Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 376829, 7 pages
http://dx.doi.org/10.1155/2013/376829

Research Article

Existence Results for Nonsmooth Vector
Quasi-Variational-Like Inequalities

Mohammed Alshahrani,' Qamrul Hasan Ansari,"”” and Suliman Al-Homidan"

I Department of Mathematics and Statistics, King Fahd University of Petroleum & Minerals, Dhahran 31261, Saudi Arabia
? Department of Mathematics, Aligarh Muslim University, Aligarh 202 002, India

Correspondence should be addressed to Mohammed Alshahrani; mshahrani@kfupm.edu.sa

Received 27 June 2013; Accepted 1 August 2013

Academic Editor: Jen-Chih Yao

Copyright © 2013 Mohammed Alshahrani et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We introduce nonsmooth vector quasi-variational-like inequalities (NVQVLI) by means of a bifunction. We establish some
existence results for solutions of these inequalities by using Fan-KKM theorem and a maximal element theorem. By using the
technique and methodology adopted in Al-Homidan et al. (2012), one can easily derive the relations among these inequalities and
a vector quasi-optimization problem. Hence, the existence results for a solution of a vector quasi-optimization problem can be
derived by using our results. The results of this paper extend several known results in the literature.

1. Introduction

The theory of quasi-variational inequalities (QVI) was started
with a pioneerwork of A. Bensoussan and J. L. Lions in
1973, perhaps motivated by the stochastic control and impulse
control problems. It was the paper of Bensoussan et al. [1] in
which the term quasi-variational inequality was introduced.
The quasi-variational inequality is an extension of a varia-
tional inequality [2] in which the underlying set depends on
the solution itself. For further details on quasi-variational
inequalities, we refer to [3-5] and the references therein. In
1980, Giannessi [6] initiated the theory of vector variational
inequalities with applications to vector optimization. Since
then, it has been growing up in different directions. One
of such directions is the application to the theory of vector
optimization. However, if the underlying objective function
is not differentiable and not convex, then we need to define
a nonsmooth vector variational-like inequality by means of
Dini directional derivatives or Clarke directional derivatives.
For studying such problems by using vector variational-
like inequalities, Alshahrani et al. [7], Al-Homidan et al.
[8], Ansari and Lee [9], Crespi et al. [10], and Lalitha
and Mehta [11] considered a vector variational inequality,
defined by means of Dini directional derivatives, called
nonsmooth vector variational inequality. The nonsmooth
vector optimization is studied in these references by using

nonsmooth vector variational inequalities. Motivated by
the extension of variational inequalities for vector-valued
functions, several researchers started to study the QVI for
vector-valued functions, known as vector quasi-variational
inequalities (VQVI); see, for example, [12-16] and the refer-
ences therein. An optimization problem in which the feasible
set depends on the solution itself is called quasi-optimization
problem [14]. Such problems can be solved by using the
vector quasi-variational inequality technique. To the best of
our knowledge, no study has been done in the literature
to study nonsmooth quasi-variational inequalities which are
defined by means of a bifunction, in particular by means
of Dini or Clarke directional derivatives. This paper can be
treated as the beginning of the study of nonsmooth (vector)
quasi-variational inequalities and nonsmooth vector quasi-
optimization problem.

In this paper, we consider the vector quasi-variational-
like inequality problems defined by means of a bifunction and
present some existence results for solutions of these problems
by using Fan-KKM theorem and a maximal element theorem.
By using the technique and methodology adopted in [8], one
can easily derive the relations among these inequalities and
a vector quasi-optimization problem. Hence, the existence
results for a solution of a vector quasi-optimization problem
can be derived by using our results. The results of this paper
extend several known results in the literature.



2. Formulations

We adopt the following ordering relations. We consider the

cones C = R’ and C = int R’, where R is the nonnegative
orthant of R, and 0 is the origin of R’; let D be a set of R’.
Then for all x, y € D,

X2y e=>x-yeC Xty e=>x-y¢GC

x<gy = y-x€C; xtcye=>y-x¢GC

)

x26y<:>x—y€é; xz&y@x—yié;

xséy:»y—xe(o]; x;{&y«:»y—xeéé.

