

(iv) T is D-Lipschitz continuous with constant A and Q is
D-Lipschitz continuous with constant A,

(v) Fist,-Lipschitz continuous with respect to T in the first
argument and t,-Lipschitz continuous with respect to Q
in the second argument.

(vi) Gisl,-Lipschitz continuous with respect to T' in the first
argument and l,-Lipschitz continuous with respect to Q
in the second argument.

(vii) #; is p;-Lipschitz continuous, i = 1,2.

(viii) F is#,-relaxed Lipschitz continuous with respect to T in
the first argument and n, -relaxed Lipschitz continuous
with respect to Q in the second argument with constants
T, and T,, respectively.

(ix) G isn,-relaxed Lipschitz continuous with respect to T in
the first argument and n,-relaxed Lipschitz continuous
with respect to Q in the second argument with constants
€, and e,, respectively. Furthermore, assume that there
exist constants 0,0, > 0 such that

ll CI=m () — RFRC)m

ALM(x,) ALM(s, (36)
S01||x1 —x2||1, Vx,x, %, € X},
H(‘>')_'72 Hz( )= M2

R 2

ll )LZ’N("J/1) (y) Az N( )2 (37)

<oy -l Yy e X,

and Ay, A, > 0 are constants satisfying the following conditions:

po =2+ 2000 [+ Mty Ap + o] - 20,7,

Go = \13 + 20,bAq [1y + LhAg + o] - 2A6;,
17+ 20t Ay [y + At A+ o] > 24,7,

15+ 20,046 [y + AhAg + p] > 2446,

5
W>ve o>Pn i=12,
= L 02 = L
!41“1 Ylﬁz ptzocz Yzﬂz
0y +0,py + 6015 + A0, Ar < 1,
02 + 62q0 + 6252 + AleltZA‘Q < 1.
(38)

Then, the iterative sequences {x,}, {y,}, {w,}, and {v,} gen-
erated by Algorithm 17 converge strongly to x, y, w, and v,
respectively, and (x, y, w, v) is a solution of problem (30).

Proof. In view of Theorem 13, the resolvent operator R 1( )

is 0, -Lipschitz continuous. This, together with Algorlthm 17
and (36), implies that

||xn+1 - xn”l

H,(-,)—
=[RS [ (A% Bix,) - LF (,00,)]

)LI,M(‘,x,,)

H, ()-m,
AI,M(-,x,H)

x [Hy (A%, 15 B1x, 1) = A F (w,_1,v,,)] ”1

s%ﬂﬁwmmmﬂmwumwwn

AI,M(-,xn)
SR TH, (A1 Bi,) = M F ()|
1
“&%m[MMwﬁm%MH%%H
()-m
RA M( Ky 1)

x [Hy (A %,y By X, 1) = A F (w5 v,1)] ||1

< oy [lx, = x|y
+0, |H, (Ax,,B,x,) - H; (Ax,_;,Bx,_;)
Ay (F (W v) = F (w1 v0)
< oy, = %y
+0, |H, (Ax,,B,x,) - H, (A,x,_1,B,x,_,)
=y (F (wyov) = F (w1, )
+ MO F (w1 ) = F (w15 vy
< oy flxn = xp
+0, |H, (Ax,,B;x,) — Hy (A,x,_1, Bx,)

_/\1 (F (wn

v,) — F (w,_,, Vn))”l



+0, "Hl (Ayx,.1,B,x,) - H, (Alxn—l>len—1)||1

+ 1,0, "F (W15 V) = F (w15 Vn—l)"r
(39)

Since F is t;-Lipschitz continuous with respect to T in the
first argument and t,-Lipschitz continuous in the second

argument, T is Ar-Lipschitz continuous, and Q is A,-
Lipschitz continuous, by Algorithm 17, we get

“F (wn’ Vn) -F (wnfl’ Vn)"l

< t1||wn -

St1(1+
<mT(1+ )l -

IF (0,215 %,) = F (wyep v,

< t2||vn -V

il
<1

<tdq(1+ 3 ) b=yl

Wy ”1

)P ()T (5))

