Hindawi Publishing Corporation
International Journal of Differential Equations
Volume 2013, Article ID 526390, 8 pages
http://dx.doi.org/10.1155/2013/526390

Research Article

Some Properties of Solutions to Weakly Hypoelliptic Equations

Christian Bir

Universitdt Potsdam, Institut fiir Mathematik, Am Neuen Palais 10, 14469 Potsdam, Germany

Correspondence should be addressed to Christian Bér; baer@math.uni-potsdam.de

Received 21 May 2013; Accepted 4 July 2013

Academic Editor: Qi Zhang

Copyright © 2013 Christian Bar. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A linear different operator L is called weakly hypoelliptic if any local solution u of Lu = 0 is smooth. We allow for systems, that
is, the coefficients may be matrices, not necessarily of square size. This is a huge class of important operators which cover all
elliptic, overdetermined elliptic, subelliptic, and parabolic equations. We extend several classical theorems from complex analysis to
solutions of any weakly hypoelliptic equation: the Montel theorem providing convergent subsequences, the Vitali theorem ensuring
convergence of a given sequence, and Riemannss first removable singularity theorem. In the case of constant coeflicients, we show
that Liouville’s theorem holds, any bounded solution must be constant, and any L?-solution must vanish.

1. Introduction

Hypoelliptic partial differential equations form a huge class
of linear PDEs many of which are very important in applica-
tions. This class contains all elliptic, overdetermined elliptic,
subelliptic, and parabolic equations. Recall that a linear
differential operator L is called hypoelliptic if any solution
uto Lu = f is smooth wherever f is smooth. The study
of hypoelliptic operators was initiated by Hérmander and
others; see, for example, [1-4].

We generalize this class of operators even further by only
demanding that any solution u to Lu = 0 be smooth. We
call such operators weakly hypoelliptic. This is not to be con-
fused with partially hypoelliptic operators as introduced by
Garding and Malgrange [5] nor with the almost hypoelliptic
operators due to Elliott [6]. We show by example that the class
of weakly hypoelliptic operators is strictly larger than that of
hypoelliptic operators. The example of a weakly hypoelliptic
but nonhypoelliptic operator that we give is defined on R*
and is overdetermined elliptic on R?\ {0}. It is of first order,
and its principal symbol vanishes at 0. Thus, the class of
weakly hypoelliptic operators allows for a certain degeneracy
of the principal symbol on “small sets” and might be of
interest for geometric applications.

Holomorphic functions are the solutions to the Cauchy-
Riemann equations which are elliptic in the case of one
variable and overdetermined elliptic in the case of several

variables. In any case, they are characterized as solutions
to certain hypoelliptic PDEs. We show that the solutions
to any weakly hypoelliptic equation share some of the nice
properties of holomorphic functions which are familiar from
classical complex analysis.

Montel’s theorem says that a locally bounded sequence
of holomorphic functions subconverges to a holomorphic
function. This does not hold for real analytic functions.
For instance, the sequence uj(x) = cos(jx) is a uniformly
bounded sequence of real-analytic functions on R but does
not have a convergent subsequence; see, for example, (7,
Ex. 1.4.34]. We show that even a slightly stronger version
of the Montel theorem holds for solutions to any weakly
hypoelliptic equation: any locally L'-bounded sequence sub-
converges in the C*-topology to a solution (Theorem 4).
The Vitali theorem for holomorphic functions has a similar
generalization (Theorem 6). For hypoelliptic equations, this
has been known for many decades and has motivated the
study of so-called Montel spaces in functional analysis.

In case the underlying domain is R" and the weakly
hypoelliptic operator has constant coeflicients and satisfies a
weighed homogeneity condition, we show that the Liouville
theorem holds: any bounded solution must be constant
(Theorem 7), and any L?-solution must be zero (Theorem 12).
This applies to powers of the Laplace and Dirac operators
but also to powers of the heat operator. In the proof, we



use a simple scaling argument and apply the general Montel
theorem.

