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Modified Mann-Halpern algorithms for finding the fixed points of pseudocontractive mappings are presented. Strong convergence

theorems are obtained.

1. Introduction

Finding the fixed points of nonlinear operators is an impor-
tant topic in fixed point theory, due to the fact that many non-
linear problems can be reformulated as fixed point equations
of nonlinear mappings. The research of this area dates back
to Picard’s and Banach’s time. Now it is well known that the
Picard iterates {T"x} converge to the unique fixed point of
T whenever T is a contraction of a complete metric space.
However, if T' is not a contraction (e.g., nonexpansive), then
the Picard algorithm {T"x} does not converge. Consequently,
Mann’s algorithm was constructed by Mann [1] in 1953:
=1 -a,) 5"+, Tx", n>0. €]

There are alarge number of papers on Mann’s algorithm in the
literature. See [2-5]. Now we know that if T is nonexpansive,
then Mann’s algorithm converges weakly to a fixed point of
T'. This algorithm however does not converge in the strong
topology.

In order to get the strong convergence, the following
Halpern’s algorithm was introduced:

=+ (1-a,) Tx",

n=0. 2
The interest and importance of Halpern iterative method lie
in the fact that strong convergence of the sequence {x,} is
achieved under certain mild conditions on parameter {«,} in
a general Banach space. Please refer to [6-12].

In the present paper, we are devoted to find the fixed
points of pseudocontractive mappings. For some related
works, please see [13-23]. The interest of pseudocontractions
lies in their connection with monotone operators. Browder
and Petryshyn [24] studied weak convergence of Mann’s
algorithm for the class of strict pseudocontractions. But
Mann’s algorithm fails to converge for Lipschitzian pseudo-
contractions [25].

Inspired by the results in the literature, the main purpose
of this paper is to construct an iterative method for finding
the fixed points of pseudocontractive mappings. Under some
mild conditions, strong convergence results are given.

2. Preliminaries

Let H be a real Hilbert space with inner product (.,-)
and norm | - ||, respectively. Let C be a nonempty closed
convex subset of H. A mapping T : C — C is called
pseudocontractive if

(Tx=Ty,x-yy <|x-y|’, xyecC (3)

A mapping T : C — Cis called k-Lipschitzian if there exists
k > 0 such that

|7 =Ty < klx =5 )

forall x, y € C.Inthis case, ifk < 1, then T is a k-contraction.



It is well known that in a real Hilbert space H the
following inequality holds:
i+ 31" < Il + 23 + 3, 5)

forallx,y € H.
In the present paper, we will use the following notations:

(i) we use Fix(T') to denote the set of fixed points of T}
(ii) x,, — x denotes the weak convergence of x,, to x;

(iii) x,, — x denotes the strong convergence of x,, to x.

Lemma 1 (see [26]). Let C be a closed convex subset of a
real Hilbert space H. Let T : C — C be a continuous
pseudocontractive mapping. Then (I —T) is demiclosed at zero.

Lemma 2 (see [27]). Let {w,} be a sequence of real numbers.
Assume {w,} does not decrease at infinity; that is, there exists
at least a subsequence {w,, } of {w,} such that w, < w, ,, for
all k > 0. For every n > M, define an integer sequence {W (n)}
as
W(n):max{iSn:wni<wni+1}. (6)
Then W(n) — ocoasn — oo and for alln > M
max {wW(n)’ wn} < wW(n)+1' (7)

Lemma 3 (see [28]). Assume that {A,} is a sequence of
nonnegative real numbers such that

An+1 = (1 - Yn) An + En’ (8)

where {y,} is a sequence in (0,1) and {€,} is a sequence such
that

(1) zzil Yn = 00
(2) lim sup,, _, ., (&,/y,) < 0o0r Y2, [€,] < co.
Then lim A =0.

n— o0 n

3. Main Results

Now we present the statement of our algorithm.

The Modified Mann-Halpern Algorithm. Let C be a nonempty
closed convex subset of areal Hilbert space H.LetT : C — C
be a pseudocontractive mapping and S : C — H ap-
contractive mapping. Let {«,}, {,}, and {y,} be three real
number sequences in [0, 1]. We have the followmg steps.

(1) Initialization:

Vx, € C. 9)

(2) Mann step: for a given x,,, define a sequence y, by
Yn = (1 - Yn) Xy YnTxn’ (10)

foralln > 0.
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(3) Halpern step: for a given x,, and y,,, define
Xne1 = (an (xn) + (1 - &, ﬁn) Xy T+ ﬁnTyn’ (11)

foralln > 0.
In the following, we assume that
(i) the mapping T : C — C is k-Lipschitzian;
(ii) the sequences {«,}, {8,}, and {y,} satisty the following
conditions (C1)-(C5):

(C1): lim,,_, ax, = O;

(C2): Y2, &, = 005

(C3): o, + B, < Vs

(C4): 0 <lim inf, | fB,;

(C5): 0 < lim sup,, _, ..y, < 1/(VI +k? +1).

Now, we prove our main result as follows.