(40)

n—1"1’

%)D(Q (1)>Q (3r)) (41)

As H, (-,-) is r;-Lipschitz continuous with respect to A, we
obtain

“Hl (Ayx,,Byx,) -~ H, (A;x,_,,B ”1 Ty ||x n—llll‘

(42)
Since 7 is p;-Lipschitz continuous, we conclude that

"711 (xn’ xn—l)lll < plllxn - xn—l"]' (43)

Since H,(:,-) is #,-relaxed Lipschitz continuous with
respect to T and #,-relaxed Lipschitz continuous with respect
to Q in the first and second arguments with constants 7, and

T,, respectively, we have

F(wnfl’vn) ’j(”l (xn’xnfl)»

<-7 ||xn - xn_1||f.

<F (wn’ Vn) -
(44)

Employing Lemma 3 and taking into account (39)-(44), we
obtain

"Hl (Al'xn’ len) - Hl (Alxn—l’len)
Wy_1>Vy ))"1
<|H, (Ax,, B,x,) - H; (A,x,1, B;x,)|

n> Vn) -F (wn—l’ Vn) >

-\, (F(w,,v,) — F(w

2
1

21, (F (w
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j[Hl (Alowlxn) -H, (Alx len)

—Ay (F (w5 v,) = F (w1 v,))])
= |Hy (A1, Byx,) = Hy (41, 1, Byx, )|
—2M, (F(w,,v,) = F (w1, v,.)»
j[H, (Ax,, B,x,) — H, (A,x,_,, B, x,,)
=My (F (W, v,) = F (w,1,v,))]
+7 (ny (% %,1)) )
V) = F (W, 15v,) 5 (1 (3,

< ”H1 (A,x,,Bx,) - H, (Alxn—l’len)"f

+21, (F (w,

»X1)))

+ 2)‘IHF (wrv Vn) -F (wn—l’ vn)"]

x [ ”H1 (A;x,, B x,) - H, (Alxn—1>len)||1

+A1||F(w V) = F(w, 1, v n)"l
+"171 (xn’ xn—l)“1]
+ 2)‘l <F (wn’ Vn) -F (wn—l’ Vn) ’j(i/ll (xn

s Xo1)))

< =l #2280 (142 ) -

Xn-1 ”1

x|l -

1
X, + At Ar (1 + —)
n

%l

X"xn - xnflul TP “xn -

-2\ ||xn - xn_1||§

= [rf + 2A A (1 + l)

[r1+)\ t /\T<1+ )+P1] 2}\171]”’% —xn—llﬁ-
(45)

This implies that

|H, (A,x,,B;x,) -

A, (F(w

H, (Alxn—l’len)

n> Vn) -F (wn—l’ Vn))”l

< \jrf+2/\1t1/\T<l+l> [r1+/\1t1/\T <l+l)+pl]—2/\m
n n

X “xn - xn—1||1

= Pn”xn - X

n—1 " r
(46)

where

Pn

:\/rf+2A1tlAT(1+%)Hrl+AtAT(1+ )+P1] ZAITI]
(47)
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Using s, -Lipschitz continuity of H, (-, -) with respect to By,
we deduce that

"Hl (Alxn—l’len) - H, (Alxn—l’len—l)Hl

(48)
< syf|x, = x4,
In view of (41), (46), (48), (39) becomes
||xn+1 - xn”l
< Glllxn - xn—l"l + Glpn”xn - xn—lul
+ 9151||xn - xn_1||1
(49)

+A etZAQ(l'f' >||yn Yn— 1”2

= (01 + elpn + 9151) "xn - X

n—1||1

+/19t2/\Q(1+ >“yn V- 1“2

Similarly, we have

“yn+1 - yn“z
= [RE T, (Aay Bay) = 6 (e w,)]
R)Lz N( S )[Hz (A2u-1-Bayuo1)

- AZG (wn—l’ vn—l) ] ||2

)=
llR)‘z Ny, . [H2 (Azyn’BZyn) - MG (wn’ Vn)]