Let g : R" — R be a real-valued function. The upper
Dini directional derivative of g at x € K in the direction d €
R" is defined as

4P (x;d) = lim sup L5 1D =9 (),

t 0t t

2)

For further details on Dini directional derivatives, we refer to
the recent book [2].

Let K be a nonempty subset of R", A : K — 25 a set-
valued map, and 7 : K x K — R" a mapping. Let h =
(hy,...,hy) : KxR" — R’ be a vector-valued function such
that, for each fixed x € K, h(x; d) is positively homogeneous
in d. In particular, we consider h(x;d) = fD (x;d) where
f=fr.» fo) : R* — R avector-valued function and

FPesd) =(f sd),.... f, (xd). 3)

The nonsmooth (Stampacchia or Minty type) vector
quasi-variational-like inequality problems are defined as
follows.

Nonsmooth Stampacchia Vector Quasi-Variational-Like Ine-
quality Problem (NSVQVLIP). Find x € K such thatx € A(x)
and

h(xn (y.%))
= (&0 (X))o he (s (%) £.0, (4)
VyeA®).

Minty Vector Quasi-Variational-Like Inequality Problem
(NMVQVLIP). Find x € K such that x € A(x) and

h(yn (% y))
= (3 (), he (3 (Zy)) 2.0, (5)
Vy e A(x).

When A(x) = K, for all x € K, then these problems were
studied in [8, 9, 11] with applications to vector optimization.
Furthermore, if we consider the previous Dini directional
derivative as a bifunction h(x; d), with x referring to a point
in R" and d referring to a direction from R", thatis, if h(x; -) =
fP(x;-), then the previously mentioned problems are studied
in [7, 8, 10] and the references therein.
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The main motivation of this paper is to establish
some existence results for solutions of NMVQVLIP and
NSVQVLIP by using Fan-KKM theorem or a maximal
element theorem. Of course, by using the technique of [8],
we can easily establish some results on the relations among
NMVQVLIP, NSVQVLIP, and vector quasi-optimization
problems [14]. Since the results are straightforward, we are
not including them here.

3. Preliminaries

Let K ¢ R” be a nonempty set. We denote by K, int A, and
co(K) the closure of K, the interior of K, and the convex hull
of K, respectively.

Definition 1. Let K € R" be a nonempty setand: KXxK —
X amapping. The set K is said to be invex with respect to 7 if,
forall x, y € Kandallt € [0, 1], we have x + t5(y, x) € K.

We say that the map # is skew if, for all x, y € K
(3, %) +7(xy) = 0. (6)

Condition C. Let K € R" be an invex set with respect to # :
K xK — R".Then, forall x, y € K, ¢t € [0, 1], we have

1 (e x + (3, %)) = =t (3, %). )
We adopt the following definition of affineness.
A vector-valued function g : R” — R’ is called affine
if, forall x|, x,,...,x,, € R"andt; > O foralli =1,2,...,m
with Y ¢; = 1, we have

g(ztixi> = Ztig (x:). (8)
i=1 i=1

The following lemma can be easily proved.

Lemma 2 (see [17]). Let K be a nonempty convex subset of a
vector space X and 1 : Kx K — X a mapping. If n is affine in
the first argument and skew, then it is also affine in the second
argument.

Definition 3 (see [18,19]). Let K € R” be a nonempty set. A
vector-valued function g : K — R’ is said to be C-lower
semicontinuous (resp., C-upper semicontinuous) at x € K if
for any neighborhood V of g(x), there exists a neighborhood
U of x such that g(y) € V+ Cforall y € UnK (resp,
g(y) € V-Cforall y € UnK). g is said to be C-lower
semicontinuous (resp., C-upper semicontinuous) on K if it is C-
lower semicontinuous (resp., C-upper semicontinuous) at every
point x € K.

