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We establish the strong convergence of prediction-correction and relaxed hybrid steepest-descent method (PRH method) for
variational inequalities under some suitable conditions that simplify the proof. And it is to be noted that the proof is different
from the previous results and also is not similar to the previous results. More importantly, we design a set of practical numerical
experiments. The results demonstrate that the PRH method under some descent directions is more slightly efficient than that of
the modified and relaxed hybrid steepest-descent method, and the PRH Method under some new conditions is more efficient than

that under some old conditions.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and
norm | - ||, let K be a nonempty closed convex subset of H,
andlet F : H — H be an operator. Then the variational
inequality problem VI(F, K) [1] is to find x* € K such that

x" €K, {(x-x",F(x"))=20, VxeKk. (1)

The literature contains many methods for solving vari-
ational inequality problems; see [2-25] and references
therein. According to the relationship between the variational
inequality problems and a fixed point problem, we can obtain

x" is the solution of VI(F, K)
(2)
e x" = P [x" - BF(x7)],

B >0,

where the projection operator Py is the projection from H
onto K, that is,

Py (x) = argmin ”x - y” , VxeH. 3)
yeK

In this paper, F : H — H is an operator with F : x-Lipschtz
and #-strongly monotone; that is, F satisfies the following
conditions:

[F @) = F () < xlx-y,

(F)=F(y),x-yyzqlx—y", Vxyek. "
4

If B is small enough, then Py is a contraction. Naturally, the
convergence of Picard iterates generated by the right-hand
side of (2) is obtained by Banach’s fixed point theorem. Such a
method is called the projection method or more results about
the projection method see [6, 8, 20] and so forth.

In fact, the projection Py in the contraction methods may
not be easy to compute, and a great effort is to compute
the projection Py in each iteration. Yamada and Deutsch
have provided a hybrid steepest-descent method for solving
the VI(F,K) [2, 3] in order to reduce the difficulty and
complexity of computing the projection Py. Subsequently,
the convergence of hybrid steepest-descent methods was
given out by Xu and Kim [4] and Zeng et al. [5]. Naturally,
by analyzing several three-step iterative methods in each
iteration by the fixed pointed equation, we can obtain the
Noor iterations. Recently, Ding et al. [7] proposed a three-
step relaxed hybrid steepest-descent method for variational



inequalities, and the simple proof of three-step relaxed hybrid
steepest-descent methods under different conditions was
introduced by Yao et al. [24]. The literature [14, 16] described
a modified and relaxed hybrid steepest-descent (MRHSD)
method and the different convergence of the MRHSD
method under the different conditions. A set of practical
numerical experiments in the literature [16] demonstrated
that the MRHSD method has different efficiency under
different conditions. Subsequently, the prediction-correction
and relaxed hybrid steepest-descent method (PRH method)
[15] makes more use of the history information and less
decreases the loss of information than the methods [7, 14].
The PRH method introduced more descent directions than
the MRHSD method [14, 16], and computing these descent
directions only needs the history information.

In this paper, we will prove the strong convergence
of PRH method under different and suitable restrictions
imposed on parameters (Condition 12), which differs from
that of [15]. Moreover, the proof of strong convergence
is different from the previous proof in [15], which is not
similar to that in [7] in Step 2. And more importantly,
numerical experiments verify that the PRH method under
Condition 12 is more efficient than that under Condition 10,
and the PRH method under some descent directions is more
slightly efficient than that of the MRHSD method [14, 16].
Furthermore, it is easy to obtain these descent directions.

The remainder of the paper is organized as follows.
In Section 2, we review several lemmas and preliminaries.
We prove the convergence theorem under Condition 12 in
Section 3. In Section 4, we give out a series of numerical
experiments, which demonstrated that the PRH method
under Condition 12 is more efficient than under Condition
10. Section 5 concludes the paper.

2. Preliminaries

In order to proof the later convergence theorem, we introduce
several lemmas and the main results in the following.

Lemma 1. In a real Hilbert space H, there holds the inequality

e+’ <l +2(nx+y), VeyeH (5

The lemma is a basic result of a Hilbert space with the
inner product.

Lemma 2 (demiclosedness principle). Assume that T is a
nonexpansive self-mapping on a nonempty closed convex subset
K of a Hilbert space H. If T has a fixed point, then (I — T)
is demiclosed. That is, whenever x,, is a sequence in K weakly
converging to some x € K and the sequence (I — T)x,, strongly
converges to some y € H, it follows that (I — T)x = y. Here I
is the identity operator of H.