‘2

RAZN(y 1) [H (Az)’w Zyn) AZG(wn’Vn)]

T

1, N(y ) 2 (429 Boyy) = A5G (W, ,)]

Hy(-)

R [ (A Buyi)

- LG (wn—l’ Vn—l) ] ”2

<0390 = Vil
+6, |H, (A2 By yy) = Hy (A2y15Boyot)
= 25 (G (W ) = G (W, 1,v,1))5
< 0]y = Yurl
+6, [H (429, By y) = Ha (A3 9,15 BaYa)
= 4 (G (w,,v,) = G (W, v0)),

+ A202”G (wn’ Vn—l) -G (wn—l’ Vn—l)"z

< 0]l = Yool
+0, |H, (Asy Byya) = Hy (A9t Boy)
= 22 (G (W) = G (W V),
+ 05| Hy (A2-1 Boy) = Ha (Azys Boyut)l,
+ 1205[|G (W V1) = G (Wyops vt

< 0V = Yurlly + 024l 30 = Yarll, + 0252030 = Yucr |

n—1"1

+A9tAT(1+ )l -

= (0, + 0,4, +0,5,) ”)’n - yn—lllz

+A91/\T<1+ I

Xn-1 " 1’
(50)
where
In

- \/r§+2/\212/\Q(1+%) [r2 oo (14 1) 4 ] - 2000

(51)
In view of (49) and (50), we obtain
“xnﬂ - xn”l + ”ynﬂ - yn”z
< Cn"xn ~ Xn-1 “1 + dn”yn - ynflllz (52)
< kn ("xn - xn—llll + "yn - yn—l"z)
where ¢, = 0y + 0,p, + 0,5, + L,0,LA(1 + 1/n), d, = 0, +
0,q, + 6,5, + 1,0,t,A(1 + 1/n), and k,, = max{c,, d,}.
Lettingn — 00, we obtain k,, — k, where
k = max{o, + 0, py + 0,5, + 1,0, A,
(53)

0y +6,q0 + 0,5, + A,0,t,A0} -
Next, we define the norm || -

|G )] =

One can easily check that (X, x X,, | - ||) is a Banach space.
Define a,,; = (X,41> Yus1)- Then, we have

[ on X, x X, by

llcly + "yllz’ (x,y) € X; x X, (54)

| = @ull = s = %ally + 12 =2l 59
In view of (38), we conclude that 0 < k < 1. This implies
that there exist n, € Nand k,, € (0, 1) such that k,, < k, for all

n = ny. It follows from (52) and (54) that

||an+1 - an" <k, ||an - an_1|| , Vn>n,. (56)
In view of (56), we obtain
||an+1 - an” < kgfn‘) Qo1 = Gyp||> VM= 1. (57)




This implies that for any m > n > n,,

"xm - xn"l < "am - an“

m—1 m-1
< Z i —a;] < Zkg_"" a
i=n i=n

(58)

o+l ano 'l .

Since 0 < k, < 1, it follows from (58) that ||x,, — x,I, — 0
and n — oo. This proves that {x,} is a Cauchy sequence in
X, . Similarly, we conclude that {y,} is a Cauchy sequence in
X,. Thus, there exist x € X; and y € X, such that x, — x
and y, — yasn — oo.

Next, we prove thatw,, — w € T(x)andv, — v € Q(y).
In view of Lipschitz continuity of T and Q and Algorithm 17,
we obtain

Jw, = w,i ] < (1+
[ = vl < (14

1
_> AT"xn - X
n

n—1 “ 1’
(59)

1
=)y = sl

From (59), we deduce that {w,}, {v,} are Cauchy sequences
in X, and X, respectively. Thus, there exist w € T(x) and
v € Q(y) such thatw, — wandv, — vasn — oco. Since
T is D-Lipschitz continuous with constant A, it is obvious
that

dw, T (x)) < |lw-w,|, +d(w, T (x))
< |w-w,y|, + D(T (x,), T (x))
< lw-w,,

+ Al x, —x]l; — 0(n— 00).