It is shown in [18] that a function g : K — R is C-
lower semicontinuous if and only if, for all @ € R, the set
{x e K:g(x) }:é «} is closed in K.

Definition 4. Let K € R" be a nonempty convex set. A vector-
valued function g : K — R is said to be C-convex if, for all
x,y € Kandallt € [0,1],

gltx+(1-y)<ctg)+1-g(y). )
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Definition 5 (see [18,19]). Let K € R" be a nonempty convex
set. A vector-valued function g : K — R’ is said to be C-
quasiconvex if, for all « € R”, the set {x € K : g(x) <o a} is
convex.

It is shown in [18] that if g is C-quasiconvex, then the set
{x e K:g(x) sé o} is convex.

A vector-valued function g : R” — R is called posi-
tively homogeneous if for all x € R" and all ¥ > 0, g(rx) =
rg(x).

Definition 6. Let U be a nonempty subset of a topological
vector space E. A set-valued map T : U — 2Y is said to be
a KKM map provided and co(M) € T(M) = [J,cp T(x) for
each finite subset M of U, where co(M) denotes the convex
hull of M.

The following Fan-KKM theorem [20] will be used in the
sequel.

Theorem 7 (see [20]). Let U be a nonempty subset of a
Hausdorff topological vector space E. Assume that T : U —
2Y\ {0} is a KKM map satisfying the following conditions:

(i) for each x € U, T(x) is closed;

(ii) for at least one x € U, T(x) is compact.

Then, (e T(x) #0.

We will use the following maximal element theorem to
prove the existence of solutions of nonsmooth vector quasi-
variational-like inequality problems.

Theorem 8 (see [21, Corollary 3.2]). Let K be a nonempty
convex subset of a Hausdorff topological vector space X and
S,T:K — 25 two set-valued maps. Assume that the following
conditions hold:

(i) for all x € K, co(S(x)) € T(x);

(ii) forall x € K, x ¢ T(x) and S_I(y) ={xeK:ye
S(x)} is open in K;

(iii) there exist a nonempty compact convex subset D € K
and a nonempty compact subset B of K such that for
each x € K\ B, there exists ¥ € D such that x €
intS™' ().

Then, there exists x € K such that S(x) = 0.

4. Existence Results

Definition 9 (see [8]). Let K € R" be a nonempty set and
n: Kx K — R"amapping. A vector-valued bifunction
h=(h,....h): KxR" - Ris said to be

(a) C-pseudomonotone with respect to # on K if, for all
x,y €K,

h(xn(y, %)) £,0

(10)
implies  h (y;7(x, y)) 3_‘& 0,

(b) C-properly subodd if

h(xd)+h(xdy)+ - +h(xd,)2c0, (1)

foreveryd; e R",i=1,2,...,mwith )" d; = 0 and
x € K.

The definition of proper suboddness is considered in [11].
Of course, if m = 2, the definition of proper suboddness
reduces to the definition of suboddness.

Definition 10. Let K be a nonempty convex subset of R". A
function g : K — R is said to be hemicontinuous if, for all
x, y € K, the mapping t — g(y +t(x — y)) is continuous. The
upper and lower hemicontinuity can be defined analogously.

Definition 11. Let K € R" be an invex set with respect to
n: KxK — R"Afunctiong : K — R’ is said
to be y-hemicontinuous if, for all x,y € K, the mapping
t — g(y + tn(x, y)) is continuous. The upper and lower #-
hemicontinuity can be defined analogously.

The following concept of #-upper sign continuity for the
bifunction /4 is considered in [8].

Definition 12 (see [8]). Let K € R” be a nonempty invex set
with respect to7: K x K — R”". A vector-valued bifunction
h = (hy,....h) : KxR" — R is said to be n-upper sign
continuous if, for all x, y € K and t € (0, 1),

h(x+m(y,x)5n(y, %) £,0
(12)
implies  h (x;77(y, x)) %.0.