Finally, we generalize Riemann’s first removable singu-
larity theorem and show that a solution to a weakly hypoe-
lliptic equation can be extended across a submanifold S of
sufficiently high codimension provided that the solution is
locally bounded near S (Theorem 14 and Corollary 15).

The general setup is such that we consider a linear
differential operator L acting on sections of vector bundles.
So, locally, L describes a system of linear PDEs with smooth
coeflicients. These coeflicients may be matrices of not neces-
sarily square size. Readers who are not too fond of geometric
terminology may simply replace “manifolds” by “open subsets
of R™ and “sections of vector bundles” by “vector-valued
functions”

The classical proofs of these theorems for holomorphic
functions are typically based on special properties of holo-
morphic functions such as Cauchy’s integral formula. There-
fore they may create the misleading impression that these
theorems are also very special for holomorphic functions. In
the contrary, the above mentioned theorems remain true for
all solutions of the largest class of linear PDEs where one
could hope for them to hold. Moreover, as we will see, the
proofs of the general statements are actually rather simple.

2. Weakly Hypoelliptic Operators

Let M be an n-dimensional differentiable manifold equipped
with a smooth positive n-density vol. Let E — M and
F — M be real vector bundles. If the bundles are complex
we simply forget the complex structure and consider them
as real bundles. We denote the spaces of smooth sections by
C®(M, E) and C*°(M, F), respectively. Let L : C*°(M, E) —
C®(M,F) be a linear differential operator of order k ¢
N. The fact that smooth sections are mapped to smooth
sections encodes the smoothness of the coefficients of L
in local coordinates. The operator L restricts to a linear
map D(M,E) — D(M,F) where @ stands for compactly
supported smooth sections.

Let E° - M and F* — M be the dual bundles.
Given L, there is a unique linear differential operator L*
C®(M,F*) — C®(M,E"), the formally dual operator,
characterized by

J (Lu, @) vol = J (u, L") vol (1)
M M

forallu € C*°(M, E) and ¢ € C®(M, F*) such that supp(u)n
supp(¢) is compact. Here (-, -) denote the canonical pairing of
Eand E" and of F and F™.

We extend L to an operator, again denoted by L, map-
ping distributional sections to distributional sections, L :
P2'(M,E) —» '(M, F) by

(Lw) [p] = u[L7 ] (2)

for all u € 2'(M,E) and ¢ € D(M,F"), compare for
example, [8, Sec. 1.1.2]. Here we denote by u[y/] the evaluation
of the distribution u € @'(M, E) on the test section Y €
D(M,E").
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The differential operator L is called hypoelliptic if for any
open subset O ¢ M and any u € 2'(Q, E) such that Lu is
smooth we have that u is smooth. Since we will be interested
in solutions of Lu = 0 only, we make the following definition:
The differential operator L is called weakly hypoelliptic if for
any open subset QO ¢ M any u € 9'(Q, E) satisfying Lu = 0
must be smooth. Hormander’s work [1, Ch. III] (see also the
proof of Theorem 2.1 in [9, p. 63]) shows that for operators
with constant coefficients over M = R" hypoellipticity and
weak hypoellipticity are equivalent, at least in the scalar case,
that is, if the coefficients of L are scalars rather than matrices.
It seems likely that this is also true if the coeflicients are
constant matrices. In general however, if the coefficients are
variable, the class of weakly hypoelliptic operators is strictly
larger than that of hypoelliptic operators.

Example 1. Let M = R?, let E be the trivial real line bundle
and F the trivial R*-bundle. The operator L = (L,L,) :
C®(R*R) — C™(R* R?) is given by

d > 0
L =re =2 =X+ y— -2,
LT T T Y

5 5 (3)
Ly=r—=

20 —ya + Xa.
Here (x, y) are the usual Cartesian coordinates while (r,0)
denote polar coordinates, x = r cos(8), y = rsin(0). On R?\
{0} the operator L is overdetermined elliptic (see below) and
hence hypoelliptic. But L is not hypoelliptic on R* because
u=r* logr is not smooth while Lu = (r%,0) is smooth.