The following lemma is an immediate result of a projec-
tion mapping onto a closed convex subset of a Hilbert space.

Lemma 3. Let K be a nonempty closed convex subset of H. For
all x,y € Hand z € K, then
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(1) (Px(x) = x,z2 = Pr(y)) 20,
(2) 1P (x) =PI < Ll =yl P (x) —x +y = P (D).

Lemma 4 (see [13]). Let {x,} and {y,} be bounded sequence
in a Banach space X and let {(,} be a sequence in [0, 1] with
0 < lim inf, , {, < lim sup,_, ., < l. Suppose x,,,.,; =
(1-(,) y,+(,x,, for all integersn > 0 and lim sup,, _, . (1¥,41 -
Yl = %01 — x,) < 0. Then limsup,, _, lly, — x,l = 0.

Lemma 5 ([5, 7]). Let {s,} be a sequence of nonnegative real
numbers satisfying the inequality

Sy < (1—a,)s, + 0,7, + 9, Vn=0, (6)

where a,, T,, and vy, satisfy the following conditions:

D) a, c[0,1], Y72 e, = 00, or [[o2,(1 —a,) =0,
(2) lim,, , o, sup T, <0,
(3) ¥, € [0,00), Y2 ¥, < 00.

Then lim, _, s, = 0.

Since F is #-strongly monotone, VI(F, K) has a unique
solution x* € K [5]. Assume that T : H — Hisa
nonexpansive mapping with the fixed point set Fix(T) = K.
Obviously Fix(Py) = K.

For any given numbers A € (0,1) and u € (0, 2;1/K2), we
define the mapping T[f :H — Hby

Tﬁx :Tx — AuF (Tx), VxeH. (7)

Lemma 6 (see [5]). If0 < u < 2;1/1(2 and 0 < A < 1, then T:tt
is a contraction. In fact,

[7hx - Thy| < (1= 28) |x - ], 8)

where 8 = 1 — |1 — u(2n — ux?), forall x, y € H.

Lemma 7 (see [7]). Let {«,} be a sequence of nonnegative
numbers with limsup,,_, «, < oo and let {,} be sequence
of real numbers with lim sup,, _, 3, < 0. Then

lim supa, 3, < 0. )

n—00

3. Convergence Theorem

Before analyzing the convergence theorem, we first review the
PRH method and related results [15].

Algorithm 8 (see [15]). Take three fixed numbers t,p,y €
(0,2#/x%), starting with arbitrarily chosen initial points x, €
H, compute the sequences {x,}, {x, }, {X,,}, {X,,} such that;

Prediction
Step 1: X, = y,x,+ (1 —y,)[Tx, — )L:l,+1'}/F(Txn)],

Step 2: %, = B,x,+(1-B)[Tx,~A,, pF(Tx,)],
Step 3:x,=0,x,+(1-0,)%,,0<0,<1,
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Correction

Step 4: x,,; = o, %, + (1 —a,)[TX,
A, tF(Tx,)],

where T : H — H is a nonexpansive mapping.

Let {a,} c [0,1),{f,} € [0,1] and {y,} c [0, 1],{/\,1},{/\;},
{)Llnl} c (0, 1) satisfy the following conditions.

Remark 9. In fact, the PRH method is the MRHSD method
when 0, = 0, for all n.

Condition 10. One has

(o]

(1) Z o, — o,y | < 00,

1

Z |ﬁn - ﬁn—ll < 00,

00
Z |yn - yn—ll < 00,
1

(2) nll)néo“n =0, nh—{%o/)’” =1, nleréoyn =1,

lim Au _ 1 i/\n = 00,
1

n—>oo)‘n+1

(3) lim A, =0,

@ A, zmax{A, A}, Va1
(10)

Theorem 11 (see [15]). In Condition 10, the sequence {x,}
converges strongly to x* € K, and x* is the unique solution
of the VI(F, K).

We obtain the strong convergence theorem of PRH
method for variational inequalities under different assump-
tions.

Condition 12. One has

(1) 0« linrgi(%focn < limsupe, < 1,

n— 00
Jim B, =1, limy, =1,

oo (1)
(2)  lim 1, =0, YA, =00,
1

() A, zmax{A,A)}, Vazl

Theorem 13. The sequence {x,} converges strongly to x* € K,
and x* is the unique solution of the VI(F,K). Assume that
{a, 1, 4B} and {y,}, {A,.}, {)t'n}, {A'n'} satisfy Condition 12.
Proof. We divide the proof into several steps.