Remark 13. Tt can be easily seen that if # is skew and A is
n-upper hemicontinuous in the first argument, then it is #-
upper sign continuous, but the converse is not true in general.

The following result provides the relations between
NSVQVLIP and NMVQVLIP when the set-valued map A :
K — 25 is invex valued.

Proposition 14. Let K € R" be a nonempty invex set with
respect to 7 : K x K — R" such that Condition C holds. Let
A : K — 25 be a set-valued map such that, for each x €
K, A(x) is a nonempty and invex set with respect to 1. Let the
vector-valued bifunction h : K x R" — R’ be C-properly
subodd, C-pseudomonotone with respect to v, and n-upper sign
continuous such that, for each fixed x € K, h(x;-) is positively
homogeneous. Then, x € K is a solution of NSVQVLIP if and
only if it is a solution of NMVQVLIP.

Proof. It is similar to the proof of Proposition 7.7 in [8].
However, we include it for the sake of completeness of the
paper.

The C-pseudomonotonicity of h with respect to #
implies that every solution of NSVQVLIP is a solution of
NMVQVLIP.



Conversely, let X € K be a solution of NMVQVLIP. Then,
x € A(x), and
h(yn(xy)2.0, VyeAR). (13)
Since A(x) is invex, we have y, = X + ty(y,x) € A(x) for all
t € (0, 1), and therefore, (13) becomes

h(ysn (% 2)) 2,0 (14)
By Condition C, %(x, y,) = —tn(y, x), and thus,
h(ys=tn (1X)) 2.,0. (15)

By positive homogeneity and C-proper suboddness of h, we
have

h(ysn (3, %)) £.,0. (16)

Thus, the #-upper sign continuity of h yields X € K is a
solution of NSVQVLIP. O

The following result gives the equivalence between
NSVQVLIP and NMVQVLIP when the set-valued map A :
K — 25 is convex valued.

Proposition 15. Let K € R" be a nonempty convex set, and
letn : Kx K — R" be affine in the first argument and
skew. Let A : K — 25 be a set-valued map such that, for
each x € K, A(x) is a nonempty and convex set. Let the
vector-valued bifunction h : K x R" — R’ be C-properly
subodd, C-pseudomonotone with respect to v, and n-upper sign
continuous such that, for each fixed x € K, h(x;-) is positively
homogeneous. Then, x € K is a solution of NSVQVLIP if and
only if it is a solution of NMVQVLIP.

Proof. 1t is similar to the proof of Proposition 7.8 in [8].
However, we include it for the sake of completeness of the
paper.

The C-pseudomonotonicity of h with respect to #
implies that every solution of NSVQVLIP is a solution of
NMVQVLIP.

Conversely, let X € K be a solution of NMVQVLIP. Then,
x € A(x),and

h(yn(xy) 2.0, VyeA(x). (17)
Since A(X) is convex, we have y, = X +t(y —x) € A(x) for all
t € (0, 1), and therefore, (17) becomes

h(ysn (% 31)) 2.0 (18)

Since 7 is affine in the first argument and skew, by Lemma 2,
1 is also affine in the second argument. Since #(x, x) = 0 by
skewness of #, we obtain

h(ysn (X)) =h(ystn (% y) + (1 =) n (X))

_ (19)
=h(ystn(xy)) 2.0
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By positive homogeneity of & in the second argument, we
have

h(ysn (% y)) 2.0, (20)

Since #(y, %) + n(x, y) = 0 by skewness of #, the C-proper
suboddness of 1 implies that

h(ysn (3, %)) £.,0. (21)

The n-upper sign continuity of 4 yields x € K is a solution of
NSVQVLIP. O

Throughout the rest of the paper, unless otherwise spec-
ified, we assume that A : K — 25 is a set-valued map such
that A(x) is nonempty convex for all x € K, A™'(y) is open
forall y € K, and the set # = {x € K : x € A(x)} is closed.