We check that L is weakly hypoelliptic. Regularity is an
issue at the origin only. Let u € 9'(Q, R) with Lu = 0 where
Q is an open disk in R* centered at the origin. Then u is
smooth on Q \ {0}. From L,u = 0 we see that u = a(0)r?
on O \ {0} and L,u = 0 shows that « does not depend on 6.
Henceu = ar? = a- (x* + yz) on Q \ {0}. Subtracting this
smooth function we may without loss of generality assume
that supp(x) ¢ {0}. In this case, u is a linear combination of
the delta function and its derivatives:

ij ax’ayf (4)

Fix i, and j, and choose a test function ¢ € CSO(Q, R) which

coincides with the monomial x” y* on a neighborhood of the
origin. Then, we see

0="Lyulg]
_ [ 9Ge) olye)
0x oy 4
=ul[-(ip+1+j,+1+2)-¢] (5)

i+j

o i 0
= —(4+ig+ jo) - ;jﬁg (D78 [ax"ayj]

== (4+ip+ jo) - Biis COVEE i ol
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Thus B ; = 0 for all i; and j, and therefore u = 0. To
summarize, we have seen that L is weakly hypoelliptic, but
not hypoelliptic.
For any weakly hypoelliptic operator we denote the kernel
of L: 2'(M,E) — @'(M,F)by %(M,L) c C*°(M,E).
For j € Ny and any relatively compact measurable subset
A ¢ M we define the C/-norm of u € C/(M, E) by

Nl = sup max ([Vu@)|s-. o IVu @)1, u (2)]).
XE

(6)

Here we have tacitly equipped E and the tangent bundle
TM with a Riemannian metric and a connection V. These
data induce fiberwise norms and connections on the bundles
T"M ® --- ® T"M ® E. Note that V/u is a section of
T"M@®-:-® T"M®E. Since A is relatively compact, different
jfactors
choices of metric and connections yield equivalent C/-norms.
If K ¢ M is a compact subset, then we denote by C/(K,E)
the set of all restrictions to K of j-times continuously
differentiable sections, defined on an open neighborhood of
K. Equipped with the norm [ - [lci(x)» C/(K, E) becomes a
Banach space.
Similarly, we define the L?-norm for 1 < p < oo by

= | Tuvol ). %

Again, different choices of the metric and the volume density
yield equivalent L?-norms. The L-norm extends the C’-
norm to the space of all essentially bounded measurable
sections. The starting points are the following hypoelliptic
estimates (compare [10, p. 331, Prop. 2] for the hypoelliptic
case).

Lemma 2 (hypoelliptic estimates). Let L be weakly hypoellip-
tic. Then, for any j € N, for any compact subset K ¢ M, and
any open subset O C M containing K, there is a constant C > 0
such that

lellciag < C - llull Ly (8)
forallu € (M, L).

Proof. Let V be the kernel of the continuous linear map
L : IYOQ,E) ¢ 9'(0LE) — D'(Q,F). Hence V is a
closed subspace of L'(Q), E) and thus a Banach space with
the norm | - [|1q). Since L is weakly hypoelliptic we have
V ¢ C®(Q, E). Thus we get the linear restriction map res :
V - C/(K,E),ur— ug.

This map is closed. Namely, let ; — wu with respect to
I+l () and res(s;) — v with respect to || - [lci(x)- Then we
also have res(u;) — v with respect to || - |1k, and therefore
res(u) = v which proves closedness.

The closed graph theorem implies that res is bounded
which is (8) for all u € Z(Q, L). In particular, (8) holds for
allu e (M, L). O

Corollary 3. Let L be a weakly hypoelliptic operator over a
compact manifold M (without boundary). Then 7 (M, L) is
finite-dimensional.