Step 1. {x,},{x,},{X,}, and {X,} are bounded. Since F is #-
strongly monotone, VI(F, K) (1) has a unique solution x* €

K, anth’\“*‘x* = x*—/\nHtF(x*),T;,"”x* = x"=A, 1 pF(x"),

T?"“x* =x" =\, YF(x").

3
A series of computations yields
[ %1 — x| = “(xnin +(1-a,) Tz - x"
<a,|x, - x*|+(1-a,) "TtA"“E -x"
<oy "gn - x*" + (1 - ‘xn)
X [“Tt’\”“)?— Tt’\”“x* + HTtA"“x* -x" ]
s, "En - x*" + (1 - ‘xn)
X [(1= Air ) % = %7 + Apnt |[F (<)
(12)
where 7 = 1 —4/1 - t(2 - tx?) € (0, 1),
"fn - x*“ = ann + (1 - ﬁn) T;;\nﬂyn - x*
< ﬁn "xn - x*" + (1 - ﬂn) T;}Mlxn -x"
= Bn "xn - x*" + (1 - ﬁn)
X [“Tgiﬁlgn _ T;}:Hlx* + ”TI/}:«HX* _ x* ]
< Bn "xn - x*" + (1 - ﬁn)
 [(1= A @) % = 27+ A [F ()]
< ﬁn "xn - x*" + (1 - ﬁn) "En - x*"
+ (1 - Bn) A,n+1P "F (X*)” 4
(13)
where 7' = 1 - 1[1 - p(2n — tx?) € (0,1).
Moreover, we also obtain
"fn - x*" = |\ VX + (1 - Vn) T;L"Hxn - x*
S Vu “'xn - x*” + (1 - Yn) T))/Lnﬂxn - x*
Syn ”xn - x*" + (1 - le)
X ["T;;’H_xn — T;}Z-v-lx* + "T;}Inlﬂx* _ x* ]
< Yn ”xn - X*” + (1 - Vn)
x [(1 = 7") oy = x| + Ay [ ()]
< [, = %" + (1 = p) Ay [F (<)
(14)



where 7/ = 1 - /1 -y(2n - tx?) € (0, 1), subtituting; (14)

into (13) and (14) into (12), we immediately obtain

1% =71 = Bullxw = %7 + (1= B,)
< [(1= A ) 1% = "1+ Arp [F (7))
< Bullxa—x"+(1-B,)
< [(1= A7) s = 7|
Ara? [F ) 42000 |F ()]

Ba) At (v + p) |E (7).
(15)

+(1_Vn

< -]+ 1 -

Furthermore,

1%, - x7[ = [6,%, + (1-6,) %, - x|

<0, %, — %" + (1-6,) |7, — x7]|
=%+ (L= p) Ay [F ()]
+ (1= By) A

x (y+p) |F (x")|]

) A [F (7))
+(1—/>’n)?tn+1 y+p) [F ()]

s = 7]

<6, [|Ix,

+(1_ n [

<, = x| + (1=

< [, - 27+ (1 - ax)
X [(1= A ) % = %" + At [ F ()]
X+ (1= ) Ay [E (O]
+ (1= 0) {(1 = A7)
X[l =" + (1= ) Ay [E ()]
+(1=B,) At (v + p) |F (x7)]]
At [F ()]}

- Yn) AnHV "F ('X*)” * (1 - an)

<a, ["xn -

<a,|x, - x*|| +a, (1

) [(1= A7) o = x| + A 2y + p+8) |[E (7)]]]-
(16)

It is easy to obtain the following by induction:

.~ < My,

where M, = max{3|x, -

Vn >0, 17)
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x*[,3(p +y + DIF(x)I/7},

1%, = 71 < locn = x| + (1= B) A (v + ) [ F (7))

< (1+ I)MO,
3

[ =7l < e = 7]+ (1 -

< <1+I>M0,
3

"En - x*" = 6n "En -x" ” + (1 - en) ”’;En - x*”

n+1V||F (x )"

S2<1+§>M0.