By the closedness of T'(x), we conclude that w € T(x).
Similarly, we have v € Q(y).
Assume now that

X = R]L M(  [Hi (A%, Bix) = L F (w,v)],
i (61)
Yo = RAZN( y) [H; (A2y,Byy) = 1,G (w,v)].

Then, we have

s = ol

<[mrr [y (A1 Bix) = LF (w,00,)]

AM(

H,; ()
_R)LIM ;’)1 [H, (A,x,B;x) - A, F (w, v)]”1

<[mC [ (A2 Bix) = LF (w,00,)]

AM(

R H, (4%,

ALM(-,x) ’len)_AlF(u)n’Vn)]"1
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+ R H, (A%, B,x,) = A F (w,,v,)]

AM(x)[

R [H, (A%, Byx) = A F (w, )]

< oy|lx, - x|,
+ 0, [H, (Ayx,, Byx,) = A F (w,,v,,)
- [H, (A,x,B;x) - A, F (w,v)]|
<oyx, - x|,
+6, [|H; (A,x, Bix,) - Hy (A,x, Byx)
+A|[F (w,v,) = F (w, )]
<oyx, - x|,
+0, [|Hy (Ayx,, Byx,) = Hy (Ayx, By, )|
+|H, (A,x,B,x,) — H, (A,x, Bx)|,]
+ 1,0, [|IF (w,,v,) = F (w, )],
+|F (w,v,) = F (w, )]
<0y [lx, = xf, + 6, [+ 5] %, - x,
+ 410, [t w, = wl); + £ ][v, = v]],]
= (01 +01r, + 015, |lx, - x,

46y [fi]lw, =l + oy = v,

(62)

Since x,, — x,w, — w,andv, — vasn — 00, it follows
from (62) that

Jim |lx, = xo,, =0, (63)

and hence x, = x.
A similar argument shows that y, = y. Therefore,

X =Xy = R;_Il(j\/[) ;’) [Hl (A X, le) AIF(U), V)] >
(64)
Yy=X= R;{Z(N() ’7) [H, (A2y,B,y) = 1,G (w,v)].

In view of Lemma 16, we conclude that (x, y,w,v) is a
solution of problem (30), which completes the proof. O

At the end of this paper, we include the following simple
example in support of Theorem 18.

Example 19. Let X = R* with the usual inner product. We
define two mappings A, B : R* — R by

1 1
Al(x :z(—x — Xy, X +—x>,
(x) ! »X1T %
1 1 1 1 65
B(X) = <—Zx1+1x2,—1x1—1x2), ( )

Vax = (x5, %,) € R%



Abstract and Applied Analysis

Let a mapping H : R* x R> — R? be defined by

H(Ax,By) := Ax+ By, Vx,yeR’. (66)

By similar arguments, as in Example 4.1 of [27], we can prove
the following.

(1) H(A, B) is 4/17-cocoercive with respect to A and 1-
relaxed cocoercive with respect to B.

(2) Ais V17 /n-expansive, for n = 4, 5.
(3) Bis 1/+/n-expansive, forn = 1,2.

(4) H(A, B) is V17/n-Lipschitz continuous with constant
V17 /nwith respect to A and B, forn = 1,2,..., 15, 16.

(5) Let f,g: R* — R*be defined by

8 8
f(x):= (le - Exz, Exl + 8x2) ,

17 5 5 17
g(x):= (—Exl gt Exz) , (67)

Vx = (x5, %,) € R%

(6) Now, we define a mapping M : R* x R* — R* by

M (fx,gy) = fx—gy, Vx,yeR. (68)

LetR,S, T : R* — R be the identity mappings. It is obvious
that these mappings are D-Lipschitz continuous.

(7) Assume that F,G : R? — R2 are defined by

1 1 1 1
F(x):= <—Zx1 — XN Zx2> ,

1 1 1 1
G(.x) = <_§x1 + gxzy_gxl - §x2> > (69)

Vx = (x,x,) € R%.

It could easily be seen that all the aspects of the hypotheses of
Theorem 18 are satisfied, so we have the desired conclusion.
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