Proof. Since M is compact, we can take K = Q =
M in Lemma 2. Thus, the C°-norm and the C'-norm are
equivalent on #' (M, L). By the Arzela-Ascoli theorem the
embedding C'(M,E) — C°%M,E) is compact. Hence the
identity map on #'(M, L) is compact; thus # (M, L) is finite
dimensional. O

A differential operator L is called elliptic if the principal
symbol o, (§) is invertible for all nonzero covectors & € T* M.
Elliptic regularity theory implies that all elliptic operators are
hypoelliptic; see [11, Thm. 11.1.10] or [12, Ch. III, Sec. 5]. The
class of elliptic operators contains many examples of high
importance for applications such as the Laplace and Dirac
operator.

More generally, if the principal symbol o, (§) is injective
instead of bijective for all nonzero covectors & € T*M, then
one calls L overdetermined elliptic. In this case L" L is elliptic
where L* denotes the formal adjoint of L. Now if Lul, is
smooth, so is L"Lul|y and hence ulg is smooth by elliptic
regularity. Therefore overdetermined elliptic operators are
hypoelliptic as well.

Another way to generalize elliptic operators within the
class of hypoelliptic operators is to consider subelliptic oper-
ators with a loss of & derivatives where § € (0,1). These
operators can also be characterized by a condition on their
principal symbol; see [13, Ch. XXVII] for details.

If L is parabolic, for example, if L describes the heat equa-
tion on a Riemannian manifold, then parabolic regularity
using anisotropic Sobolev spaces shows that L is hypoelliptic;
see for example, [14, Sec. 6.4].

In contrast, hyperbolic differential operators, for example,
those which describe wave equations, are not hypoelliptic.

Table1 is a (very incomplete) table of examples for
hypoelliptic operators relevant for applications.

3. Convergence Results

Let 1 < p < co. A family & ¢ C®(M, E) is called locally
LP-bounded if for each compact subset K ¢ M we have

sup|lu (%)l Lp(x) < ©0. 9)
ueF

Let 1 < p < g < oo. By Holder’s inequality, [lul| 1,

IN N

vol(K)@P/pa . 14l 1axy- For ¢ = o, we have [Jull»
vol(K)Y2 - |lul| Lo (k) Therefore, local L7-boundedness implies
local Lf-boundedness whenever g > p. In particular,
local L'-boundedness is the weakest of these boundedness
conditions.

We say that a sequence (u;) in C*(M, E) converges in the
C*-topology if the restriction to any compact subset K ¢ M
converges in every C’-norm. In other words, the sections and
all their derivatives converge locally uniformly.

Theorem 4 (generalized Montel theorem). Let L be a weakly
hypoelliptic operator. Then, any locally L'-bounded sequence
Uy, Uy,... € Z(M,L) has a subsequence which converges in
the C*-topology to some u € I (M, L).
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TaBLE 1: Examples of hypoelliptic differential operators.

L M E F H (M, L) Type Reference
0/0z, L. . Trivial C-line Holomorphic .
Cauchy-Riemann Open subset of C Trivial C-line bundle bundle functions Elliptic [15, Sec. 1.5]
3, Complex manifold Holomorphic vector EeT M™ Holom_orphlc Ove.zrd_et. [16, Sec. 0.5]

bundle sections elliptic
V'V+lot, Riemannian manifold R1er.n. vector bl.mdle E Harn.lonlc Elliptic [17, Sec. 2.1]
Laplace-type with connection sections
A?, bi-Laplacian Riemannian manifold Trivial R-line bundle Trivial R-line Blharrrllonlc Elliptic

bundle functions
D, Dirac Rlemanman Spin Spinor bundle Spinor bundle Har.m onic Elliptic [12, Ch.1I, §5]
manifold spinors
0/0t — A, heat . Inte;rval * . Trivial R-line bundle Trivial R-line Parabolic [14, Sec. 6.4]
operator Riemannian manifold bundle
Sub-Riemannian Trivial R-line
A y, sub-Laplacian manifold (bracket  Trivial R-line bundle bundle Subelliptic [18, Thm. 1.1]
generating) "