(18)
Hence
{Tx} o T} AT} AT,
)
{F (T} AF (T,)} AF (TX,)} {F (TX,,)}
are also bounded.
Step 2. Consider [|x,,,.; — x,[ — 0.
Indeed, by a series of computations, we have
"En = X1 "
= |(VaXn = V1% (1 - Yn) T;}nﬂxn
(1= 9) T} |
< ' Xn = Yno1Xn—
Ik = 15| o

- Yn—l) AZ

|-y s, - (=) T
< ey = x| + ' =) Ay — (1
<y [|F (Tx, )|
+ [V = Voo | (1 [| + [ T01 ) -

According to (20) and the prediction step of Algorithm 8, we
also obtain

%, - %,

= 1Buxn = Bucr X + (1
~(1= ) T,

< |1B% = Bocsnc|
|- B TR, - (1= B) TR,

A —
— ﬁn) Tp n+1 X,

|
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=B Ay = (1= B 1y
xp[F(TZ, )]+ (1= B,) (1~

%[y = Yacr| (s |+ 17,4 ])
+(1=B) (1= 20,0 7) |1 =) Ay = yi Ao

Xy "F (Txn—l)" + |:Bn - IBn—ll
X (| |+ 1T X | + [T %) -

< ||xn - xn_1|| + |(1

n+1T )

"

(21)

Also by the prediction step of Algorithm 8 and (20), (21), we
have

1%, = Zpa || < 6, %, = %] + (1= 6,) |5, - |
S
+ (=) Ay = (L= p) A [F (T,
V= Vaca| (e[| + [T [)
+|(1=B) A = (=) M| p IF (TZ,)] (22)
+(1=B) (1= A7 ) [V = Y|
X (] + 1T, ])) + :Bn)( AT )
x|[(1=p) A, - Vn_1AZ|V||F(Txn_1)||

1Ba = Bl (s | + 1 T%cs [+ 7% ) -

Let
9, = T %, = T%, - A, tF (T%,), (23)
so we get
X1 = 0Ky + (1= @y) Je (24)
Furthermore,
17 = Fncal

= ||T5En - T';C\n—l + /\ntF (Tjen—l) - An+1tF (T';C\n)”
< ”T'Szn - Tfn—l" + /\nt “F (Tfn—l)"
R (25)
+ An+1t "F (Txn)”
= ”in - 527171" + Ant "F (T)?n—l)||

+ At |F(TX,)|-

Apply lim,, _, .3, = 1,lim A, = 0, and lim =1

and (22), (25) to get

n— 00 Vl—>OOYn

170 = Faall = e = 200
<|(1=9) Ay = (U= y) Ay |y |F (T, )|
Sl T (P B R )

(1= B) My = (1= B) | p | (T5,,)]
(1= B) (1= 207 ) = Yot (s |+ ITx,0 )
+(1=B,) (1= 2,,7)

X |(1=9) Ay = Voo A |9 | (T (x,-0)]

+ 1B = Bac| (J2cca | +
+ At |F (T%,_y)|| + At |F (TX,)| — O.

+(1-8,)(1-
+(1-B)(1-

ﬁnfln + “Tynflll)

(26)
According to Lemma 4, we obtain

lim “yn 1~ n—l” =0. (27)

n— 00

Furthermore, by lim, _, .y, = 1, we also get

"yn - xn"
= "_ (1 - Vn) Xy T (1 - yn) [Txn - A;:+1VF (Txn)]"

< (1 - yn) ||xn|| + (1 - Yn) ”Txn” + A’n+1y ”F (Txn)“ — 0.
(28)

By (27), (28) and the correction step of Algorithm 8, we
immediately conclude that

"xn - xn—lll

= "(Xn—lxn—l + (1 - (xn—l) yn—l - xn—l"

S @y "En—l - xn—l" + (1 - ‘xnfl) "J?nfl - xrrl" — 0,
(29)
so we get
"xn+1 - xn“ — 0. (30)

Step 3. Consider [x,,.; — Tx,| — 0.
Indeed, by the prediction step of Algorithm 8, we have

"xn - xn"

= "_ (1 - ﬁn) Xyt (1 - ﬁn) [Hn - AlnﬂpF (Hn)]“

S (1 - /3n) "xn" + (1 - ﬁn) [“Tfnll + "A,nHPF (Hn)

(D)

According to the assumption lim, , B, = 1 and
lim, _, A, =0, then

"fn - xn“ —0. (32)
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By (32), we immediately obtain Since |[TX,-Tx,|l < |X,—x,ll — 0,weimmediately conclude
that
")?n - xn” < On "En - xn" + (1 - 071) "En - xn" — 0. (33)

ies of ions, . R .
By a series of computations, we can get nango sup (—F (x ) TR, - x >
”xn+l - Txn"

= “ocn (x,-Tx,)+ (1 -a,) ( "x—Tx )“

< 0%, - Tx,] + (1~ a,) |75, - T,

< lim sup (-F(x"),T%, - Tx,)
+ lim sup (=F (x7),Tx, - x7) (41)

