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Geometric-average Asian option pricing model with monotonous transaction cost rate under fractional Brownian motion was
established. The method of partial differential equations was used to solve this model and the analytical expressions of the
Asian option value were obtained. The numerical experiments show that Hurst exponent of the fractional Brownian motion and
transaction cost rate have a significant impact on the option value.

1. Introduction

In 1989, Peters [1] firstly proposed that fractional Brownian
motion could be used to describe the changes of asset prices.
In 2000, the theory of stochastic integral about fractional
Brownian motion was studied by Duncan et al. [2], and
fractional It6’s formula and Girsanov theorem under the
fractional Brownian motion were derived. The fractional Itd’s
integral had been further developed by Biagini et al. [3] for
H > 1/2. Equivalent definition of fractional Itd’s integral
was introduced by Alos et al. [4] and Bender [5]. Necula
[6] utilized the knowledge of fractal geometry and deduced
the Black-Scholes option pricing formula under fractional
Brownian motion, which was of great significance to the
development of option pricing with fractional Brownian
motion. The transaction cost is an important factor affecting
the option pricing. Many scholars had studied the pricing
problems of contingent claim with transaction costs. Leland
[7] groundbreakingly proposed that a modified volatility
should be applied to solving the problem of hedging error
brought by transaction costs in Black-Scholes model. Barles
and Soner [8] assumed that the investor’s preference satisfied
exponential utility function and provided a more complex
model. The Black-Scholes option pricing model with trans-
action costs was given by Amster et al. [9]. Liu and Chang
[10] and Wang et al. [11] studied the European option pricing

with transaction costs under the fractional Brownian motion.
The pricing studies for the Asian option mostly are based on
the standard Brownian motion, but the time-varying of Asian
option pricing model under fractional Brownian motion had
not been studied systematically.

Based on the previous references, the geometric Asian
option pricing model with monotonous transaction rates
under the fractional Brownian motion was presented, and the
analytic expression of the Asian option value was derived.
The influence of Hurst exponent and transaction cost on
the Asian option value was discussed through the numerical
calculations.

This paper’s outline is as follows. In Section 2, we studied
the geometric-average Asian option pricing model under the
fractional Brownian motion. The closed-form solution of
the pricing model was presented in Section 3. In Section 4,
the numerical examples were given. Section 5 serves as the
conclusion of the whole paper.

2. Geometric-Average Asian Option Pricing
Model for a Fractional Brownian Motion
under Monotonous Transaction Cost Rate

Let (Q), F, P) be a complete probability space carrying a frac-
tional Brownian motion {B(¢),t > 0} with Hurst exponent



H (0 < H < 1), that is, a continuous, centered Gaus-
sian process with covariance function [12]

Cov (B (t), B (s))

L 2H | 2H 2H M
= (P4 1P =1 =sP7), sreR
If H = 1/2, then the corresponding fractional Brownian
motion is the usual standard Brownian motion.

In this paper we will drive a geometric-average Asian
option pricing model under the following assumptions.

(i) The price S, of the underlying stock satisfies
ds, = r,S,dt + 0S,dBy (1), (2)

where r, is the expected yields, o is the stock price
volatility, and By (t) is the fractional Brownian motion
with Hurst exponent.

(ii) Therisk-free interest rate r, is a deterministic function
of time ¢.

(iii) Suppose v, shares of the underlying stock are bought
(v, > 0) or sold (v, < 0) at the price S;; then the
transaction cost is given by h(v,)|v,[S, in either buying
or selling; here h(v,) = a—bv, (a,b > 0) isa monotone
transaction cost rate.

(iv) The expected return rate of the portfolio equals the
risk-free interest rate.

(v) The portfolio is revised every d8t, where 8t is a finite
and fixed small time step.

Let V = V(t,],,S,) be the value of the geometric-average

t
Asian call option on the time ¢, where J, = ¢!/ o 1nS.d7 i the
geometric average of the underlying asset price in the time
period of [0, ¢].