ZjX;Xj,wherer: o .
complex vector fields R" Trivial C-line bundle Tml?ihgl_ehne S:):Siﬁv ) [19, Thm. C]
(bracket cond.) '
Bismut's hypoelliptic T*X & NT*T*X E Hypoelliptic ~ [20, Ch. 3]
Laplacian j=0 Ypoetip T
0%/0x* + x0/dy—0/ot, 2 . . Trivial R-line .
Kolmogorov (0,00) x R Trivial R-line bundle bundle Hypoelliptic ~ [2L, Sec. 22.2]

The experts will notice that this is a direct consequence of
Lemma 2 because we have the following.

Proof (short). By Lemma2, the sequence u;,u,,... is
bounded with respect to the C*-topology (in the sense
of topological vector spaces). Since C*°(M, E) is known
to be a Montel space [22, p. 148, Cor. 2] so is the closed
subspace #'(M, L) (when equipped with the C*-topology).
This means that bounded closed subsets are compact; hence
U, Uy, ... has a convergent subsequence. O

For those unfamiliar with the theory of Montel spaces, we
can also provide the following.

Proof (elementary). Let K C M be a compact subset. We
choose an open, relatively compact subset 3 € M containing
K. We fix j € N. Since, by Lemma 2,

”uV"Cj“(K) <C- ””v"LI(Q) <C- "”v”Ll(ﬁ) <C, (10)

the sequence (u,), is bounded in the C/*'-norm. By the
Arzela-Ascoli theorem there is a subsequence which con-
verges in the C/-norm over K. The diagonal argument yields a
subsequence which converges in all C/-norms over K, j € N.

Now we exhaust M by compact sets K, < K, <
K3 ¢ --- ¢ M. We have seen that over each K, we can
pass to a subsequence converging in all C/-norms. Applying
the diagonal argument once more, we find a subsequence
converging in all C/-norms over all K,. Thus we found a
subsequence which converges in the C*-topology to some
u e C®(M,E).

Since L : C®(M,E) — C%(M,F) is (sequentially)
continuous with respect to the C*-topology, we have Lu = 0,
thatis, u € Z (M, L). O

The generalized Montel theorem applies to all examples
listed in Table 1. Even in the case of holomorphic functions (in
one or several variables) Theorem 4 is a slight improvement
over the classical Montel theorem because the classical
condition of local L°-boundedness is replaced by the weaker
condition of local L' -boundedness. The standard proof of the
classical Montel theorem uses the Cauchy integral formula
to show equicontinuity and then applies the Arzela-Ascoli
theorem, see for example, [7, Sec. 1.4.3].

In the case of harmonic functions on a Euclidean domain
the Montel theorem is also classical. One can use estimates
based on the Poisson kernel to show equicontinuity and then
apply the Arzela-Ascoli theorem [23, p. 35, Thm. 2.6].

The Montel theorem provides a criterion for the existence
of a convergent subsequence. The next theorem provides
a sufficient criterion which ensures that a given sequence
converges itself.

Definition 5. Let L be a weakly hypoelliptic operator on M.
A subset A ¢ M is called a set of uniqueness for L if for any
u € (M, L) the condition u|, = 0 implies u = 0.

Every dense subset A of M is a set of uniqueness because
(M, L) c C*(M, E).

For holomorphic function of one variable, that is, L =
0/0z, the set A is a set of uniqueness if it has an accumulation
pointin M ¢ C.