< lim sup (-F(x"),Tx, - x")

(1= ) Lot [F (T2,)] (34)
< 0 [By ~ T + 2 = 5 + At IF (T =0
< 0 [xin = T + 0 % =
|7 = x| + Aypst IE (TR Step 5. By Step 1 and Lemma 1, we have
Hence, by (28), (33), and (34), we also obtain
e ="

s = Tl <

o In = %]
2

R R (35) = “n(}n_xi:)-’_(l_an)( nﬂx - )
. IIxn — %l At IEAD] 2
1-a, 1-a, ’ < e, X = x| + (1 - ex,,)
Using Steps 2 and 3, it is easy to obtain the following corollary. % "(TtA"H %, - Tf”” P Tt’\w1 X = x*) g
Corollary 14. Consider ||x,, — Tx, || — 0. < "“n (%, - x*)||2 +(1- o)
Applying Steps 2 and 3, one gets N N 2
% [”Tt nﬂk\n _ Tt n+1x*
"xn+1 - Txn" — 0, ”xn+1 - xn" — 0, (36)
+2 <Tt’\”“x* —x*, Tz, - x*)]
so it is easy to see that
2
< oy, = x| + (1= ) Ay |[F (7))
“xn - Txn” < "xn+1 - Txn“ + “xn+1 - Xn” — 0. (37) [ +1 ]
+(1-a,) (1= A7)’
Step 4. Consider lim,, _, ., sup(—F(x"),TX, - x") < 0. (42)
For some X € H, here exits {Tx, } — X weakly and such x ["xn -+ (1-y,) An+1y IF (x|
that
ey 12
Tim sup( F(x"),Tx, - x") +(1=B,) A (y+p) |F (x )"]
(38) +2tA,,, (-F(x"),T%, - x" -t F (TX,
_ nangosup <—F (x*) ,Txn’_ _ x*> ) +1 <* 2 ( ) +1 ( )>
< “n“xn —-X ” + (1 - Vn) An+1VZVI
According to {Tx, } — X, we have
SR + (1= 0,) (1= ) -5
X € Fix(T) = K. (39)

+ (1 - ‘xn) (1 - /\rﬁ-lT) (1 - ﬁn) n+1

By x™ being the unique solution of VI(F, K), we can obtain 2
yx" being the uniq (K (1= ) (1= Ay ) (1 1) ApryM

Jim sup (=F (x7), Tx, - x7) +2tA,,, (~F(x"),T%, - x* —tA,,, F (T%,))
- nli—>ncl>osup <_F (x*)’f_x*> (40) < [1 - (1 _‘xn) An+1T] “xn _x*uz
<0. + (1 - ‘xn) )‘n+1Twn+1’
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where

wl _ 2t <_F (x*) ’Tfn -x" - tAnHF (ch\n»

n+l T(l—(xn)

Pn &
" 7(1-a,) " (1-a,)

@0 = (1-7,) YM,
En = (1 - an) (1 - An+1T)2 (1 - ﬁn)M
+ (1 - ‘xn) (1 - An+1T)2 (1 - Vn) /\n+1yM’

and M, <« M < oo.
Denote

(43)

!

Spa1 = % = X7 u, = (1-a,) A1 (44)

‘We can rewrite (42) as
Lo <(1-uw,)s +uw +0. (45)

Sn+1 -

In fact, u,,, w, satisfies Lemma 5; according to

Jim g, =1, limy, =1, limA,=0, (46)
we obtain
Pn
D 0,
7(1-ay,) -
(47)
§n
— — 0.
(1-a,)
Moreover, by Step 4, we also obtain
2 (F(x"),TX, - x" — A, F(T%,))
lim
n=oco 7(1-a,)
<2 lim swp[(-F(x),T5,~x)
Pl (CF)tF (5] (ag)

IN

%nlgqgo sup [(~F (x*),T%, - x")}
+ Tim sup L., (-F(x"),~F (T%,))}
<0+0=0.
Furthermore, by (43), (47), and (48), it is easy to obtain
nli_)ngO supw,, < 0. (49)
Consequently apply Lemma 5 to obtain

|, = x*[| — o. (50)

7
4. Numerical Experiments
The problem considered in this section is
1
min {EHX NPT K} , (51)

where || - || is the matrix Frobenis norm; that is,

1/2
ICIlE = (ZZ|CU|2> . (52)
i=1j=1

Note that the matrix Frobenis norm is induced by the
inner product

(A, B) = Trace (ATB) . (53)

The problems arise from finance and statistics, and we form
the test problems similarly as in [9, 21].
Let K = S} N B3, where

St ={HeR™ |H =H,H >0},
(54)
8={HeR™ |H =H,H, <H<H,}.