Theorem 4. Suppose Fix(T)+0. Then the sequence {x,}
defined by (11) converges strongly to a fixed point of T.

Proof. Since S is a p-condition, then Projy;, S is a contrac-
tive mapping (where Proj is the metric projection). Hence,
there exists a unique u such that u = Projy, S(u). In the
sequel, we will show that the sequence {x,} defined by (11)
converges strongly to u.

From (11), we get

ler = ul
= “(an (x + (1 -~ ﬁn) X, + .BnTyn - u"

< o, (8 () = 4) + (1 = 0, = B,) (3, = 1) + B, (Ty, — )|

<a,|S(x,) —uf+(1

“1_“ _/jn Xn 1/!)+

/'))n (Tyn - Ll)
l-a, |’

(12)
It is well known that there holds the following inequality in
Hilbert spaces:
lex + (1 =) y|* = txl® + @ - ) )
)
—t(-0)]x -y

forall x, y € Handt € [0, 1]. Hence, we have
H (1 - ﬁn)(x + ﬁn(Tyn B u) 2

-«, 1-«,

1- Xy — ﬁn 2 Bn 2
ST o [, = ul|” + oo [Ty, —ul (14)
_ ﬁn(l _“n_ﬁn)

(1 - an)z

”xn - Tyn"2'
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We know that T' is pseudocontractive if and only if T satisfies

the condition
|72 = Ty|* < lx = oI + (T = Dx = (1= T)y|
for all x, y € C. Since u € Fix(T'), we have from (15) that
ITx = ull® < fl = ul® + |lx = Tx]?,

forall x € C.
By using (13) and (16), we obtain

1Ty~ ulf

2 2
= "yn - u” + “yn - Tyn"

= @ =y, + T, -
= p)%, + yTx, = Ty, |
= (1 =y e, = ) + 3, (T, = )
+ (1= p) e, = Ty,) +9,(Tx,, = Ty,
= (1= 1) It =l + I T, —
= (=) I, = T, |
+ (1= 9) I = Tyall” + vl T = Tl
= (=) I, = T, |

< (1 - yn) "xn - u"2

9 (e = ul] + s = )

= (=) I, = T, |

+ (1= 9) I = Tyall” + vl T = Tl
= (1= 9) [ = T,

Note that T is k-Lipschitzian and

"xn - yn” =Vn “xn - Txn” :

From (17), we have

Iy, =l
< (1= p,) e, —uf

T Va ("xn - ””2 + “xn

(15)

- Txn”z)

=) e, = T |

- le
(16) 2
- yn”

+ (1 - Yn) “xn - Tyn"2 + Ynkzuxn

=) I = T,

- Yn
= (1 - yn) ||xn - M"
ul’ + [x, - T, )

+ Y, (len

Txn”2

- yn Yn) “x

+ (1 - Yn) ”xn - Tynllz + Vskzuxn - Txn"2

Txn”2

_Tynllz

_ yﬁkz) ||xn - Txn"z.

- Yn le) Hx

= "xn - Ll" + (1 - Yn) "xn

_Yn(l_ZYn

By condition (C5), without loss of generality, we may assume
that y, < a < 1/(V1+k? + 1) for all n. Then, we have 1 —

2y, - ynLZ > 0 for all » > 0. Substituting (19) to (14) and
noting condition (C3), we have

17)
— B (x, —

-,

< l_an_ﬁn"
-«

2
+ ﬁn(Tyn B u)
1-«a,

Pr
1-

I

2
x, —u|”+
n

% (s =l + (1= 1) I, = T, F)

_ ﬁn(l_ Bn)"x
(1-a,)

=[x, - uf” + M“
! (1_“n)2

(20)
n_ Tyn||2

Xp — Tyn"2
<, -l
Therefore,

n ﬂn (Tyn B Ll)

l-«

< ||xn - u” . (21

H(l— Bn(x u)

(18)

n



It follows from (12) and (21) that

%t = ul
< a, IS (x,) = ] + (1= 00,) |1, — ]
<a,[S(x,) - S@)] + o, IS ) - ul
+ (1= a,) fx, —
< ap %, = uf + o, IS () = ul
+(1-a,) |x, - ul

=00y, ”S (u) - u" + [1 - (1 - P) an] "xn - u”

S max{”xn_u")w}
1-p

S max{”xo_u",w} .
1-p

This implies that the sequence {x, } is bounded.
From (5) and (11), we have

r—
= ”(1 - “n) ('xn - u) - ﬁn (xn - Tyn)
+0,(S(x,,) — )|
< (0 - @) (x, 1) = B, ~ Ty
+200,(S(x,,) = Uy X,y — 1)
=1 -, ~w)f
- zﬁn (1 - ‘xn) <xn - Tyn’xn - M)
2 2
+ ﬁn"xn - Tyn"
+200,(S(x,) — t, X,y — ).
Note that (19) is equivalent to
2x, = Ty,, x, —u)
2 Yn”xn - Tynnz

T Vn (1 - ZYn - Yﬁkz) “xn - Txnuz'

(22)

(23)

(24)
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Therefore,
s =l
< (1-a) |, - uf’
= By (1= @) vullx — Tyl
+ Bollx = Tyl
= B (1= ) v (1= 29, = 7o) |, = T, |” (25)
+200,(S (x,,) = 1, X, — 1)
< (1) [P

- ﬁn (1 - “n) Vn (1 =2y, - ij2> "xn - Txnnz

+200,(S(x,) — u, X, — ).
It follows that
e i e

+ ﬁn (1 - an) Yn (1 - ZYn - ijz) "xn - Txn“z (26)

<a, ((28 (%) =t Xy — 1) — |2, — u||2).