Many (but not all) important elliptic operators have the
so-called weak unique continuation property. This means that
if A has nonempty interior, then it is a set of uniqueness
provided that M is connected. Laplace- and Dirac-type
operators belong to this class.
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Theorem 6 (generalized Vitali theorem). Let L be a weakly
hypoelliptic operator and let A C M be a set of uniqueness for
L. Letu,,u,,... € #(M,L) be alocally L'-bounded sequence.
Suppose that the pointwise limit lim; _, . u;(x) exists for all x €
A.

Then, (u;); converges in the C*-topology to some u €
(M, L).

Proof. By Theorem 4, every subsequence of (1;) ; has a subse-
quence for which the assertion holds. The limit functions for
these subsequences are in % (M, L) and coincide on A; hence
they all agree. Hence, (1;); has a unique accumulation point
ued(M,L).

If the sequence (u;); itself did not converge to u, then
we could extract a subsequence staying outside a C*-
neighborhood of u. But this subsequence would again have
a subsequence converging to u, a contradiction. O

4. Liouville Property

We now concentrate on the case M = R". All vector bundles
over R" are trivial, so sections can be identified with functions
R"” — RN.Hence, the coefficients of the differential operator
L are N x N'-matrices. If these matrices do not depend on
the point x € R" we say that L has constant coefficients.
The Laplace operator A, the Dirac operator D and the heat
operator d/0x, — 2722(82 /axﬁ) are examples of hypoelliptic
operators on R" with constant coefficients.

Let P be a polynomial in 2 real variables. Here P is allowed
to have matrix-valued coeflicients of fixed size. Let w =

(wy, ..., w,) with w; > 0. We call P weighed homogeneous
with weight w if P(t"'x,,...,t""x,) = tkP(xl,...,xn) for
some k and all t € R, x = (x,...,x,) € R" The

corresponding differential operator with constant coeflicients
L = P(0/ox) = P(d/ox,,...,0/0x,) is then also called
weighed homogeneous. The Dirac and Laplace operator are
examples for weighed homogeneous differential operators
with weightw = (1,..., 1) as well as the heat operator (weight
w=(21,...,1)).

We can now state the following Liouville-type theorem.

Theorem 7 (generalized Liouville theorem). Let L be a weakly
hypoelliptic operator over R”. Suppose that L has constant
coefficients in N' x N-matrices and is weighed homogeneous.

Then, each bounded function in I (R", L) must be con-
stant.

Proof. Let u € F(R",L) be bounded. For ¢ > 0, we
put u(x) = u(e“xy,...,e “x,). Since u is bounded,
the family (u,) is uniformly bounded. Moreover, (Lu,)(x) =
e Lu(e™ x,,...,e “x,) = 0so that u, € Z(R",L). By
Theorem 4, there is a sequence ¢; 0 such that U, converges
locally uniformly to some v € Z'(R", L). We observe u,(0) =
1(0) and hence v(0) = u(0).

Fix x € R". For ¢ > 0 we put x, := (¢“'x,...,e"x,).
Then u,(x,) = u(x) and x, — 0ase N\ 0. Locally uniform
convergence yields u(x) = usj(xsj) — v(0) = u(0), hence
u(x) = u(0), so u is constant. O

Example 8. We directly recover the classical Liouville theo-
rems for holomorphic and for harmonic functions. In the case
of bounded harmonic functions Nelson gave a particularly
short proof based on the mean value property [24]. In fact,
for harmonic functions it suffices to assume that they are
bounded from below (or from above) [23, Thm. 3.1]. This
cannot be deduced from Theorem 7 but the theorem also
applies to biharmonic functions on R” or to solutions of
higher powers of A. The function u(x) = |x|? is biharmonic,
bounded from below and nonconstant. Hence unlike for
harmonic functions we need to assume boundedness from
above and from below to conclude that a biharmonic function
is constant.

Similarly, bounded harmonic spinors on R" must be
constant.

Remark 9. Here is a silly argument why all bounded polyno-
mials on R" must be constant. Given such a polynomial u
choose ¢ € N larger than half the degree of u. Then A‘u = 0
and Theorem 7 applies.