Construct a portfolio I1,: long position of a Geometric-
average Asian call option and short position of A, shares of
underlying asset. Then the value of the portfolio at current
time t is

IL, =V, - Atst‘ (3)

In the period [t, t+6t], the change in the value of the portfolio
is

oI, = 8V, = A,8S, — [(a=b|v|) [7]S]

_ ov 2 2H— 18 (BV >
_(8t+H St asz)ét 3% A, )88, (4)
ov
+ a_]t(S]t ~[(a=bl])[7]s]
where
LV _dve @
' 08S,s 0S, 0S2 ' 08,0, '
)
82
+0(0t) = aS 0By (t) + O (6t).
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Owing to

2

E(a|vt|St)=\j acs2(81)" V 00, (6

we have

E [b|vt|28t]

- b0'si( 2 ) fvar (000 0) - (£ 03 )]

(7)
0(ot?)
= bo’S; Gl (6t)2H +0(8¢%);
882 ’
hence we have
[(a=b|v]) |7|S:] =E[a|n|S]-E [b]vtlzst]
2 o, m|OV
=1|=aocS;(6t)" |—
Jn“" (0D 1552 (8)
o’V 2H
— ba’s ot)=.
< as? ) (1)
By the assumption (iv) we have
E(d1l,) = rILdt. 9)
And then
r(V-A,S,)dt
oV 5 210"V oV
= Ho S t Ot + —0
(at asZ) METARL (10)
2 2V o’V
J +ba’S ( ) (61)*.
2 0S?
Owing to
J, =10 Jons.dr a1
then
% — ]tln(St/]t). (12)
ot t

Choosing A, = 0V/0S, and substituting it into (10), the
following formula can be obtained:

aV 22H_18V ov
+ HoS2t ad
ESRERED
? 2 H-1 aV oV 2H-1
—\[Zaos(et +bo’S ot
\/n“"f() a2 (a )”

+ a_V JiIn (St/]t)

—V=o.
o, ¢ "

(13)
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Let

Le (H) = \/g Z(&)H“,

& = 20" [HtZHH — Le (H) sign (Vsg) (4)

+bS,Vgs(88)71]

Substituting these into (13), we get the following conclusions.

Theorem 1. If the underlying asset price S, satisfies fractional
Brownian motion (2), then the value of Geometric-average
Asian call option with monotonous transaction cost rate at the
timet (0 <t < T) satisfies the following mathematical model:

2
aalt/ + %52826 v +7rS v + OV JiIn(S:/:) (S:/1,)

v —V =0,
tas2 "™, Tan T ¢ '

\4 (T> ]T’ST) = (]T - K)+-
(15)

Remark 2. For a single European option with long position,
the yield at expiration date is (J; — K)* or (K — J;)*. Because

t
they are convex functions, Vi; > 0.Dueto ], = e/t fyIn STdT,

thus Vg > 0. Then (14) can be represented as
a2 - _
5 = 20" (HtZH N e R 1) e 1). (16)
mo

3. Option Pricing Formulas

Theorem 3. Supposing the underlying asset prices S, satisfy
(2), then at time t the value V(t, ],,S,) of Geometric-average
Asian call option with transaction costs with expiration date T
and exercise price K is as follows:

* T %2 2 2.
V(t,,,8,) = (JisT) e Tl oo™ T
) (17)
x N (d,) - Ke k%N (d,),

where

tn | (8T)" K| e (=14 07 (T2 - )
d = o*\T2H _ p2H ’

d, = d, — 0" T — 2H,

ftT ro (T -0)/T)do ) * (TZH _ tZH)
T-t 2(T—1)
Ho? (T2H+1 _ t2H+1)
TQH+1)(T - 1)
T-t T_¢

1 1 _
+ = Le(H)o? —— — =S, (81 ==,
2 T 2 T

*_

3
4H (T2H+1 _ t2H+l)
0'* =0 1-—
< T (2H + 1) (T?H — ¢2H)
H (T2H+2 _ t2H+2)
—2Le(H
RN IR
y (T - t)3 2bSt(8t)2H_1(T _ t)3 1/2
372 (T2H — 2H) 372 (T2H — 2H)
Le(H) = \/ 28601, N(o) = J _L ey,
Ta —00 21
(18)
Proof. Let
1
L=t + (M-S ], V(6],8)=U(6E);
(19)
then
a_V_ln(]t/St)a_U+a_U a_V_T_ta_U
o0 T 0 ot  0S, TS, 0’
rv (T—t)zaz_U_T—ta_U Y
oz ~\'TS, ) 98 TS? % 9], TJ, 0%
(20)
Hence model (15) can be transformed into
Y -z —T_ta—U+6—2<_T_t>zaz_U_rU—0
at t 2 T ast 2 T aEf t - b
U(ET) T) = (egT - K)+,
(21)
Let
T=y(), ’77=£t+‘x(t),
(22)

W (z.n,) = U (6,&) ",

which satisfies the conditions «(T) = B(T) = y(T) = 0; then

we have
aU ,ﬁ(t) (aW ! ! aW ! )
—_ = v () - ,
3 e aTy() B (t)W+aﬂT0¢ )
(23)
W _ podW  FU_ pn@W
o — on’ og o’

Substituting (23) into (21), we have

~2
+ [(rt— %) % +ao (t)]

w '
X an —(rt+ﬁ (t))W:O.