We present some existence results for the solutions of
NSVQVLIP and NMVQVLIP without boundedness assump-
tion on the underlying set K.

Theorem 16. Let K < R” be a nonempty convex set, and
n: KxK — R" be skew, affine, and lower semicontinuous
in the first argument. Let h = (hy,...,h,) : K x R* — R*
be C-properly subodd, positively homogeneous in the second
argument, and C-pseudomonotone with respect to 1 such that
x — h(y;n(x, y)) is continuous. Assume that there exist a
nonempty compact convex subset D of K and y € D such that,
forallx € K\ D, ¥ € A(x) and h(x; (¥, x)) S&O Then, there

exists a solution x € K of MVQVLIP,
Furthermore, if h is n-upper sign continuous, then x € K
is a solution of SVQVLIP.

Proof. For all x € K, we define two set-valued maps S;, S, :
K — 28by

Sy (x) = {y € K:h(x;n(y,x))séﬂ},
(22)

S, (x) = {y €K: h(y;n(w))zéo}-

Forall x, y € K and for each i = 1, 2, we also define other two
set-valued maps P, : K — 2Xand Q, : K — 25X by

A(x)NS;(x),
A(x),

ifx e &,

P (x) = {
Q(y)=K\P ' (y).
For eachi = 1,2 and for all y € K, we have (see, e.g., [22])
P () =[K\FPUS (]nAaT (), @9
and therefore,

Q) =[Fn(K\S'(M)|u[K\AT" (»)]. (@5

The rest of the proof is divided into the following four steps.
(a) We claim that Q, is a KKM map on K.
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Assume the contrary that Q; is not a KKM map. Then,
there exist a finite set {y;,...,¥,} in K and t,,...,t,, > 0
with Y7 t; = Lsuch thatx = Y t;5; ¢ Q(y,) foralli =
1,...,m; thatis,

xeP'(y) =y el (X) Vi=1,...,m (26

If X € #, then P,(X) = A(X) N S,(X), and therefore,

y; €8 (X), yeAX) Vi=1,...,m (27)

Hence,

h(k‘;n(yi,a’c‘))géo, yi€AX) Vi=1l,...,m (28)

Since C is a convex cone and ¢; > 0 with )" #; = 1, we have

Y th (%1 (%)) <0 (29)
i=1

Since # is skew, we have #(x, x) = 0. By the affineness of 7 in
the first argument, we have

itm (%) =1 (22%,2) =n(%Xx)=0.  (30)
Since h is C-proper subodd, we have
> k(s (3 2) zc0 e
iz
By positive homogeneity of h, we obtain

Z tih (%1 (y; X)) 2 0, (32)

i=1
a contradiction of (29).

IfX e K\ %, then X ¢ A(X). By the definition of Q,, we
have P,(X) = A(X), and therefore, y; € P,(X) = A(X) for all
i=1,...,m. Since A(X) is convex, we obtain X € A(X), again
a contradiction. Hence, Q, is a KKM map.

(b) We show that Q,(¥) = K\ P| 1()7) < D, where ¥ and
D are the same as in the hypothesis.

Indeed, if x € Q,(¥)\D, thenx € [Fn (K\Sfl(fz))] U[K\
A7'(9)]; that is, either x € FN(K\S; (7)) orx € K\A™'(9).

IfxeFn (K\Sfl(j?)),thenx € Fand x € K\Sfl(j/');
thatis, x € A(x) and h(x;7(7, x)) ;{é 0, a contradiction to our
assumption that h(x; #(¥, x)) S& 0.

If x € K\ A™\(), then x ¢ A™'(y) if and only if y ¢
A(x), again a contradiction to our assumption that y € A(x).
Hence, Q,(y) < D.

(c) We show that ﬂyeK Q,(y) #0.