Example 10. Theorem 7 also applies to the heat operator.
Bounded solutions to the heat equation on R” = R x R
must be constant. Note that there do exist nontrivial solutions
on R" which vanish for x; < 0 [25, pp. 211-213]. They are
unbounded on R for each x; > 0 however.

Moreover, Theorem 7 applies to powers of the heat oper-
ator. So, for instance, bounded solutions to

2
n 2

SR Al I )

x4 ].:zaxj

must be constant.

Remark 11. Theorem 7 does not hold for hyperbolic opera-
tors. The function u(x,, x,) = sin(x;) sin(x,) is non-constant,
bounded and solves the wave equation o*u/ axf - %u/ ax§ =
0. Thus Theorem 7 does not extend to partially hypoelliptic
operators in the sense of Garding and Malgrange [5].

Theorem 12 (generalized Liouville theorem, L?-version). Let
1 < p < 00. Let L be a weakly hypoelliptic operator over R".
Suppose that L has constant coefficients in N' x N-matrices and
is weighed homogeneous. Then,

% (R",L)n L (R",RY) = {0}. 12)

Proof. Letu € #(R",L) n LP(R",RY). For & € (0,1], define
u, as in the proof of Theorem 7. We use the same notation as
in that proof. From

"usufi’(R”)

= J ) lu(e“ xp,..oe )| dx, - dx

(13)
- JW (s y) [P 0dy, - dy,

p

< 1l

< 00,



we see that (u,), is an LP-bounded family on R”. Using
Theorem 4 as in the proof of Theorem 7, we find that u is
constant. Since u is also L?, it must be zero. O

Remark 13. In the case of scalar constant coefficient hypoel-
liptic operators, Theorems 7 and 12 can also be seen as follows.
If the polynomial P had a zero x #0, then P would vanish
along the curve t — (t“'xy,...,t""x,) by homogeneity. This
would violate Hormander’s hypoellipticity criterion [1, Thm.
3.3.1] for L = P(0/0x). Thus, x = 0 is the only zero of P. Now,
[26, Thm. 2.28] (whose proof is a simple application of the
Fourier transform) says that any solution u € #'(R", L) must
be a polynomial. If it is in L*(R") or in L?(R"), it must be
constant or vanish, respectively.

5. Removable Singularities

Let M be a Riemannian manifold, and denote the Rieman-
nian distance of x, y € M by d(x, y). For a subset S C M, let
d(x,S) = inf ¢¢d(x, y). For r > 0, we denote by

NG r)={xeM|d(xS) <r}\S (14)
the closed r-neighborhood of S with S removed.

Theorem 14. Let S ¢ M be an embedded submanifold of
codimension m > 1. Let L be a weakly hypoelliptic operator
of order k > 1 over M. Let u € 7 (M \ S, L). Suppose that for
each compact subset K ¢ M there exists a constant C > 0 such
that for all sufficiently small r > 0

k
Il sy = 0 (7€) as r N0, (15)
Then u extends uniquely to some u € (M, L).

Proof. Uniqueness of the extension is clear because M \ S is
dense in M. To show existence let y : R — R be a smooth
function such that

(i) x =0on (-00,1/2];
(ii) x = 1 on[1, c0);

(iii) 0 < y < 1 everywhere.
For r > 0, we define y, € C°(M) by

d(a:,S)).

X, (%) =y ( (16)

Given a compact subset K ¢ M the function y, is smooth in
a neighborhood of K provided that r is small enough. This is
true because the function x — d(x, S) is smooth on an open
neighborhood of S with S removed.

We extend u to a distribution u € ' (M, E): let Q €
D(M,E") be a test section. The compact support of ¢ is
denoted by K. For r > 0 sufficiently small y,¢ € Z(M\S, E"),
we put

ulg] :=limulx,¢]. 17)

0
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The limit exists because for0 < r, <r,
D17, 0] = ¢ [, 9]

< j ()] -
N(S;r)NK

. |go (x)| vol (x)

X, () = X, ()]

(18)

<2 "‘P"cﬂ(K) el s rn)
= o(r;c) asr, \ 0.