Let H;,Hy be given n x n symmetric matrices, and C
asymmetric which differs from previous approaches [9, 21],
and it is to be noted that the extended contraction method
(EC method) [9] has much difficulty in computing the
examples when C is asymmetric, where H; < H; in element
wise:

Hy <Hy:(Hp),; < (Hy) Yijel...n (55)

Then (51) is equivalent to the following variational
inequality:
<X’ ~X,V (%llX—Cl|2>> >0, VX' eK.  (56)
So we get
(X'-X,X-C)=20, VX'eK. (57)

According to Condition 10, we take the following param-
eter sequences, and let Condition 10 denote the parameter
sequences:

o= b
" lnn’
1
An=A, =)L”=—,
" " Inn+1) (58)
1
= = 1——)
ﬁn y}’l lnl’l

y=p=t=¢>0.
According to Condition 12, we take the following param-
eter sequences, and let Condition 12 denote the parameter
sequences:

a, =038 n =2k,

- (10 * Inn)’

a,=03- n=2k-1,

1
(10 = Inn)’
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TABLE 1: Numerical results for the PRH method and the EC method.

Asymmetric matrix

¢ = 0.1, 6, = 0.8, tolerance = 1074

Condition 10 Condition 12 EC method
n It cpu It cpu It cpu tolerance
100 201 8.34 130 5.35 100 14.46 8.289%¢ + 000
200 333 75.44 208 4714 100 94.30 1.010e + 002
300 443 318.02 272 174.70 100 302.29 4.899¢ + 002
400 543 789.16 330 446.00 100 686.83 9.628e + 002
500 647 1747.70 388 972.18 100 1287.36 1.756e + 003
1000 1082 19884.30 634 11502.13 100 9220.50 9.826¢e + 003
2000 >2000 >150000 1052 128504.67 100 >74640.41 >5.597e + 003
Matlab code:
C = zeros(n,n); HU = ones(n, n) * 0.1; HL = —HU;
fori=1:n
forj=1:n
t = mod(t * 42108 + 13846,46273);
Cl, j) = t % 2/46273 — 1;
end;
end;
fori=1:n
C(i,i) = abs(C(i, 1)) * 2; HU(4,i) = 1; HL(,i) = 1;
end;
ALGORITHM 1
TaBLE 2: Numerical results for tolerance 107*. Yp=1- L, n =2k,
Inn
Asymmetric 6=01,0,=08
matrix Condition 10 Condition 12 y,=1-——, n=2k-1,
In (2n)
n It cpu It cpu
100 204 8.78 130 5.45 y=p=t=¢>0.
200 330 76.08 208 47.72 (59)
300 445 323.20 272 175.89 Obvioushy we h b difficalty  the oror
viously, we have much difficulty in computing the projec-
4 548 867.56 330 450.59 K ;
00 tion of P [X], forall x € S". In order to reduce the difficulty
200 663 1916.90 388 99418 and complexity of computing the projection Py, we define TX
by
TABLE 3: Numerical results for tolerance 107>, TX = H(G (X)), (60)
Asymmetric ¢4 =01,6,=08 where
matrix Condition 10 Condition 12 )
G (X) = min (Hy, max (X, Hy)),
n It cpu It cpu (61)
1000 193 3893.63 126 2280.74 H (X) = Py (X),
2000 318 42981.02 200 28737.65

which can be computed without difficulty and the fixed point
set of Fix(T) = K. According to Theorems 11 and 13, the
sequences generated by Algorithm 8 under Conditions 10 and
12 are convergent.

The computation begins with ones (1, 7) in MATLAB and
stops as soon as ||x,,; — x| < 107 or 1072, All codes were
implemented in MATLAB 7.1 and ran at a Pentium R 1.70G
processor, 2G Acer note computer.