Since D is compact, Q,(¥) is also compact. Moreover,
since Q, is a KKM map,

cO{ypses Yt € UQl () < UQI () (33)
i=1 i=1

for each finite subset {y,,...
we get (] e Q () #0.

» ¥,y of K. Then by Theorem 7,

(d) Next, we claim that ﬂyeK Q,(y) ¢ ﬂyeK Q,(»).
Letz € [,ex Q(»); then z € Q(y) for each y € K. For
an arbitrary element y € K, we have to show that z € Q,(y).

Since z € Q,(y), there exists a sequence {z,,} € Q,(y)
such that {z,,} converges to z. Since {z,,} € Q,(y), we have

{z} SK\P' (y) = [Fn(K\S ()] u[K\NAT ()]
(34)

Then, either {z,,} € F N (K\ SIl(y)) or{z,} € K\ A_l(y).

If{z,,} < Fn(K\ S;l(y)), then {z,,} ¢ # and {z,,} <
K\ Sl’l(y). It follows that {z,,} € & and h(z,,;n(y, z,,)) _{_& 0.
Since & is closed and z,, — z, we have z € F; thatis, z €
A(z). By C-pseudomonotonicity of h, we obtain

h(y;sn(z,y)) 2 0. (35)

By the continuity of x —  h(y;n(x, y))h, we get
h(y,n(z, y)) }:é 0. This implies that z € A(z) and y ¢ S,(2);
thatis, z ¢ (K\ %) U S;l(y), and hence, z ¢ P;l(y).
Therefore, z € A(z),and z € K \ Pz_l(y) =Q,(»).

Let {z,,} < K\ A7'(y). Since A™'(y) is open in K, for all
y € K, K\ A™'(y) is closed in K. Since z,, — z, we have
z € K\ Ail(y). Hence, z ¢ Ail(y) © y ¢ A(z), which
implies that

z € A(z),

y¢P(2) =z ¢ P (y)
(36)
—zeK\P'(y) =zeQ,(y).

From (c), we get ﬂye x Q,(y) #0. Hence, there exists X €
K such that

xe[[K\B' (] =k\|JP'(»). (37)

yeK yeK

This implies that P,(x) = 0.

If x € K\ &, then P,(x) = A(X) = 0, a contradiction.
Otherwise, x € F; then @ = P,(x) = A(x) N S,(x). Therefore,
x € A(x) such that h(y; n(x, y)) 2,0 forall y € A(x). From
Proposition 15, X € K is a solution of SVQVLIP. O

Remark 17. (a) Theorem 16 extends and generalizes [8, Theo-
rem 7.34], [9, Theorem 5.1], and [11, Theorem 2.2].

(b) If A is a closed map, then theset # = {x € K : x €
A(x)} is closed.

By using maximal element Theorem 8, we present the
following existence result for solutions of NSVQVLIP
and NMVQVLIP without boundedness assumption on the
underlying set.

Theorem 18. Let K € R" be a nonempty convex set, and let
n:KxK — Rbeskew. Leth : KxR" — R’ beC-
pseudomonotone with respect to n such that h(x;0) = 0 for all
x € K; theset M = {y € K : h(x,5(y, x)) s& 0} is convex, and
the set L = {x € K : h(y,#5(x, y)) }:é 0} is closed in K. Assume
that there exist a nonempty compact convex subset D € K and



a nonempty compact subset B of K such that, for each x € K\B,
there exists ¥ € D such that y € A(x) and h(y;n(x, 7)) 2. 0.

Then, there exists a solution x € K of NM\VQVLIP.
Furthermore, if h is C-properly subodd, n-upper sign

continuous, and for each fixed x € K, h(x;-) is positively

homogeneous, then x € K is a solution of NSVQVLIP.

Proof. For each x € K, define two set-valued maps P,Q :
K — 25by
P(x)={yeK: h(ym(x)y))zéo},
(38)
Q) = {y e K:h(xn(yx)<.0}.