We check that  is a distribution. Fix a compact subset K ¢
M. Then, choosing r, > 0 sufficiently small, we obtain

||U||L1(1<\s) = ||U||L1(N(s,r0)nj<) + ””"Ll(m) <oo.  (19)

Here, the first summand is finite because of the assumption in

the theorem and the second because K \ N(S, ) is a compact
subset of M \ S. Hence, we find for all ¢ € D (M, E*) with

supp(p) € K

[ [o]] =lim

N

j () 5, (%) @ (x)) vol (x)
K\S (20)

< ullpxys) - "(P"CO(K)’

so u is continuous in ¢.
It remains to show that u solves Lu = 0 in the distri-
butional sense. For ¢ € D(M, E*), we compute

u[L ¢] =lim JM\S (u(x), x, (%) (L) (x)) vol (x)

™0

— lim I (L (1) (%), 9 (%)) vol ()
M\S

N0

j=0

k-1
= lri{% JM\S <XrL“ (x) + ZP]- (x,)u(x), e (x)>

x vol (x)

k-1
“timY [ (P () u ). (0) vol o)

j=0

k-1
= limj:0 JM\S <u (x), Pj(Xr)*(P (x)> vol (x),
(21)

where Pj( X,) is a linear differential operator of order j for
each fixed r. It is obtained from the general Leibniz rule.
The coefficients of P;(y,) depend linearly on y, and its
derivatives up to order k — j. Since y, is constant outside
N(S,7r)\ N(S, r/2), the coefficients of P; (x,) are supported in
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N(S,7r) \ N(S,7/2). For this reason, the integration by parts
above is justified; there are no boundary terms. We find

JM\S <u (x) > PJ(Xr)*(P (X)> VOl (x)

<Clxellocio 1Pl - Il avsnnx
<C' -k "‘P”cf(K) "0 (”k)

:o(rj) asr \ 0.

(22)

Hence, u[L"¢] = 0, that is, Lu = 0 in the distributional sense.
By weak hypoellipticity of L, the extension z must be smooth
and solves Lu = 0 in the classical sense. O]

Corollary 15. Let L be a weakly hypoelliptic operator of order
k > 1 over M. Let S ¢ M be an embedded submanifold of
codimensionm > k + 1. Letu € Z'(M\S, L) be locally bounded
near S.

Then, u extends uniquely to some u € Z'(M, L).

Proof. Since u is locally bounded near S, we have for any
compact subset K ¢ M

lluall 12 (N(S,r)NK)

< Nlull oo (xrs) = VOL (N (S, 7) N K) (23)

< C . "u”Loo(K\s) . T’m = O (rm)

asr \ 0.Since m > k+1, we get [[ul 11 (s k) = O(r*1),and

therefore [l s k) = o(rk) as r \v 0. Theorem 14 yields
the claim. O

Example 16. Let M C C" be an open subset and S ¢ M a
complex submanifold of complex codimension >1. Then, any
holomorphic function u on M \ S, locally bounded near §,
extends uniquely to a holomorphic function on M. This is
Corollary 15 with k = 1 and m = 2. It is classically known as
Riemans first removable singularity theorem [7, Thm. 4.2.1].
Note that S being a complex submanifold is actually
irrelevant; any real submanifold of real codimension 2 will
do. Moreover, by Theorem 14 one can relax the condition that
u be locally bounded near S. A local estimate of the form
lu(x)| < C-d(x,S)™* with « < 1 is sufficient. This criterion
is sharp because for M = C,S = {0}, L = 0/dz, and
u(z) = 1/z, we have a solution of Lu = 0 on M \ S which
satisfies [u(z)| = d(x,S)”" but does not extend across S.
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