We test the problems with n = 100, 200, 300, 400, 500,
1000, and 2000. The test results with the PRH method under
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TABLE 4: Numerical results for tolerance 107*.
Asymmetric matrix y=01p=031=01
6,=0 6, =0.2 6, =04 6, =06 6, =08
n It cpu It cpu It cpu It cpu It cpu
100 132 5.52 134 5.60 128 5.50 134 5.67 132 5.54
200 210 48.04 206 4722 208 48.04 204 4715 214 48.58
300 274 177.49 268 176.08 276 178.80 274 177.68 276 178.84
400 336 468.28 328 445.93 336 468.20 334 454.24 330 453.79
500 392 977.79 394 1012.57 378 948.44 386 953.91 390 971.10
Matlab code:
C = zeros(n,n); HU = ones(n, n) = 0.1; HL = -HU;
fori=1:n
forj=1:n
C = -1+ 2 * rand(n);
end;
end;
fori=1:n

end;

C(i,i) = abs(C(i, 1)) = 2; HU(4,i) = 1; HL(, i) = 1;

ALGORITHM 2

different conditions are reported in Tables 1, 2, 3, and 4. And
the CPU time is in seconds. It is to be noted that the results
of extended contraction method are only given out when the
iteration step (It) is less than or equal to 100.

Test Examples 1. In this example we generate the data in a
similar manner as in [9]. The entries of diagonal elements of
C are randomly generated in the interval (0, 2); the entries
of oft-diagonal elements of C are randomly generated in the
interval (-1, 1) (Algorithm 1):

(HU)jj = (HL)jj =1

(62)
(Hy); = —(H.); =01, Vi#jij=12...,n

When # > 1000 and tolerance 107, the computation time of
the proposed method is too long, so the results of the PRH
method give out approximate solution with n > 1000 and
tolerance 10~ in the following. And the extended contraction
method (EC method) has much difficulty in computing the
examples when C is asymmetric. Furthermore, by intro-
ducing auxiliary variable, the certain projection method or
relaxed-PPA method [10] can be implemented by these tests.

Test Examples 2. We form the data of the second problems
similarly as in the first test examples. The entries of diagonal
elements of C are randomly generated in the interval (0, 2);
the entries of off-diagonal elements of C are generated from
a uniform distribution in the same interval (Algorithm 2):

(HU)jj = (HL)jj =1

(63)
(Hy); = —~(H.); =01, Vi#jij=12...,n

From Tables 1 to 3, we found that the iteration numbers
and CPU time of PRH under Condition 12 are more efficient
than that under Condition 10. In Table 4 of our method,
the tests’ results give out that the PRH method under some
descent directions is more slightly efficient than those of the
MRHSD method [14, 16], and it is easy to obtain these descent
directions. Furthermore, it is important to find y, p, and t by
Tables 2 and 4.

5. Conclusions

We have proved the strong convergence of PRH method
under Condition 12, which differs from Condition 10. The
result can be considered as an improvement and refinement
of the previous results [14]. And more importantly, numerical
experiments demonstrated that the PRH method under
Condition 12 is more efficient than that under Condition
10, and the PRH method under some descent directions is
more slightly efficient than that of the MRHSD method.
How to select parameters of the PRH method for solving
variational inequalities is worthy of further investigations in
the future.

Acknowledgments

This research was supported by National Science and Tech-
nology Support Program (Grant no. 2011BAH24B06), Joint
Fund of National Natural Science Foundation of China and
Civil Aviation Administration of China (Grant no. U1233105),
and Science Foundation of the Civil Aviation Flight Univer-
sity of China (Grant no. J2010-45).



10

References

(1]

S

S

(16]

M. S. Gowda and Y. Song, “On semidefinite linear complemen-
tarity problems,” Mathematical Programming, vol. 88, no. 3, pp.
575-587, 2000.

I. Yamada, “The hybrid steepest descent method for the varia-
tional inequality problem over the intersection of fixed point
sets of nonexpansive mappings,” in Inherently Parallel Algo-
rithms in Feasibility and Optimization and Their Applications,
D. Bumariu, Y. Censor, and S. Reich, Eds., vol. 8, pp. 473-504,
North-Holland, Amsterdam, The Netherlands, 2001.

E Deutsch and I. Yamada, “Minimizing certain convex func-
tions over the intersection of the fixed point sets of nonexpan-
sive mappings,” Numerical Functional Analysis and Optimiza-
tion, vol. 19, no. 1-2, pp. 33-56, 1998.

H. K. Xu and T. H. Kim, “Convergence of hybrid steepest-
descent methods for variational inequalities;” Journal of Opti-
mization Theory and Applications, vol. 119, no. 1, pp. 185-201,
2003.

L. C. Zeng, N. C. Wong, and J. C. Yao, “Convergence analysis
of modified hybrid steepest-descent methods with variable
parameters for variational inequalities;” Journal of Optimization
Theory and Applications, vol. 132, no. 1, pp. 51-69, 2007.