Since x,, and S(x,,) are bounded, there exists M > 0 such that
sup, {2(S(x,)) — thy X,y — ) — lIx,, — ul*} < M. So

e i

+ /371 (1 - (xn) Yn (1 - 2Yn - erlkz) “xn - Txn”Z (27)
< a,M.

Next, we prove two cases.

Assume there exists an integer m > 0 such that {||x,, — ul|}
is decreasing for all n > m.

In this case, we know that lim
(27), we deduce

ﬁn (1 - (xn) Yn (1 - 2)/n - )ﬁkz) "xn - Txnnz

x,, — ul| exists. From

n—»oo"

(28)
2 2
< ||xn - u" - ||9anrl - u|| + Ma,,.
By conditions (C4) and (C5), we have liminf, _, f,(1 -
a,)y,(1 = 2y, — y2k*) > 0. Thus, from (28), we get

nli_{lgo "xn - Txn" =0. (29)
Since {x,} is bounded, there exists a subsequence {x,, } of {x, }
satisfying

x, — x€C,

. . (30)
lim sup(S (1) —u,x, —u) = khm (S () —u,x, —u).

Thus, we use the demiclosed principle of T (Lemmal) to
deduce

% € Fix(T). (31)
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So
lim sup (S (u) —u, x, —u) = lim (S(u) - u,x,, —u)
n— 00 k— oo k
= (S(u) - u, % — u) (32)
<0.
Returning to (25) and using (5) we obtain
2
01 =
2
< (1 - ‘Xn) ”xn - u“
+206,(S (x,) — Uy Xpppq — 1)
2
=(1-a,) [, - uf
+20,(S(x,) = S(u),x,,, —u)

+20,(S (u) — u, X, — U)

) (33)
<(1-ap)|x,—u
+ 200, [0, = ] 000 = 1
+ 20, (S (1) —u, X, — )
<(1-a,) x, —uf’
40, (g, = ]+ s — )
+ 2, (S (1) — u, x,,,, —U).
It follows that
s = ul” < [1= (1= p) ety] 6, = il
(34)
2% (Su—u,x,,, —u).
1- Xnp

In Lemma 3, we take A, = |x,,,, — ull?, Y, = (1 = p)a,,, and
&, = Qa,/(1-a,p))(Su—u, x,,,, —u). We can check easily that
Yo Ys = coand limsup, , . (,/y,) < 0. Thus, we deduce
that x,, — wu.

Assume there exists an integer 7, such that IIx,,0 —ull <
IIxnoﬂ —u/. In this case, we set w,, = {||x,, —ul|}. Then, we have

w,, < w, 1. Define an integer sequence {W,} for all n > n, as
follows:
Wn) =max{leN|n,<l<n w <y} (35)

It is clear that W (n) is a nondecreasing sequence satisfying

nlLI%oW (n) = oo,

(36)
w‘r(n) < wW(n)+1’
for all n > n,. From (28), we get
lim {6y = T | = 0 (37)

n— 00

This implies that w,, (xyy(,) C Fix(T). Thus, we obtain

lim sup(S (u) — u, Xy, — 1) < 0. (38)

n— 00

Since Wy, < Wyy(+1> We have from (34) that

2 < 2
Dy S Dyl

< [1-(1-p)ay (n)] w‘zf\/(n) (39)

204y (1)
———(Su-u, - u).
Ty (e =1
It follows that

Wl < 2

YO (1 -y () p) (1-p)

Combining (38) and (40), we have

(St = 1, Xyy (1 — 1) (40)

lim sup wyy(,y <0, (41)
n—0o0
and hence

From (34), we obtain

oy =

2
<[1-(1-p)ayy ()] |y () — ul (43)
204 (1)
————(Su — U, Xy — U)-
1— ay (n) p W(n)+1
It follows that

lim sup wyy ;)41 < lim sup oy, (44)

n—00 n— 00

This together with (42) implies that

JHm @y, = 0. (45)
Applying Lemma 2 we get
0 < w, < max {Wy > D1} - (46)

Therefore, w, — 0.Thatis, x, — u. The proofis completed.
O

4. Conclusions

It is now well known that Mann’s algorithm fails to converge
for Lipschitzian pseudocontractions. Strong convergence of
Ishikawa’s algorithm has not been achieved without com-
pactness assumption. In the present paper, modified Mann-
Halpern algorithms for finding the fixed points of pseu-
docontractive mappings are presented. Strong convergence
theorems are obtained.
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