Then, x ¢ Q(x) for all x € K. Indeed, by skewness of 7,
n(x,x) = 0 for all x € K. By assumption, 0 = h(x; n(x, x)) =
h(x;0) = 0£_ 0. Thus, x ¢ Q(x).

By hypothesis, the complement of P™'(y) in K,

[P )] = {xeK:h(nnxy)z 0f (39

is closed in K for each y € K. Therefore, P™'(y) is open in K
forall y € K.

Define other two set-valued maps S, T : K — 25 by

S(x):{A(x)ﬂP(x), if xe#F,
A(x), if xe K\%,
(40)
T(x):{A(x)ﬂQ(x), if x e F,
A(x), ifxe K\ Z.

Since, for all x € K, x ¢ Q(x), we have x ¢ T(x).

By C-pseudomonotonicity of i, we have P(x) € Q(x) for
all x € K. Since A(x) and Q(x) are convex, for all x € K, we
have

Sx)cT(x) = co(S(x))cco(T(x)=T(x). (41)
Since, for each y € K, A™'(y) and P~'(y) are open in K,

(AnP)(y) = A (y) N P"'(y) is open in K. Also, since, for
each y € K,

ST =(A" ()P () u(K\F)nAT(y)) (42)

(see, e.g., the proof of [23, Lemma 2.3]) and K \ & is open in
K, we have that S™'(y) is open in K. Therefore, by Theorem 8,
there exists x € K such that S(x) = 0. If x € K \ &%, then
A(X) = 0, a contradiction to our assumption. So, x € &, and
thus, A(x) N P(x) = 0. Therefore,

XeAR), h(pn(xy)z. 0 VyeAX. (43)
Thus, x is a solution of NMVQVLIP. O
By Proposition 15, X € K is a solution of NSVQVLIP.

Remark 19. If, for each fixed x € K, the vector-valued
function y +— h(x,n(y,x)) is C-quasiconvex, then the set
M ={y e K: h(x,n(y,x)) sé 0} is convex.
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Remark 20. For all x € K, theset M = {y € K
h(x,n(y,x)) <. 0} is convex, if 77 is affine in the first argument

and / is C-convex in the second argument.
Indeed, let y,, ¥, € M. Since C is a convex cone, for all
t € (0,1), we have

th (x;1 (3, x)) SéO, 1-t)h(xsn(yyx)) < 0.

c
(44)

By adding these relations, we get
th (1 (ypx)) + A= h(xn(y,x)<.0. (45)
Since h is C-convex in the second argument, we have

h(xtn (v, x) + (1= )5 (35 x))

Coth(sin () + 1= Oh(sn ().
By combining relations (45) and (46), we obtain
h(xstn (y,x) + (1= 1)1 (3, x)) <0 (47)
Since 7 is affine in the first argument, we get
h(xsn (ty) + (1= 1) y,,x)) <. 0, (48)

and hence, ty; + (1 —t)y, € M. Thus, forallx € K, M isa
convex set.

Remark 21. The set L = {x € K : h(y,n(x, y)) }éé 0} is closed

in K if the vector-valued function x +— h(y,n(x, y)) is C-
lower semicontinuous for each fixed y € K.

5. Conclusions

In this paper, we defined vector quasi-variational-like
inequality problems by means of a bifunction and established
two existence results for solutions of these problems. One
can treat upper Dini directional derivative as a bifunction,
and hence, the bifunction can be replaced by upper Dini
directional derivative. Then, we get the so-called nonsmooth
vector quasi-variational-like inequality problem. By using the
technique and methodology given in [8], one can easily derive
some relations between vector quasi-variational-like inequal-
ity problems and a vector quasi-optimization problem. Since
the results are straightforward, we have not included them in
this paper. Of course, the results of this paper extend several
known results in the literature, namely, [9, Theorem 5.1], [11,
Theorem 3.1], and [8, Theorem 7.34] from vector variational
(-like) inequality problems to vector quasi-variational (-like)
inequality problems. This paper can be treated as the first in
this direction.
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