L. C. Zeng, “On a general projection algorithm for variational
inequalities,” Journal of Optimization Theory and Applications,
vol. 97, no. 1, pp. 229-235,1998.

X. P. Ding, Y. C. Lin, and J. C. Yao, “Three-step relaxed hybrid
steepest-descent methods for variational inequalities,” Applied
Mathematics and Mechanics, vol. 28, no. 8, pp. 1029-1036, 2007.
B. S. He, “A new method for a class of linear variational
inequalities,” Mathematical Programming, vol. 66, no. 2, pp. 137-
144,1994.

B. S. He and M. H. Xu, “A general framework of contraction
methods for monotone variational inequalities,” Pacific Journal
of Optimization, vol. 4, no. 2, pp. 195-212, 2008.

B. S. He, “PPA-based contraction methods for general lin-
early constrained convex optimization,” Lectures of Contraction
Methods for Convex Optimization and Monotone Variational
Inequalities, 06C, 2012, http://math.nju.edu.cn/~hebma/.

N.J. Huang, X. X. Huang, and X. Q. Yang, “Connections among
constrained continuous and combinatorial vector optimiza-
tion,” Optimization, vol. 60, no. 1-2, pp. 15-27, 2011.

P. T. Harker and J. S. Pang, “A damped-Newton method for the
linear complementarity problem,” in Computational Solution of
Nonlinear Systems of Equations, vol. 26, pp. 265-284, American
Mathematical Society, Providence, RI, USA, 1990.

T. Suzuki, “Strong convergence of Krasnoselskii and Mann’s
type sequences for one-parameter nonexpansive semigroups
without Bochner integrals,” Journal of Mathematical Analysis
and Applications, vol. 305, no. 1, pp. 227-239, 2005.

H. W. Xu, E. B. Song, H. P. Pan, H. Shao, and L. M. Sun,
“The modified and relaxed hybrid steepestdescent methods for
variational inequalities,” in Proceedings of the Ist International
Conference on Modelling and Simulation, vol. 2, pp. 169-174,
World Academic Press, 2008.

H. W. Xu, H. Shao, and Q. C. Zhang, “The Prediction-correction
and relaxed hybrid steepest-descent method for variational
inequalities,” in Proceedings of the International Symposium on
Education and Computer Science, vol. 1, pp. 252-256, IEEE
Computer Society and Academy, 2009.

H. W. Xu, “Efficient implementation of a modified and relaxed
hybrid steepest-descent method for a type of variational

(17]

(18]

Abstract and Applied Analysis

inequality,” Journal of Inequalities and Applications, vol. 2012,
article 93, 2012.

J. H. Hammond, Solving asymmetric variational inequality
problems and systems of equations with generalized nonlinear
programming algorithms [Ph.D. dissertation], Department of
Mathematics, MIT, Cambridge, Mass, USA, 1984.

P. Tseng, “Further applications of a splitting algorithm to
decomposition in variational inequalities and convex program-
ming,” Mathematical Programming, vol. 48, no. 2, pp. 249-263,
1990.

R. A. Horn and C. R. Johnson, Topics in Matrix Analysis,
Cambridge University Press, Cambridge, UK, 1991.

D. E Sun, “A projection and contraction method for generalized
nonlinear complementarity problems,” Mathematica Numerica
Sinica, vol. 16, no. 2, pp. 183-194, 1994.

Y. Gao and D. E Sun, “Calibrating least squares covariance
matrix problems with equality and inequality constraints,”
Tech. Rep., Department of Mathematics, National University of
Singapore, 2008.

M. A. Noor, “Some recent advances in variational inequalities.
L. Basic concepts,” New Zealand Journal of Mathematics, vol. 26,
no. 1, pp. 53-80, 1997.

M. A. Noor, “New approximation schemes for general vari-
ational inequalities,” Journal of Mathematical Analysis and
Applications, vol. 251, no. 1, pp. 217-229, 2000.

Y. Yao, M. A. Noor, R. Chen, and Y.-C. Liou, “Strong conver-
gence of three-step relaxed hybrid steepest-descent methods
for variational inequalities,” Applied Mathematics and Compu-
tation, vol. 201, no. 1-2, pp. 175-183, 2008.

“Advances in Equilibrium Modeling, Analysis, and Computa-
tion,” in Annals of Operations Research, A. Nagurney, Ed., vol.
44, ]. C. Baltzer AG Scientific Publishing, Basel, Switzerland,
1993.