T

0]

ow &2<T—t)282W
T

or 2 on?

(24)



)
(rt—a_)?+(x'(t):0, rt+ﬂ’(t)=0,

o=

(25)

and combined with terminal conditions «(T) = B(T) =
p(T') = 0, we can get

T T
a(t) = L r(,(T;e)dG—Jt %62<—T;9>d6

T _ HO‘Z T2H+1_t2H+1
:L r9<TT6>d6+ ( )

T(Q2H+1)
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T et
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T
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Thus (21) becomes

ow _ 3w
or on; 27)

W (11,0) = (" = K)".

According to the theory of classical heat conduction equation
solution, we have

1 +00 TRy
W(n.,t) = Y_K ((y=n,) /4r)d
()= 5=, (@ -K)e y
21+, —InK 7, —InK
=e”T+TN<T—)—KN<T— .
V2t V2t
(28)

Journal of Applied Mathematics

Let
J;T Tg ((T - 9) /T) do 0-2 (TZH _ tzH)
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(30)
By variable restored, we obtain that
W (11, 7)
_A\UT o 2 2H _2H
= (gis/t) e TOHTRAATTHON (d)) - KN (dy).
(3D

So the value of geometric-average Asian call option on the
time £ is

V(t],,S,) = U (&,t) = We PV

C\NYT e (T %2 2H__2H
_ (]tts;l" t) e T |, rodb+(c™/2)(T*" ¢ IN (d1)

_Ke N N (dy).
(32)
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FIGURE 2: Asian put option pricing corresponding to the different
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Corollary 4. If the riskless interest r and the volatility o are
constant, then the values Vi and V,, of Geometric-average
Asian call option and put option respectively with monotonous
transaction cost at time t with expiration date T and exercise
price K are

Ve (t, T, St) _ (]ttS’tT—t)l/Te(r*—T)(T—t)Jr(U*2/2)(T2H,t2H)N (dl)

-Ke "IN (d,),
Vp (t, ]t) St) - (]ttsz"—t)I/Te(r*_r)(T—t)+(J*2/2)(T2H_t2H)N (_dl)

+Ke "IN (-d,),
(33)

40 T T : : : T >
351
30 +
25
20 +

15+

Call option value (V)

10 +

5%

04 s A A A A A
50 60 70 80 90 100 110 120

Stock price (S)

—— a =0.023
--- a=0.018
—— a=0.013

-~ a=0.008
— a=10.003

FIGURE 3: Asian put option pricing corresponding to the different a.

where
o o2 (TZH _ tZH) Ho? (T2H+l _ t2H+1)
= — —t —
ZT( ) 2(T -t) TQRH+1)(T-1t)
+ 2Le (H)o T 20 bS,(6t) T

(34)

and the remaining symbols accord with Theorem 3.

4. Numerical Experiments

In this section, the influence of monotone transaction rate
parameters and the Hurst exponent on Asian option value
will be discussed through applying MATLAB software. The
values of the parameters of geometric-average Asian options
are assumed as follows:

S,=8, t=0, T=1,  r=0.05
0=04, K=80, H=05  a=0009, (35)
b=0002,  &t=0.02.

With the option pricing formulas (33) presented, the value
of the option can be calculated. Figuresland2 give the
relationships between the price of the underlying assets and
the value of Asian call option and put option with different
Hurst exponent. From the figures, Hurst exponent is inversely
proportional to the value of Asian option. Figures 3 and 4
demonstrate the changes of Asian call option with the stock
price under the different parameter a and parameter b. We
can draw such a conclusion: the option value increases with
the parameter b increasing and decreases with the parameter
a increasing. This is mainly because transaction cost rate is a
decreasing function of b and an increasing function of a.
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5. Discussions and Conclusions

In this paper, the problem of Asian option pricing with
monotonous transaction cost rate under fractional Brownian
motion was studied by using the portfolio technology and no
arbitrage principle, and the pricing model was established.
This model was solved by the method of partial differential
equations, and the analytical expressions of the Asian option
value were obtained. The numerical experiments showed
that Hurst exponent of the fractional Brownian motion and
transaction cost rates have a significant impact on the option
value.
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